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Abstract

In this paper, a non linear (M-$-}
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~E-1-1>- .
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model equations we
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disease free equilibrium is locally asymprotically

stable (LAS) when R . <1 and globally asymplotically stable for R . < 1.

s
S —
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i Introduction

sis is one of the most contagious but vaccine-preventable disease which is caused by a morbilli virus of the
mavires family. Paramyxovirus normally grows in the cell that lines the back of the throat and lungs. It resides in the
~smihe nose and throat of an infected person, so transmission typically occurs through coughing and sneczing. Mcasles
wiknown for causing rash and fever in childhood, but can lead to severe health complication in adults | 1.

‘e vo types of measles each caused by different virus. Although both produce rash and fever. they are really diflerent
¢ The first type is rubella which causes —*German measles™ known as the “three day, measles™ and other, rubeola
* tauses “red measles” also known as *“hard measles™ or just “measles”. When most people use the term measles, they
| teming 10 the later. The biggest difference between them (the two) is that rubella is considered to be a milder discase
=5 last around three days, Rubeola can become a serious illness that lasts sovcralv days u.nd c;}n‘cuuscd ‘olhcr.scrmus
- Mt complications. Measles can result in higher risk of premature labor, low birth weight infants, miscarriage. or

“icany birth defects if a pregnant woman is infected or passes the virus to her unborn child. It can also lead o pncumonia
: 2

ansmaecanA

"“‘f.:mma[' . -
'on of the brain (encephalitis) [2]. . -
U who are deficient in vilallnin A scem to be more likely to have severe measles (and are more likely to die from the
o - therefore the world health organization and UNICEF recommend giving 1 to 3 doses of vitamin A to ch}khvn
. d /. . T e, - aAre - ST
than ¢ month who have measles and arc hospitalized because of measles or its complication or w ho are malnourished,
"tU“L-S/. . . i ey ~
iy -‘b,lgem Problems, or who are proven to have a vitamin A clg'lul;g‘l‘ui)lfml\iwulk.kq sl polingl. GREGi aeid: and sevpd]
: 52 i ol areanic C ds the ; ' :
gy 4 87OUP of unsaturated nutritional organic compoun

; \ > waintenance of immune system and good
B Carotenp; . . o . SR and development, n i \
- Vi, olenoids. Vitamin A is important for growth ai amin A in blood and tissues and the leading couse
<

Mevn, L1 l/\'ldd:cwncy (VAD) or hypovitaminosis A 1s a I‘IFI\It:'inl"cclimH |31, 1t is MOSL common in poorer countrics
- Childhood bine iminishes the ability to ligh & Lk

T blindness and diminishes the a £
. : ln ¢ 3 .

‘ Qa\:m)'t developed countrics |4]
il /\‘ U“' Vaccination has been very cflective, pluvul
C g 3" e s T i /
b by lprommugh global incidence has been blg,nllltdlrll{ )'ml
, Mibe ‘M. Since vaccination coverage is not untlol

P waths wero e
b Cl Of child. \ . . ¢ than |‘7()() deat ) .
thSC de th'dlcn worldwide, In 2002 & o ¢ Wis a record ol over 450 d

> Yominant in sub-Saharan Africa [6,7): “:“‘ " asc of 2010 |71,
crease of abouyy 12% when compared with the ¢

or 85 million cases and more than S million deaths

mne an ov . y
nting an mueasles remains an nportant

\ accination,
educed through vace R o
b worldwide, measles stands as the leading vaccine-
] corded daily due to measles with over
aily deaths trom measles in 2011,

y higl

i BOIarin 2 ni-2348l87l4|()78 18, (Noy wmber, 2016), 219 230
doe b ;“'f('L' ) - y - i
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AR NI
" o
Veat atter bithe \acoimation ARTTIRUNEI L

LU AN PR RETTH I
\ o olade
HHEE Ay acome ciheacy s substantially hapher i

vt
1 Weripe :
PRI Promament ey, o conniies waith aeh vaceimalon o ’ nyr clldren with not lesy than f’p':% YN P .
MUEEN VO meaa e st the feadime cause ol the death among, younyg, ¢ - m-‘f.-n-./ illlm,”
PR W i matesd popailintion |2 ‘ i ‘ol and eradicat b o !
Al i | . il control and eri A0 o e
Prtical madely have become inportnt tooly m analyzing, the sprea L M"’{‘”"“"f (l'/-;,«/

