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A B S T R A C T

In this work, a new class of general contractive mappings, with the name Jaggi-Suzuki-type
hybrid (𝐾-𝛼-𝜙)-contractive mapping is discussed in metric space equipped with a graph and
new criteria for which the mapping is a Picard operator are studied. The superiority of this type
of contractive mapping lies in the fact that its contractive inequality can be fixed in different
ways, depending on the specified constants. Substantial illustrations are furnished to validate
the axioms of our obtained ideas and to show their difference from the existing concepts.
Supplementarily, some corollaries which collapse our obtained notion to recently propounded
results in the literature are brought out and analysed.

. Introduction and preliminaries

The known Banach Contraction Principle (BCP) has brought to the limelight, the foundation of fixed point (FP) theory in metric
paces (MS). The usefulness of FP spans several arms of science and engineering. Several extensions of BCP have been obtained
ver the years by either generalizing the contractive conditions, introducing additional algebraic structures or altering the metric
tructures of the underlying space (see e.g [1–4]). In this direction, Jaggi [5] proposed an extension of BCP in the following manner.

efinition 1.1 ([5]). On a MS (𝜁, 𝛿), a self-map ϝ of 𝜁 is called a Jaggi contractive mapping if for any 𝜆1, 𝜆2 ∈ [0, 1) with 𝜆1+𝜆2 < 1,

𝛿(ϝℏ, ϝ𝑟) ≤ 𝜆1
𝛿(ℏ, ϝℏ) + 𝛿(𝑟, ϝ𝑟)

𝛿(ℏ, 𝑟)
+ 𝜆2𝛿(ℏ, 𝑟),

or all distinct points ℏ, 𝑟 ∈ 𝜁 .

In similar manner, Suzuki [6] introduced a new version of Edelstein’s result in the context of compact MS as given below.

efinition 1.2 ([6]). On a MS (𝜁, 𝛿), a self-map ϝ of 𝜁 is called a Suzuki contractive mapping if for all distinct points ℏ, 𝑟 ∈ 𝜁 ,
1
2
𝛿(ℏ, ϝℏ) < 𝛿(ℏ, 𝑟) ⇒ 𝛿(ϝℏ, ϝ𝑟) < 𝛿(ℏ, 𝑟).
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Following these developments, investigators in FP theory have examined a lot of new ideas in metric spaces and obtained more
han a handful of interesting results (see e.g [7–11]).

In consistence with Shatanawi [12], let 𝛷 be the set of all functions 𝜙 such that 𝜙 ∶ R+ ⟶ R+ is a non-decreasing function with
lim𝑗→+∞ 𝜙𝑗 (𝑡) = 0 for all 𝑡 ∈ (0,+∞). If 𝜙 ∈ 𝛷, then 𝜙 is called a 𝛷-map.

Let 𝜙 ∈ 𝛷 be a 𝛷-map such that there exist 𝑗0 ∈ N, 𝑘 ∈ (0, 1) and a convergent series of non-negative terms ∑∞
𝑗=1 𝑣𝑗 satisfying

𝑗+1(𝑡) ≤ 𝑘𝜙𝑗 (𝑡) + 𝑣𝑗 , for 𝑗 ≥ 𝑗0 and any 𝑡 > 0. Then 𝜙 is called a (𝑐)-comparison function.
We present below, some definitions of admissible mappings on a non-empty set 𝜁 .

efinition 1.3. Let 𝛼 ∶ 𝜁 × 𝜁 ⟶ R+ be a mapping.

(i) (Samet [13]) A self-map ϝ of 𝜁 is said to satisfy 𝛼-admissibility condition if for all ℏ, 𝑟 ∈ 𝜁 ,

𝛼(ℏ, 𝑟) ≥ 1 ⇒ 𝛼(ϝℏ, ϝ𝑟) ≥ 1.

(ii) (Karapınar [14]) A self-map ϝ of 𝜁 is said to satisfy triangular 𝛼-admissibility condition if for all ℏ, 𝑟, 𝑡 ∈ 𝜁 ,

1. ϝ is 𝛼-admissible and
2. 𝛼(ℏ, 𝑟) ≥ 1 and 𝛼(𝑟, 𝑡) ≥ 1 ⇒ 𝛼(ℏ, 𝑡) ≥ 1.

(iii) (Popescu [15]) A self-map ϝ of 𝜁 is said to satisfy 𝛼-orbital admissibility condition if for all ℏ ∈ 𝜁 ,

𝛼(ℏ, ϝℏ) ≥ 1 ⇒ 𝛼(ϝℏ, ϝ2ℏ) ≥ 1.

