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To demonstrate the dynamics of the Mycobacterium tuberculosis disease population, a mathematical model
was presented. The model has five compartments, and the resulting equations were resolved. While multiple
cases of illness transmission were simulated using the compartmental model of infectious disease spread for
a structured population model, the fundamental reproduction number was found using the next-generation
matrix. Based on the results of the simulations, the system’s disease-free and endemic equilibrium was
created by presenting, analyzing, and graphing the various subpopulations across time. The Homotopy
Perturbation Method (HPM) analytical technique was then used to resolve the model.

1. Introduction

Mycobacterium tuberculosis complex organisms
are the cause of the airborne infectious disease known as
tuberculosis (TB). Mycobacterium tuberculosis can cause
disease in practically every organ of the body despite
being largely a pulmonary pathogen. Mycobacterium
tuberculosis infection can progress from host
containment, in which the bacteria are isolated within
granulomas (latent tuberculosis infection), to a
contagious state, in which the patient will exhibit
symptoms such as coughing up blood, having a fever,
sweating excessively at night, and losing weight [1]. Only
pulmonary TB that is active can spread. Drug-resistant
tuberculosis is a major concern in many contexts, and it
continues to be a major source of morbidity and mortality
in many low- and middle-income nations [15]. As a lungs
illness, tuberculosis is largely transmitted through an
active infection of this vital organ. Respiratory droplets
that contain the tubercle bacillus are used to spread
tuberculosis. These are exhaled by people who have
active tuberculosis, and contacts then breathe them in.
The physical barriers found in the upper respiratory
system will prevent the majority of droplets from entering
the body, but those that are smaller than 12 m can get past
these barriers and reach the lower respiratory tract and
lungs [11]. The fight between the host and
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infection starts when the germs come into contact with
immune system cells. Alveolar macrophages consume
inhaled droplets containing minuscule amounts of germs
[12]. These macrophages carry the pathogen to draining
lymph nodes while harboring it. A little granulomatous
lesion forms and houses the germs. Ninety percent of all
affected people can attest to this. They won’t get sick
straight away. However, because the bacteria are still
there, there is a chance that a disease could eventually
manifest [14]. lliness will immediately follow primary
infection in those with weakened immune systems. This
is true, for instance, of HIV-positive people, for whom the
chance of developing the condition within a year is
significantly raised depending on the degree of
immunodeficiency. People who successfully contain the
infection for years are nonetheless at danger, and an
epidemic could happen later when the immune system is
compromised. Due to reactivation, an outbreak can
happen. Although less probable, disease-causing
reinfection is not completely precluded [10].

Understanding the clinical behavior of this pathogen in its
sole native host is crucial in order to comprehend the
molecular pathogenesis of Mycobacterium tuberculosis
infection. The settings to which Mycobacterium
tuberculosis must adapt are exclusively determined by its



Analytical Analysis of Mycobacterium tuberculosis

natural history within its host because the pathogen has
no known reservoir outside of humans. Aerosolized
droplets harboring the contagious Mycobacterium
tuberculosis are virtually completely responsible for the
transmission of the disease tuberculosis [13]. These
droplets are produced by a person who has
Mycobacterium tuberculosis and are inhaled by someone
who is not sick. There are four outcomes that could occur
upon inhalation of Mycobacterium tuberculosis:
immediate eradication of the organism. Persistent
infection Active disease first appears (primary disease)
and reappears years later (reactivation disease).
Reactivation illness happens in 510 of people with latent
infection who have no underlying medical conditions.
Patients with HIV are significantly more likely to have
reactivation. The interaction of elements attributed to the
organism and the host determines these consequences [2].

