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Abstract

In this paper we, formulated a mathematical model of yellow fever transmission
incorporating secondary host using first order ordinary differential equation. We
verified the feasible region and the positivity of solution of the model. There exi{t two
equilibria; disease free equilibrium (DFE) and endemic Equilibrium (EE). The disease

free equilibrium (DFE) points were obtained. S
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" ow fever, known lnstopca}ly as yellow jack, or yellow plague is an acute viral disease. In most cas i Tsed b
chills, loss of appetite, nausea, muscle pains particularly in the back, and headaches. The disease 1s ca 1 species
feveh fever virus and is spread by the bite of the female mosquito. It only infects humans, other primates and severa spof the
;lrlg:zquito [1]. In cities it is primarily spread by mosquitoes of the dedes aegypti species. The virus 1s an RNA virus
¢ vivirus [2]. .
‘a?erﬁlj\f [f(:ever virus is mainly transmitted through the bite of the yellow fever mosquito Aedes aegypti, but qther mo;?;; tc;?;i
succh as the tiger mOSC_1Uit0 (Aedes albopictus) can also serve as a vector for this virus. Lik_e other Arbov1r(\jlse;a: sotes]
transmitted via 1nosQu1toes,_ the yellow fever virus is taken up by a female mosquito when it mg‘ests. the. blood o o e virus
human O other primate. Viruses Feach the stomach of the mosquito, and if the virus concentration 1s high enough,
can infect epithelial cells and repl_lcate there [3].
vector-borne diseases (e.g. malaria, dengue, fever, yellow fever, lyme disease, trypanosomiases, 4
and leishmania), amongst all the human infectious diseases, continue to remain a public health concern and a severe bu_r 61’\1
on economies, causing high human mortality in the world. These diseases have not only posed pr.oblems to natlovna
cconomies, but have also caused poverty and low living standards, especially in countries in the tropical and subtropical 5
regions of the world [4]. .
vellow fever virus (YFV) is the prototype species for the genus Flavivirus [5-9]. Historically, YFV is one of the most
important human arboviral pathogens. It continues to cause large sporadic epidemics in Africa but typically emerges as
epizootics among nonhuman primates in South America with or without associated human cases. YFV emergence is cyclical;
outbreaks occur =7—10 years apart. Several phylogenetic studies have shown that YFV is locally maintained during these
interepizootic periods in Peru and Brazil [9-11]. Yellow fever virus undergoes regionally independent evolution within some
countries [10]. The sporadic emergence of YFV in the Americas has been strongly associated with infection of red howler
monkeys Alouatt aseniculus, which are particularly susceptible to disease [12]. There are three types of transmission cycle:

(2) Sylvatic (or jungle) yellow fever occurs in tropical rainforests where monkeys, infected by sylvatic mosquitoes, pass the
virus onto other mosquitoes that feed on them; these mosquitoes, in turn bite and infect humans entering the forest.
Because of this sylvatic cycle, the yellow fever cannot be eradicated [13].

(b) The intermediate cycle of yellow fever transmission occurs in humid or semi-humid savannahs of Africa. Semi-
domestic mosquitoes infect both monkey and human hosts and increased contact between man and infected mosquito
leads to disease. In recent years, this has been the most common form of transmission of yellow fever in Africa.

(© Urban yellow fever results in large explosive epidemics when travellers from rural areas introduce the virus into areas
with high human population density. Domestic mosquitoes, most notably Aedes aegypti, carry the virus from person ti)
person. It is well adapted to urban centres and can also transmit other diseases, including dengue fever
The urban cycle is responsible for the major outbreaks of yellow fever that occur in Africa.
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Fhe model of vellow fever eprdennes, which mvolves the interacti
\ectons (acdes acegepa mosquitoes) was formulated by Akinwande |
three compartiments of Susceptible S(r). Infected /(1) and Recovered R(1)

ons ol two princip.ll communtitics ol hosts (humany) and
15]. In his work, the host community was divided iy,

while the vector community was partitione| mnto
. . « 1> 0is the time. He analyzed the local g
WO compartiments of Suseeptible Ny and Infective or virus carriers A/(1) where £ 2 (s the ime y lmb"”.\

ol the model using Jacoban matrin and maplicit function,

At eprdemie model of'a veetor-borme disease which has direct mode of transm i They also ine
was studied by Hui-Ming e al. [16]. They assumed incidence term to be of the bilinear mass-action [orm. u\ :l sonclude ho}h i
baselne ordinary dilterential cquation (ODE) version of the model. and. a QilTerential-delay model \Yll]]. a d|\<udc Flmc (|'CILI.\’_ The
delav i the dittercntal-delay model accounts for the incubation time the vectors need (o become infectious, They investivated (he

ssion in addition to the veetor-mediated transmisyjy,

mpact ol the delay parameter on the stabihty of the equilibria. i )