MNath i b . ,
er elfective control ficy 1,

' o s ethod in determiming, Portics [t . :
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4

Saboah and
iy g e g
d ans ol mass vaccination but alse caply . o L,

PIRISE A he el of mmuniy can be exeeeded not only by means i arly d""‘vﬂllr,n h

. " 0, . . - 7 ;

I Recoverad (R) They obtamed the Basic Reproduction number and concluded that the dj.
. A AL Ll & L

s elfect of vaccination on the transmission (s VMo o .

opattern, g mathematical modeling of the effect ol vaccing ] Ditmics o M,

Vi

WauCatnm In g o 1ilag r e G / |
PN Dwath fve (8 compartments of Passively Immune [nfants (M), Susceptible (), Fxposed (1), lnﬁ:au“’;

W .J\\\;.ll\‘\‘ in ; 5 . Spep , 3 s
NOTed R They establishied the conditions for the stability of the discase-free cquilibrium and found oy that jy, hiyy

mics of fhe diogy,

V). Ile Obtaing I

A K o | T
Prevalonce countres, ettective vaccmation will have a preater unp;lct‘ on the !I'dlln'li'll.).vlfjflldf/na

o s e | . T Y 4 + ’ ap ;
devcloped a compartmental model of five (5) classes, including the Vaccinated class (

!'3'.\'.|\1"._
IMwdanin 1] also
»

R TR T S
K, and found out that the % under vaccination approaches zero as the Proportioy

Hasie Keproadaction number,

Miccesstuliy vacainated individuals NCTCases,

2.0 The Model

2.1 Model Formulation
In this work, we compicment and extend the works of the aforementioned authors by having seven (7) Compartmens 4
Passtvely immune (), Susceptible (8), Vaccinated (V), Latent Class (L), Infected Class (1), Infected Class () an
Recovered Class (R). We also studied the effect of Vaccine and Vitamin A deficiency in the body,

Figure I Schematic Diagram of Measles Recruitment Dynamics Mode| o
Sce infants are passively immune at birth, we assumed that al| offspring are not susceptible. The passively immune infant®

ally recruitment of uninfected individuals through births given by Aand diminished b
natural death g4, The class S of susceptible individuals s gencrated through waning out of the maternal antibodies at ra,
and remaining individuals (1 - A ) who are not passively immune at birth of migrated into the population and also incre®”

: " A e VACCINGS 4l rato o ; b npioi ach

duc to waning out of efficacy of vaccines a rale @, . e susceptible class is decreased by infection due to effective contd
o ) . . ) o 0 A0
with the infected individuals £yand £, 4 rates [, and /4, respectively. The class § diminished by vaccination at rat¢ f i
‘ . s . . P < . ,-"l“il!
natural death at rate 2 [ndividuals In this class then move 19 he class 1 of the exposed individuals through interacticf |
A

inlected class at rate 5, /3,. L i qoeranc, il y natd
mlecied class at rate /) e Is decreased by progression (o infection at rates O‘(] *0),00 and diminished b |
Jss

ath at rate g2, £ and 1, are penerated b 'ssion from class [ ag s , hese €S

leath at rate g2 1, and 1, are ted by progression from class [, a ra!c.s()'(l - ()),00 respectively . 1hes

leerease by recoveries of infected ¢lagg /,.fzdl rales 7, 7, and natural death 4 rate 44 as well as those that dic duc 0t

s N
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>
8

= L>0.[ 201, 20R20:]
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Kt ﬂ S | S Susceptible individuals

e [ Individuals who are infected
but not yet infectious

[, Infected individuals with weak

mmune system and weak y ftamin A

‘-- and rich vitamin A
@k who have
i have recovered from

Sy | A Per capita recruitment rate
/1 [ ffective contact rate between /, and S

CCOMact vate &
act rate between [, and S

} ‘dlt of
the maternal antibodies
y rate of infection class '