2. Material and Method
2.1 Computation of Disease Equilibriums

A five compartment mathematical model was
designed for Mycobacterium tuberculosis which includes
the S-Susceptible, E-Exposed, I-Infected, VV-Vaccinated
and R-Recovered de- pending on the stage each
individual falls on the compartment chain, which is given
as follows:

%:mms—(,mu)s D
S SI— (u+f+ o)E )
%=ﬁE*(#+V+5)I )
L=uE+ - (u+QV @)
S Qv -5 - uR (5)

In the formulation of the above mathematical model some
important assumptions were properly considered:

1. Recruitment occurs only in the susceptible through
birth.

2. Individual can move to expose in an unsafe
environment.

3. Exposed individual can be infected through direct
or indirect contact.

4. Exposed individual can be vaccinated without
being infected.

5. Vaccinated individual can recover after a certain
period.

6. Recovered individual can move back to
susceptible and start the chain all over if proper
action is not taken.
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7. Birth rate and death rate are not equal.
8. All parameters are non-negative.
9. Death is liable to the entire compartment.

Equilibrium states of mycobacterium tuberculosis
model: At Disease Free Equilibrium (DFE):

dS _dE _dl _dv _ dR _

e dr ar ar ar 0

w+7xS — (u+A)S =0 (6)
ASI— (u+p+a)E =0 @)
PE —(u+y+9)I =0 (8)
QV —zS—uR=0 9)
0E +yI — (u+Q)V =0 (10)

Disease free equilibrium [DFE] state is a state with the
absence of disease such that | = 0 then solving equations
[6] - [10] the disease-free equilibrium is given as:

{S0.E0lo,Ro, Vo} = {=*~,0,0,0,0,} (1D

N
N

us uE bE Vo

pegl
Diagram 1. Schematic diagram of the model

Table 1. Parameter descriptions/interpretation.

Model Description/Interpretation

Parameters

w Recruitment into the uninfected Class S

A Susceptible Movement into the exposed
Class E

a Exposed Movement into the Vaccinated
Class V

Q Recovered Movement into the Recovered
Class R

y Infected Movement into the Vaccinated
Class V

p Contact rate of exposed moving to Infected
Class |

] Natural Death

o Death due to Infection from Class |
May return to the Susceptible Class S
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Endemic Equilibrium State: This is an equilibrium state

—fu+Qt 28
where infection is totally assumed to be present such that vV ze (ur Yt Vo (28)
I + 0 therefore it is given as: dR
= QV — xS — uR (29)
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Uniqueness of solution of the model under consideration,
we proceed as follows : Table 2. Parameter values
as _ _ 18 8000
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Then differentiating (32) - (36) we obtained the following equations:

|55 1 == D) <o, | 521 =0 <o, |TH] =25 |<o0, | 50| =0<o0, || =0 <0

551 =l l< o, 1SEI= 1= (et pra) <ol SEI= S |<on, |5E] =0<m, |52] =0<w.
|1 0 <512 Bl<on |50 = |~ (wre+d)[<en |50] =0<o, 52| =0<w.
15l Iml<e, |521=0<m, |52=0<m, |52 = |-ul< =, |50 =]Q<wx,

125 0<on, 122 = al<o) 2| = e l<m, |22 = 0<o, |2 =|~fu+Q <o

It has been clearly shown that all partial derivatives of the
whole system of equations [1] -[5] exist and it is also non-
negative therefore it is finite, bounded and has a unique
solution.

2.2 Computation of Reproduction Number

We then calculate the reproduction number Rg: From
equations (2) and (3)

S =ISI— (u+ B+ a)E
. 3
, =pBE — (u+e+0)l
Where,
Ro=p (FV ) (37)
_(0 A4S, (38)
F= (0 0 )
and
Vi = Vi-V} (39)
Vie ((u + pf + a) 0 ) (40)
-B L+ e+ 6
Where,
Ji =@+ +a
2 =(+e+d)
1 B (41)
a1 JJ
Vl = 1 112
J2
(0 ﬁ) Aw (42)
F= J2 —_—
0 0 {h—mH{u+e+ 8}

Ao (43)
fw—mHp + e + 8}

R0:

2.3 Analytical Solution of the Governing Model
Equation Via Homotopy Perturbation Method
(HPM)

The Homotopy Perturbation Method (HPM) was
first discovered by Ji-Haun (2000). The Homo- topy
Perturbation Method (HPM), which provides analytical
approximate solution, is applied to various linear and
non-linear equations. The homotopy perturbation method
(HPM) is a series expansion method used in the solution
of nonlinear partial differential equations.