Ihe transmission dynanmies of yellow fever (YF) within two host populations was described by I\m];;u‘ﬂ etal [17], and built up a
deternmistie Suseeptible  Vaccination Fxpose  Infected - Recovered (SVEIR) model with vacemation to the entire new bog,
Fhey tomalated o model for the spread o Yellow fever i humans, vector and primates populations. The human population wag
dvided o five () classes, the veetor population was divided mto thiee clisses and the primate population was divided o three
classes. T was assumed that the vaccinated and recovered mdividuals Tose e immunity after ten years and need 0 be vaceinated
agame They considered the standard incidence ot all the populations: They used Metzler Matrix to analyzed the global stabihity o
discases free equilibrium (DIE).

A Ill.llllk‘lll.lllk'ul model of _\‘L‘“O\\ lever mcorporating the l\|.||n!_-\ ol the utban vector, the mosquito Aedes acgyvpl and the \l\l*:'k‘\ ol
the discase i the host (humans) was formulated by Souza cral [I8] From the epdemiological pomt ol view, the mosquito follows
A SEEsequence (Suseeptible, Exposed, Infective). In thew model, the adult populations are subdivided accordimg 1o their status with
respectto the vivas. They assume that there is no vertical tansmission ol the virus and cews, larvae, pupac and non parous adults are
always suseeptible. The humans are subdivided in sub-populations accordine 1o their status with respect 1o the illness as: susceptible
(S). exposed (1), infective (1), i remission (1), toxic () and recovered (R)

Mathematical model to address the transmission dynamics of an infectious agent in @ homogencous population in the presence of an
mperfect vaceme was studied by Raimundo ez al. [19]. Their equations include the human and the vector and their cggs-population
e cpg-population includes the mtermediate stages, such as larvae and pupac. In their model the human population was divided

wto four (4) compartments which are susceptible s, vaceinated 1, infected /,, and recovered R,, - The vector population was
also divided into four (4) compartments of: suseeptible S Cinfected 7, latent L,, and non-infected eges S,
o thas paper. we formulated a mathematcal model of yellow fever tansmission incorporating secondary host, we assumed in our

model that the vaccnated suscepuible humans will move to recovered class

2. Material and Methods

2.1 Model Formulation

he model equations are formulated using {irst order ordinary differential equation. Three populations were considered: human
vector (mosquito) and secondary host (monkey) populations. The populations are sub- divided into compartments with assumptions
of the nature and rate of transfer from one compartment to another. We consider the total population sizes denoted by N (r). N(1)
and (,) tor the humans, mosquitoes (Aedes aegvp) and monkeys respectively, We use Susceptible, Infected and Recovered (
N/ZR ymodel for the human population o deseribe the transmission dynamics of the disease. SIR model indicates that the passage
of mdividuals s from the susceptible class, g 1o infected class, /. and finally 1o the recovery class. R, . S (r) represenis the
number of mdinviduals not yetintected with the yellow fever virus at time . 1 (I)dcno(cs the number of individuals who have been

infected with the vellow fever virus and is capable of spreading the disease 10 those in the susceptible catevory
. o 7
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Figure 2.1: Model flowchart

L2Model Equations
ds A _alS,,V,

i

=A==+ u,)S
d N, ( /h) 0
dl, asy.

—~=zA%2 N

di N, _()/h + 4,40, )I/,

dR, (') 3)
d =15, - u,R,

—=A _all, all, ;
=g ,—N—I—(/ll +8.)

h m
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Existence of Equilibrium...