yral death rate

acy of vaccine
i

r, Recovel
p Per capita natu

a, demg rate of efhe

_,._—-—._-,...—__-—

\\_____—__,___—
4 1)11\“) Andl S
Lx : 16) er): :: . - ion (D-(7) In order 10 efficiently simplify the equations
7 ubstituted into the system of equation (1)- ) atons.
My (9
(10)

p
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A W, \ u ) y
. . (12)
ki 1,4 O+ 1 ”
ky =T, 4 O, u .
- 1-A o
A (16)
Henee, (D o (7) becomes
u“‘;'l/
T =A-kM "
al
kIY\\
| | | ) ) . 18
i - M (,)‘\l e (/)111 | /;»,[\)._l\.,_.% (18)
dl
——=pS-kV “
i
u'y/_ 5
—=(p1 /7’,]\).\‘—1\',1. 0
ai ) '
i/
o8-k e
di o
iR
. —~ - o00L -k, 2
al T
dR
— =7zl +7,]— uR )
di T
o . P L,
3.1 Existence of discasc-free equilibrium state,
At the discase-free equilibrium state, we have absence of disease. Thus, all the infected classes will be zero and the w

population will comprise of only susceptible individuals.
Theorem 1: A disease-free equilibrium state of the model exist at the point

i
‘M) k,
k(A k)
k (kok, - paw,)
£ / 7: p(Aw, +1nk)) (24)
o ;/4* | k (k. k;— pw,)
e 0
I
K ) 0
0
Proof: At cquilibrium state, the rate of change of each variable is equal to zero. i.e.
M _dS_dV _dl_di,_dl, dR
Al di di dr di i (25)
et
(M.S. VoL, 1. R)=(M .8V, Lolysky s ) 26)
From (17)
. A
M 27
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oy ql](lq)
it /"\|
' (28)
A
| !‘I1Lt:‘li
91
f' (29)
k.
‘;e,ra“‘?
r-'f’f..
re (30)
&)
watting (29) and (30) into (23) gives
(hro9+ka.a0) L
i o Ik It S Al

skk,
(29) and (30) into (20) 2ives

wtating
ARt E R

0538 4k B.00S" —k kK, )

RN L =0
A/‘r

N Lither

é; (32)
il r)(‘ﬁ/),»k,_).% ~ k k.k, i (33)

k.k,

Swill be greater than zero if
K, A lfs A)QS_ ) (34)
| kkk,
s (35)

O from (2115 i - .
m (31h), /. can never be less than zero. Lither
v ‘.,l.u-n fesulted into equilibrium state where cach of the suh-puj?t!l : :
WO differen cquilibrium states, namely: the discase-free equilibrium m w

e enedi ) . e o , .
“hdemig cquilibrium in which all the compartments arc greatel than zcro.

’.muulmfz (32) imo (29). (30) and (31) gives
. K - e
‘-:lnntmin;_n, (27) . (28) and (36) into (18) and simplifying pives
j\(/\mj +‘I]/(‘) .
\'UI\“"\'('A v/(,\ ) /){U‘) )
) ul|"11? B7)into (28) pives
) 1 b
| A’ WAoo 1k .
ﬂ“llt. |(k .kt - /){,ﬂ)’!)

{ A
v dl‘i\," y
Be-free equilibrium of the model exists at:

' A ? : 'I”
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7, = 0 as scen from (32) or [, > 0 whenever £, > las seen from
ation is greater than zcro. ‘Therefore, the system (1)
hich all the infected compartments are zero
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A
AT k
g KAy 1nk))
T ki (k& ,)m‘,) (19)
) o PNy 1 k)
R k(hky pay)
(o
F}‘, 1 0
e 0
R 0
0

g . ; R
4.0 Effective Reproduction Number, ™
One of the highl

s essental worry about any infectious discase is ifs ability to invade a population,
1N tone of the foremost and most valluable
1118 @ measure of the numbe