Solution of the Model Equations

Using the following initial conditions (44) on the
governing model equations (1 -5)

S(0) = So, E(0) = Eo, 1(0) = I, V (0) = Vo, RO) =Ro  (44)
We then let,

S=ao+pas + p2ay + (45)
E = bo + pby + ph2 +
I =Co+pcy+pPc +
V =do + pds + p?d, +
R =eo+ pe; + p%e, +

Applying HPM on (1) - (5) using (48) we obtain the
following equations;

P%ap=0 (46)
P':aj + Aagcy + pag— mag— W=0
P%: a, + Aaycy + Aagey +pa, — ma; =0

P% by =0 47)
P:bi+(n+ B + a)ag —Aagcy =0
PZ: b’z + (l.l + B + a)bl - laocl +Aa1C0 =0

P:ci+(+ vy + 8cg—Bbyg =0

Pl%cy=0 } (48)
P ch+(u+ vy + 8cy— Bb =0
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Where So, Eo, lo, Vo and Ro are all constants initial

PO:dy =0 (“49) conditions
P’d’1+(l.l +,Q)d0_ab0_y(:0 =0 '
P%dy+ (n +'Q)dy —aby — yc; =0 Substituting (51) into (46) - (50) and solve by direct
integration method for P! , we obtain the following
P’ ey, =0 (50) equations.
P':ei+may—uey— 0dy =0 _
P%: e, + ma, — pue, — Qd; =0 a1 = (o + 1So — uSo — ASolo)t (52)

Solving (46) - (50) by direct integration method for P° b= (ASolo = (u + S + a)Eo
using (44) we obtain the following 1= (BEo — (u +J +y)lo)t —

d; = (y]o + aFEy — (,u + Q)Vo)t

ao = SO 51

by, = EJ =D er = (QVo — uRo — nSo)t

co=1

d(‘)’ _ V"O Similarly, Substituting (51) and (52) into (46) - (50) and

eo = R, solve by direct integration for P?, we obtain the following
equations.

a2 =|m(w + wSo — uSo — ASolo) — u(w + wSo — uSo — ASolo) tZE (33)

(ABEo — (u + B+ a)lg)So — Alo(ew + mSo — 1So — ASolo)

by = 7(w + 7So — wSo — ASolo)lo + ASo(BE0 — (1 + 0 + p)lo IZE (54)

—(u+ B+ a)(ASolo — (u + B + 5)Eo

€= (BiSolo = (u + f+ @)Eo) = (u+ 0+ 7)(BEo — (1 + 5+ )lo)) & (55)
da=[7(BEo — (u + 6+ )lo + a(iSolo — (u + f + @)Eo 56
| —(u+ Q)(plo + aEo — (1 + Q)Vo

€= —Q(y]o + aFEo — (u + Q)Vo — u(QVo — uRo — 78o) ‘ZE (57)
_—71'(00 + 7850 — ,uSo - /150|o)

But, from (45) we have,
S=agp+pa+plaz+--- (58)
E =bo+pby+p+---
|=Co+p01+p202+"'
V=do+pd; +p?d2 + - -
R=eo+per+pZe+ -
then, we let,
lim,—1 S(t) = lim,_1(ao + pas + paz + - - ) =ap+ar +ap + - - - (59)
lim,—1 E(t) = lim,_1(Do + pby + p?ba + - ) =bo+ by + by + - - -
lim,—1 I1(t) = lim,o1(Co+ pc1 + p?co+ - - - ) =cCo+br+co+ - -+

|imp_>1V (t) = |imp_>1(do + pdl + p2d2 + - ) =do+di+do+---
lim,1 R(t) = lim,_1(eo + pe1 + p%e2+ - - - ) =eg+e1+ €2+ - - -

This implies that,
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S(t)=lim,—1 S(t) = lim,_1(a0 + par + p?az + - --)=ag+ar +az + (60)