2.5
dl al.d, al'l, ( )
— +

T Lt L PP
N, N o+,

ds. a,s I, (2.6)
5 Flhe= S

di

dl, aS. 1, ( )
—==l (40
i "\,m H,to,)l,

Where,

N,=S,+1,+R, (25
N =V +V, (2.9)
N, =S +I, (2.10)

Symbol Description

Number of susceptible humans at time ¢

Number of infectious humans at time ¢
Number of recovered/Immune human at time ¢
Number of non-carrier vectors at time ¢

. . . lows
Table 2.1: Notation and definition of variables and parameter are re resented as fol

Somma, Akimwande, Jiya and Abdulrahman J. of NAMP

V.(0) Number of carrier vectors at time ¢
(

3,(0) Number of susceptible secondary host at time ¢
1,(0) Number of infectious secondary host at time ¢
N

" Total human population at time ¢

N, Total vector population at time ¢

N, Total secondary vector population at time ¢

a, Effective virus Transmission rate from mosquito to humans

a, Effective virus Transmission rate from humans to mosquito

a, Effective virus Transmission rate from secondary host to mosquito
a, Effective virus Transmission rate from mosquito to secondary host
A, Recruitment number of human population

A Recruitment number of mosquito population

A, Recruitment number of secondary vector population

d, Disease-induced death rate of humans

o, Death rate of mosquito due to application of insecticide

S, Disease-induced death rate of secondary host

H, Natural death rate of human population

U, Natural death rate of mosquito population

u, Natural death rate of secondary host population

7, Recovery rate of human population due to drug administration

v vaccination rate for the human population

2.3 Invariant Region of the Model

The entire population size N,, N, and N, canbe determined by (2.8) to (2.10)
Adding equation (2 1), (2.2) and (2.3) gives

dn,

oo Ay =N, =6, Q.11)

Ad(liding equation (2.4) and (2.5) gives

D A=l 8N, (2.12)

Ad(liding equation (2.6) and (2.7) gives

N =t N =Bl (2.13)
dt

In e absence of the disease (51’ =5, = 0), then, (21 1) and (2 | 3) gives

Journal of the Nigerian Association of Mathematicql Physics Volume

440

12, (July, 2017), 437 - 444



Existence of Equilibrium... Somma, Akinwande, Jiya and Abdulrahman J. of NAMP

Wy A, - s Ol Ay =N, (2.14)
/4
Y W N,=0,1,<AN, —u, N, (2.15)
i
1.hcorcm 2.17 ) N . . N
The system (2- 1) to (2.7) has solutions which are contain in the feasible region 0=, xQ xq,_ forall £>0
I’rOor _ .
a=(Si Lys Ris Vs Vas S 1,,) -be any solution of the system (2.1) to (2.7) with non-negative initial conditions
using theorem on differential inequality [20] on (2.12), (2.14) and (3.15) gives
peNy <2 (2.16)
- Hy

chCC.
o N, 2 ke where k is the constant 2.17)
similarly

M (2.18)
0N £u+5)
NEPRTAE fe-tn-oy Where k is the constant (2.19)
0<N, =" (2.20)
A —p, N, zke"™ where k is the constant (2.21)
Therefore, all feasible solutions of the human, mosquito and monkey population of the model system are in the regions:
0= (S, I R)ERS, 1, R, 20, N,,sﬂ] 2.22)

§ /jh
0,={ (1. 1) R Y v, 20, N, <2 (2.23)
i (1, +6.)
D =14 (S,, 1,")6111(2: S.1,20,N, < A, (2.24)
Hy

Thus, the feasible set of the model is given by
E 'Sh’1h7Rh’Sv’Iv’Sm’1m20;\
"(Sh’lh’Rh’Sv’ Iv’ Sm’Im)e A’ A (225)
Nhs'_’N< A" N,"S =
| 'u" ’ (:uv +5v) /lﬂl |

Which is a positively invariant (i.e. solutions remain positive for all times, ¢ ) and the model is epidemiologically meaningful
and mathematically well pose.

2.4 Positivity of solutions
Lemma 2.1
Let the initial data be

{(5,(0), 1,0}, R,(0). (0). 75(0). 5,0}, 1, 0) 2 O} 2 (2.26)
Then, the solution set
(5,00 1,00}, &, (0 7, (0). V,(0) 8, (0), £, (0); (227)
Of the system (2.1) to (2.7) is positive for all £ >0
Proof
From (2.1)
Y @29
Integrating (2.28) gives
$,(1)2 5, (0)e v m (2.29)
From (2.2)
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(2.30)
v, M
nreeatmg (2.30) pives
! ool (3.31)