The basic reprody,
ideas that mathematical thinking has brought to epide
rolinfections produced, on averape
when virtually all contacts are susceptible. 11/

number R mic theory 5
» by an infected individual in the carly stages of an epiderm
§ < I, then on average, an infected individual produces

olits infection period, in this case, the inlcction may dic out in the
cach infected individual produces, on

less than one e,
infected individual over the course

long run. On the g
hand. (R > 1, average more than one new infection, the infection will be g
spread ina population, thus becoming an epidemic, A large value of R

o May indicate the possibility of a major epider:
Stmifarly. the effective reproduction number R . represents the average number of sccondary cases gencerated by an infec:
mndividual ation where control strategics are cmployed.
described in | 10] and subscquently analyzed in [11], we obtained the effet
reproduction number, K of the model (1)~ (7), which is the spectral radiys (p)

hintroduced into a susceptible popul
Using the next generation operator technique

of'the next gencration matrix, G .
1.C
” /)( v ) (40)
Now,
(0 BS BS) ke 0 0
/ ‘ 8] 0 ( ;ruu/ ) i ad k. 0 (4])
0 0 ) Valo 0 g,
. |
In order to compute the matrix, V' we used the Gauss-Jordan ofimir.:
o lan climination method as explained in [12,13].
k0 0l o 0}
oY k0o 1 u' . @2)
od O k0 0 |)
Sumplifying gives
S A8
w 5B SH
ky k,
A 0 0 0 (43)
0 0 0
where ‘
o (9k 3, + Ok 3,) S
M| 1 e
! k( k'k()
175 (44)
. , i
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o now evaluate F1 = A= 0 10 find the eigenvalues
v-a M, 2P
: | k(\
IR BT B
0 -
i fe (p) K= (p) V=M, (45)

fence
ko (9Bk, + 6.k ) (A +17k,) (46)
o ko ksk (kzks _p[‘)z)

i Local Stability of Disease-free Equilibrium,
Ko used the Jacobian stability approach to prove the stability of the disease-free equilibrium state.
nearization of (17) — (23) at E/‘ gives the Jacobian matrix
<k, 0 0 0 0 0 0
O -k w, 0 -BS -AS 0
0 p -k 0 0 0 O @7
FlE0 0 0 <k /S BS O
00 0 o9 —k; 0 0
00 0 08 0 -k O
00 0 0 g T, —H
g elememary row-transformation, we have
(k0 0o o 0 o 0
0k ow, 0 -BS -BS O
. ~ ey
0 o _m o =255 —PSh o
! 0 ,O O _k4 ﬂqu ﬂZS O
A o9p.S
0 0 o o -m L2 0
2 /C4
0 0 0 0 0 ~M, 0
L 00 0 0 0 0 —HJ
Yok, - P
kz
. k,
;Ilfl‘ ‘ 0 |9k
g o) s )
Ihu qusk
the ¢ s is gi J E“ o ‘“—:
- Hcteristics equation of the row-transformed Jacobian matrix, (48) is given by ( ) Al[=0
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(k 1+ 2) 0 0 0
0 (kv 2) o,
0 0 (M, +2) 0
0 0 0 ~(k,+ 2)
0 0 0 0
0 0 0 0
0 0 0 0
And theretore, the cigenvalues are
A (0 + 1) <0
!’
Sinee from (18) K, > ——— then
) D).
/e k, -2 1<0
k
/. \1
. k-k. .~ po
/. R— = <X
K

Substtuting the value

A Model of Measles Dynamics in...

7 ot S <
]{e
Suice from (20) and (21) k kg > 0.9/5".3'.
ly =M
A — <)

or /, 10 be negative, then

——

o938~k k.
OIS S YRS~ kkk

—— e g ) < ( )

kb, ~aop s

Phis is true only if

Gk S v olf kS - k k. k, J
— e T =4 | <)

off kS ol k.S k.kok, <0
O kS ol kS < k .k k,

oS (Yfk O k) ]
e — e e e e eprepr—tp— <

kik.k,

ok i ( A(Ui i‘]]ka )(’y/igk(. + ()/j;ki)
l(‘k‘kf'k(»(k?k} - /)(U;) <

S and Simplnl”ying gives

0
-pS
-pS /}I
ﬂﬂjfz L
Jin)

~(M, 1 2)

0
0
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0
B
SaTA
k,
£
odp,S
T
~(My+2)
0

CHY,

Waricqq Phyein.
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(57)
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"‘1
ks : % i
;< 0if R‘ < 1. implying that all the cigeny

‘IN‘\ .\

(59)

alucs he " i i . .
alues have negative real parts, we therefore, established the following
l e discase-frec equilibrium £ of the lol i
e 2: The discas 1 ¢ model is locally asymptotically stable (ILAS) if X <1.
i
ical implication of this thcorem is that dice. -
.~ \.mdclﬂ“"“f-"‘al implication @ | this theorem is that discase can be climinated (control) from the population when R(, <1,
. itial $17€ of the sub-populations of the model are in the basin of attraction of the DFI;

{ Global Stability of Discase-free Equilibrium, iy
.