S(t) = So + (@ + 7So — wSo — ASolo)t + waw + wSo — uSo — ASolo) — u(w + wSo

ySMSo|0) —/l(ﬁEo— (,u +0+ y)|o)So - ﬂ.]o(a) + So— ,uSo f}.So|o) tzz

E(t): |imp_>1 E(t) = |imp_>1(bo + pb1 + pzbz +--+)=bo+ by +hy+--

Eo + (ﬂSo|o - (,Lt + ﬂ + O!)Eo)t) A (w + 7So — ,uSo - /1S0|o)|o + /ISo(ﬂEo (61)

—(u+ S+ 7)o —(u + B+ a)iSolo — (u +ﬁ+5)Eo]‘f

I(t) = lim,_1 I(t) = lim,_1(Co + pc1 + p?Co+ - - - ) =Co+ b1+ Co +

1©) = lo+ (BEo — (u + o + WIo)t) [f(Solo — (u +  + a)Eo— (u + & + y)BEo (62)

—(u+o+h

\Y (t) = |imp_>1 V (t) = |imp_>1(do + pd1 + pzdz +-)=do+ by +ds +

V(t) =Vo + (7o + ako — (u + QY Vo)t + y(BEo — (1 +J + plo + a(ZSolo (63)

= (1t f+ @By~ (u + Qoo+ ako— (u + Vo) F

R(t) = lim,—; R(t) = lim,_.;(eo + pe1 + p%e2 +---) =eg+e1+ € + - - -

R(t) = Ro+ (QVo — URo — wSo)t

n(w + 7S — pS — A1)}

3. Results and Discussion

Figure 1 depicts the graph of Infected class against
time for different values of infectious rate  and it was
observed that the, Infected class gets more populated as
infectious rate increases.

Figure 2 shows the graph of Infected class against
time for different values of natural death rate x and it was
observed that the, population of the infected class reduces
as natural death increases.

Figure 3 shows the graph of vaccinated class against
time for different values of natural death rate x and it was
observed that the, vaccinated class reduces in population
as natural death rate increases.

Figure 4 depicts the graph of vaccinated class
against time for different values of recovery rate Q and it
was observed that the, vaccinated class reduces in
population as recovery rate increases.

Figure 5 displays the graph of recovered class
against time for different values of recovery rate Q and it
was observed that the, recovered class increased in
population as recovery rate increases.

Figure 6 shows the graph of recovered class against
time for different values of transmission rate back to
susceptible class z and it was observed that the,

Qylo + aEo — (u + Q)Vo) — u(QVo — uRo — ©So) (64)

population of recovered class reduces as transmission rate
back to susceptible class increases.

Figure 7 depicts the graph of exposed class against
time for different values of contact rate A and it was
observed that the, exposed class increased in population
as contact rate increases.

Figure 8 displays the graph of susceptible class
against time for different values of natural death rate u
and it was observed that the, susceptible class decreased
in population as natural death rate increases.

Figure 9 shows the graph of susceptible class
against time for different values of contact rate 4 and it
was observed that the, susceptible class decreased in
population as contact rate increases.

Figure 10 displays the graph of susceptible class
against time for different values of recruitment rate » and
it was observed that the, susceptible class increased in
population as recruitment rate increases.

Even if we have a high rate of recovery, Figure 6
shows that the population will still be susceptible to
Mycobacterium tuberculosis. It confirms that people are
not immune to the disease because they can still return
and become vulnerable to it through the transmission
parameter, which lowers the population after recovery.



Analytical Analysis of Mycobacterium tuberculosis Journal of Balkan Science and Technology 2024: 3(1): 1-9

I

Fig 1. Graph of Infected class against time for different Fig 2. Graph of Infected class against time for different

values of g. values of .
x10° x10*
257 e
— 02065
4r 4l — =035
35F 35¢
3 3
7
7’
25¢ (< 25¢
= . =
s 7’ 3 -
2r ,’ 2F "
/, 'l’
15+ ” 15+ pp o
" =™ B
1= - — - 1= oty
" o ’a
e ale -
o5+ ,:4 w0 05¢F T e - audl 2 O
. s —-— =010 o™ - o
o A A - =020 0 H H H 2 )
0 2 K 6 8 10 0 2 4 6 8 10
] {

Fig 3. Graph of Vaccinated class against time for Fig 4. Graph of Vaccinated class against time for

different values of . different values of Q.
7 :‘1‘0‘ 3 10*
/
4
6F /7

Fig 5. Graph of Recovered class against time for different  Fig 6. Graph of Recovered class against time for
values of Q. different values of 7.