LA > 1, (0)e e i)
|’v|:‘\m(. V) (2.32)
L u, R
Integrating (2.32) gives (2.33)
RA)>R (0% '
From (2.4)

dl s B
,‘/’,‘ >z (‘“‘ +0, )l i

Integrating (2.34) vives

k ¢ £ 35

V(e)2 v (0)e ko (23
From (2.5

lllnm( 5) (2.36)
i VAR I
Integrating (2.36) gives

Vy(0)> V,(0)e oy 2.57)
From (2.6)

as, _ ; (2.38)
dr = HnSu
Integrating (2.38) gives

S,(0)2 8 (0% (2.39)
From (2.7)

B (2.40)
RN E
Integrating (2.40) gives

1,(0)2 1, (0)e trerey (24D)

Therefore, all the solution of equations of system (2.1) to (2.7) are positive forall £ >0

2.5 Existence of Equilibrium Points of the Model
At equilibrium

ds, _di, _dR, _dv, _av, s,

di,

D AV _ds, _d, (2.42)
di di di di di dt di
Let

(5,.‘/;”/?,,“/'.“’: ‘5,,,~/,,.)=(52JI.,R;'.‘V.'»V:‘,S,'.J,:,)
be the arbitrary equilibrium point
Therefore, the system (2.1) - (2.7) becomes

- N
A, _(1‘31’1_, v+ )8 =0 (2.44)
e 5
“Ii,”l = (7/, 4, + 0, )Il‘, =0 (~45)
"S/‘, +7/,//7 A/’/VR/: =0 (2.46)
S 2.47
u:/l\;h/, »u,‘:\‘:m/m 50030 ( )
a V'l . al'l) . 5 )V; -0 (248)
N, N,
- 7 4
A, U"S’”‘I -, S, =0 ("49)
o . 5
2oy (4 450 =0 (2.50)
N,
Let §
A=(vep,) A, = (}/h O, ) A= (k1 +6,) and 4, = ('“m N ()m) (2.51)

Journal of the Nigerian Association ()f/\/larhemarical Physics Volume 42, (July, 201 7), 437 - 44
442



Existence of Equilibrium...  Somma, Akinwande, Jiya and Abdulrahman J. of NAMP

Hence, equation (2.44) to (2.50) becomes

. (2.52)
A Dl _ 18 0
\‘r
@S ; (2.53)
B gt =0
N, :
VS, 4y = 1, Ry =0 (2.54)
all all . (2.55)
A, -l b Ve q1=0
A N
a il all R (2.56)
N, \
a S LS =0 (2.57)
28
Ik A L =0 (258)
v,
From (2.53) and (2.58) we have
;=S (2.59)
0N,
And
Pttt (2.60)
AN,
Substituting (2.59) and (2.60) into (2.56) gives
(1'(7:,41,\’”“5,:",. T a1a-\’1:Nh.:S,:.V|. - A:A;AJN/,':N,,,.:}/; =0 (261)
From (2.61)
o=t 2.62)
Or
[’\a1‘4“’\"".-5’7’/1. % a-‘a-‘AZA’h.:S;VI‘ - "1:/41/14/\/;,':N",.1 =0 (2‘63)

Thus, equation (2.61) gives the existence of two different equilibria; one satisfying (2.62) and the isfyi
S . ; . other satisf 2.63).
Substituting (2.62) into (2.59) and (2.60) gives PR Istying (2.63)

L=V, =L =0 (2.64)

3. Results and Discussion

Equations (2.62) and (2.63) are the Disease Free Equilibrium (DFE) and Endemic Euilibrium (EE) respectively.
3.1 Disease Free Equilibrium (DFE) Points

Let,

E' = (80 do RV V2,8, 0, )= (50,10, RE Y0, V8, 50, 19) 265

be the DFE point

Substituting (2.64) into (2.52) to (2.58) gives

A-4S) =0 (2.66)

SR =0 (2.67)

A-4Y' =0 (3.68)

A= 1,8, =0 (2.69)

From (2.66) to (2.69), thus, a DFE exist at the point

15,“./,"./{,‘,’.!*,”,V;‘,S,‘ﬁ,/;’,)=(ﬂ, i) ﬁ,o,ﬂ,oJ (&0
A A A,

4. Conclusion

The feasible set Q) of the model (2.1) to (2.7) is a positively invariant (i.e. solutions remain positive for all times, ) and the
model is epidemiologically meaningful and mathematically well pose. Equation (2.61) showed the existence of two equilibria
in lvhe model; equation (2.62) showed the disease free equilibrium (DFE) and equation (2.63) showed the endemic-
equilibrium (EE). We went further to obtained the disease free equilibrium points.
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