4 o ensure that the disease-free equilibrium (DFE) is independe
s necessany 1o show that the DFE s globally asymptotically
ahlin of discase-free equilibrium which include
o sabiliny theorem [ 14]. We used the latter in this paper

nt of the initial size of the sub-populations of the
stable (GAS). There are many ways of proving the
among others the Lyapunov theorem and the Castillo-Chavcez

prem 3: The disease-free equilibrium, £, of (1) - (7) is globally asymptotically stable (GAS) ifR. <l.
sl Lo cstablish the global stability of the discase-free cquilibrium, the two conditions (H1) and (H2) as in [14,15] must
woied for R < 1. The model system (17)-(23) can be written in the form

H=F(X,.X5) (60)

=G(X.X,): G(X,.0)=0 61)
x X :[_Ui.S..V‘.R‘) and X, :(L‘,]i‘,];) with the components of X, € R' denoting the uninfected

*duls and the components of X, € R denoting the infected individuals.

“esvase-free equilibrium is now denoted as

(X0} (62)

V.S VR) (63)

" proof that the first condition, (I1) for /\/[’(/) = F(X,,0) istrue, i.c X, isa globally asymptotically stablec.

- inear differential equations as thus
(
|
o A—kM
XL =l oM oV +—k,S (64)
p‘s“ —ksl/l'
—uR’ J
i) A , _ )
~{] ki ’ 5 kit
p=e )4 m(0)e
"“’):\- _OJEM (f)+a)2V (l)+77 (]._e'—kzl)—FS* (O)e**zf (66)
kz
. s
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odel of Mcasles Dy

R (1) =R (0)e *

Now. clearly from (24), we have that M’ (1 . bl

AL (0)! o (())._V”,und It (()) Thus, X :;(N()’O) is globally asymptotically stable.

= A/Yz - G(Xi’Xl) givcs

(68)

)+ S () +V (1)+ R (1) —> N (1) as £ = o0 regardiess of g Valug

: I — it b 17 X
Next, to prove that the second condition (//2) is true, that is G(X' : 2)

—k, BS p,S
A=l o8 -k, 0
5 (69)
ol 0 —k

6
Since from (20) and (21). &,k > 0'9/3]5" then (0.9,6’15 —kflkS) <0
Thus. it is clear that matrix A is an M-matrix (the off-diagonal elements of A are non-negative).

(/8111 +;Bz[2)S* _k4[:

G(X.X,)= o8l —k (70)
cOL ~ kI,
then,
(k. BS AS L) [(BL+ Bul,)S" —k, L
GX. X )= a8 -k 0 |1 |- oL — k1,
’\ ol 0 —kg \ 1y oL — k612'
Recall that at disease-free equilibrium, [ = ]], = 12‘ =0. Thus
0
G(X,.X,)=4X,-G(X,,X,)=|0 7
0
G(x.x)=(0 0 o) -

ft is thus obvious that (& (X, X, )=0.Hence, the proof is complete

7.0 Conclusion
Model formutation with inclusion of some vital factors th
micasies infection can lcad 10 climination of measles in th
vaccine effects and presence of strong and weak vitamin

onlwl '.‘1
amuit

at plays signifj
¢ population,

A in the body.
free cguilibrium and showed that the disease free ¢quilibrium are

Icant role in the recruitment dynamics and ¢
lhese factors considered include maternal m, dised
We found the local and global stability of the ¢l

both locally and globally asymptotically stable for K

and K< 1.The effective reproductive number was computed and we

i
T u‘l‘
f demonstrated that it is one of the most effecti"* pg
g _ rond
measles infection under SIS
4 Y depend on the .
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