Analytical Analysis of Mycobacterium tuberculosis

Journal of Balkan Science and Technology 2024: 3(1): 1-9

EQ)

an®
257"

S()

oS5t

| -0 020
— 030090

0 2 4 L] 8 10

Fig 7. Graph of Exposed class against time for different
values of 4.

Fig 8. Graph of Susceptible class against time for
different values of .
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Fig 9. Graph of Susceptible class against time for
different values of 1

According to Figure 1, there will be an exponential
growth in the number of infected people if more people
are exposed to the disease through the infectious rate and
become infectious, which will cause the disease to spread
quickly throughout the population. Figure 4 demonstrates
how a sharp decline in the vaccina- tion class resulted
from more people recovering from the illness. Figure 7
also shows that the disease is spread throughout the
community due to an increase in contact rates, which
lowers the population that is vulnerable in figure 9. But
in general from Figure 5, we saw that, more persons are
overcoming the disease, as evidenced by the
Mycobacterium tuberculosis recovery count.

Fig 10. Graph of Susceptible class against time for
different values of w.

4, Conclusion

Mathematical model with five compartments have
shown and properly analyze how mycobac- terium
tuberculosis can spread across human being. The SEIR
model was extended to SEIVR by assuming a vaccinated
class (V-Class) which clearly show in the result that if
individuals in Exposed class (E-Class) skips the V-Class
then the individual goes to the infected class (I- Class)
directly because of how contagious mycobaterium
tuberculosis is. The Mycobacterium tuberculosis
vaccination is long term process although it effectiveness
is seen through the rate at which Q moves from V-Class
to R-Class. So an alternative solution was created using
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the model by reducing the contact rate (B) which flows
between the E-Class and I-Class in other to lower the rate
of I-Class and Death due to disease Infection as shown in
the figures 1 -11. Consequently, when the Recovery Rate
is high, the Infected Population experiences a significant
decrease, while the Recovered Population exhibits
exponential growth. As a result, the disease diminishes,
and the Susceptible Population grows. In conclusion, it
can be inferred that the disease has a propensity to fade
away over time.

Declaration

Author Contribution: Conceive- J.O.L.; AB.Z.;, R.G.l;
Design- J.O.L., A.B.Z.; Supervision- A.B.Z; F.M.; R.G.l;
A.P.L.; Experimental Performance, Data Collection and/or
Processing- J.O.L.; A.B.Z.; F.M; AP.L.; Analysis and/or
Interpretation- A.B.Z.; A.P.L; Literature Review- J.O.L,;
A.B.Z.; FM.; R.G.I; Writers- J.O.L.; A.B.Z.; R.G.I.;Critical
Reviews—- A.B.Z; F.M.; AP.L.

Acknowladgements: This work was supported by the Federal
University of Technology, Minna and Kwara State University,
Malete Mathematics Research Project Groups.

Conflict of interests: The author(s) have declared no conflict
of interest.

Orcid-1D

Jafaar Olasunkanmi Lawal
6127-8274

Abraham Baba Zhiri “* https://orcid.org/0000-0003-2213-6796
Faruk Muritala ' https://orcid.org/0000-0002-5857-9874
Risqot Garba lbrahim https://orcid.org/0000-0002-0458-
1653

Alpha Peter Lukonde
4505

https://orcid.org/0000-0001-

https://orcid.org/0000-0001-6813-

References

[1] C.E. Barry, H. I. Boshoff, V. Dartois, T. Dick, S. Ehrt, J.
Flynn, D. Schnappinger, R. J. Wilkinson, and D. Young,
“The spectrum of latent tuberculosis: rethinking the
biology and intervention strategies”, Nature Reviews
Microbiology, vol. 7, pp. 845- 855, 2009.

[2] A. W. R. Graham, D. Keertan, and Z. Alimuddin,
“Immune responses to tuberculosis  in  developing
countries: implications for new vaccines”, Nature
Reviews Immunology Published by Springer
Nature, vol. 5(8), pp- 661-667, 2005,
http://dx.doi.org/10.1038/nri1666

[3] H.Ji-Haun, “A coupling method of a homotopy technique
and a perturbation techniquw for non-linear problems”,
International Journal of Non-Linear Mechanics, vol.
35(1), pp. 37- 43, 2000,
https://doi.org/10.1016/S0020-7462(98)00085-7

[4] J. H. He, “Homotopy perturbation technique”, Computer
Methods in Applied Mechanics and Engineering, vol. 178
(3/4), pp. 257-262, 1999, https://doi.org/10.1016/S0045-
7825(99)00018-3

Journal of Balkan Science and Technology 2024: 3(1): 1-9

[5] S. J. Liao, “Beyond perturbation: Introduction to the
homotopy analysis method”, Boca Raton: Chapman &
Hall/CRC Press, 2003.

[6] A. Dutta, D. Constales, R. Van-Keer, and G.
Heynderickx, “Implementation of homotopy perturbation
method to solve a population balance model in fluidized
bed”, International Journal Chemical Reactor
Engineering, vol. 11(1), pp. 1-12, 2013.

[71 A. L Enagi, M. O. Ibrahim, and D. U. Bako, “Analytical
solution of a mathematical model of tuberculosis
with passively immune compartment”, International
Journal of  African Sustainable Development, vol.
10(2), pp. 19-36, 2019.

[8] S.K.Kabunga, E. F. Goufo, and V. H. Toung, “Analysis
and simulation ofa  mathematical model of
tuberculosis transmission in Democratic Republic of the
Congo”, Advances in Continuous and Discrete
Models, vol. 642, pp- 1- 19, 2020,

https://doi.org/10.1186/513662-020-03091-0

[99 N. B. Abdul-Halim, “Tuberculosis Model: A
mathematical analysis MSc Dissertation”,
University of Malaya, Kuala Lumpur, Malaysia, 2013

[10] K. K. Avilov, A. A. Romanyukha, E. M. Belilovsky, and
S. E. Borisov, “Mathematical modelling of the
progression of active tuberculosis: Insights from
fluorography data”, Infectious Disease Model, vol. 30(3),
pp. 374-386, 2022, doi:
https://10.1016/j.idm.2022.06.007

[11] M. M. Qjo, O. J. Peter, E. F. D. Goufo, S. H. Panigoro,
and F. A. Oguntolu, “Mathematical model for control of
tuberculosis”, Epidemiology Journal of Applied
Mathematics and Computing, vol. 69(1), pp. 69-87, 2023.

[12] B. Umamaheswari, “A Mathematical Model for
Tuberculosis”, Journal of Engineering Research and
Application, vol. 9(5), pp. 25 - 28, 2019.

[13] F.Sulayman, F. A. Abdullah, and M. H. Mohd “An sveire
model of tuberculosis to assess the effect of an imperfect
vaccine and other exogenous factors”, Universiti Sains
Malaysia (USM) Mathematics 3272021, vol. 9(4), pp. 1-
23, 2021, https://doi.org/10.3390/math9040327

[14] Y. Ucakana, S. Gulenb, and K. Koklu “Analysing of
tuberculosis in Turkey through SIR, SEIR and BSEIR
mathematical models”, Mathematical and Computer
Modelling of Dynamical Systems, vol. 27(1), pp. 179-
202, 2021,
https://doi.org/10.1080/13873954.2021.1881560

[15] K. G. Mekonen, S. F. Balcha, L. L. Obsu, and A.
Hassen, “Mathematical modelling and analysis of TB and
Covid-19  coinfection”, Journal of Applied
Mathematics, vol. 2022 | Article ID 2449710,
2022, pp. 1-20, https://doi.org/10.1155/2022/2449710

License: This article is available under a
Creative Commons License (Attribution
4.0 International, as described at
https://creativecommons.org/licenses/by-
nc/4.0/)