(iv) (Popescu [15]) A self-map ϝ of 𝜁 is said to satisfy triangular 𝛼-orbital admissibility condition if ϝ satisfies 𝛼-orbital admissibility
condition and for all ℏ, 𝑟 ∈ 𝜁 ,

𝛼(ℏ, 𝑟) ≥ 1 and 𝛼(𝑟, ϝ𝑟) ≥ 1 ⇒ 𝛼(ℏ, ϝ𝑟) ≥ 1.

emma 1.4 ([16]). Let ϝ be a self-map of 𝜁 which satisfies the triangular 𝛼-orbital admissibility condition. If we can find ℏ0 ∈ 𝜁 such that
(ℏ0, ϝℏ0) ≥ 1, then

𝛼(ℏ𝑗 , ℏ𝑚) ≥ 1 for all 𝑗, 𝑚 ∈ N,

here the sequence {ℏ𝑗}𝑗∈N is given by ℏ𝑗+1 = ϝℏ𝑗 , 𝑗 ∈ N.

Not long ago, Noorwali and Yeşilkaya [17] launched a new notion of contractive mapping which is a refinement of some
mportant ones in MS in the following manner.

efinition 1.5 ([17]). On a MS (𝜁, 𝛿), a self-map ϝ of 𝜁 is named a Jaggi-Suzuki-type hybrid contractive mapping, if we can find
∈ 𝛷 and 𝛼 ∶ 𝜁 × 𝜁 ⟶ R+ such that

1
2
𝛿(ℏ, ϝℏ) ≤ 𝛿(ℏ, 𝑟) ⇒ 𝛼(ℏ, 𝑟)𝛿(ϝℏ, ϝ𝑟) ≤ 𝜙((ℏ, 𝑟)), (1.1)

for all ℏ, 𝑟 ∈ 𝜁 , where

(ℏ, 𝑟) =

⎧

⎪

⎨

⎪

⎩

[

𝜆1
(

𝛿(ℏ,ϝℏ)⋅𝛿(𝑟,ϝ𝑟)
𝛿(ℏ,𝑟)

)𝜌
+ 𝜆2𝛿(ℏ, 𝑟)𝜌

]
1
𝜌
, for 𝜌 > 0, ℏ ≠ 𝑟;

𝛿(ℏ, ϝℏ)𝜆1 ⋅ 𝛿(𝑟, ϝ𝑟)𝜆2 , 𝑓𝑜𝑟 𝜌 = 0, ℏ, 𝑟 ∈ 𝜁∖𝐹 𝑖𝑥(ϝ),

𝜆1, 𝜆2 ≥ 0 with 𝜆1 + 𝜆2 = 1, 𝜆1 <
1
2 and 𝐹 𝑖𝑥(ϝ) = {ℏ ∈ 𝜁 ∶ ϝℏ = ℏ}.

Hybrid contractive mappings are peculiar in the sense that they allow for the presentation of contractive conditions involving
multiple terms, some of which involve self-composition of the mapping and, at the same time, admit several parameters, allowing
for extensions in various ways depending on the parameters chosen. For some extensions of the idea of hybrid contractive mappings
in FP theory, we refer to [16,18–26] and the references therein.

According to Petruşel and Rus [27], a Picard operator is a mapping ϝ of a MS (𝜁, 𝛿) that has a unique FP ℏ∗ and lim𝑗→∞ ϝ𝑗ℏ = ℏ∗
for all ℏ ∈ 𝜁 . ϝ is termed a weakly Picard operator if {ϝ𝑗ℏ}𝑗∈N is convergent for every ℏ ∈ 𝜁 and the limit is a FP of ϝ.

The idea of graphic contractive mapping in MS was introduced by Jachymski [28]. Let (𝜁, 𝛿) be a MS and 𝛥, the diagonal of
the Cartesian product 𝜁 × 𝜁 . Take a directed graph 𝐾 in the sense that its vertices set 𝑈 (𝐾) is given by 𝜁 , and its edges set, 𝐷(𝐾).
The loops set, 𝛥 is a subset of 𝐷(𝐾). Suppose that 𝐾 does not contain parallel edges. Then 𝐾 can be represented as (𝑈 (𝐾), 𝐷(𝐾)).
In addition, 𝐾 can be seen to be a weighted graph if we assign to each edge the distance between its vertices (see [[29], p. 376]).
A graph 𝐾−1 is obtained from 𝐾 if the direction of edges of 𝐾 are reversed. In that case, 𝐷(𝐾−1) = {(ℏ, 𝑟) ∈ 𝜁 × 𝜁 |(𝑟, ℏ) ∈ 𝐷(𝐾)}.
Similarly, when the direction of edges of 𝐾 are ignored or when the set of edges its is symmetric, the undirected graph �̃� is obtained.
In that case, 𝐷(�̃�) = 𝐷(𝐾) ∪ 𝐷(𝐾−1). A subgraph of a graph 𝐾 is a pair (𝑈 ′, 𝐷′) if 𝑈 (𝐾) ⊇ 𝑈 ′, 𝐷(𝐾) ⊇ 𝐷′ and for each (ℏ, 𝑟) ∈ 𝐷′,
ℏ, 𝑟 ∈ 𝑈 ′. Let ℏ, 𝑟 ∈ 𝑈 . A sequence {ℏ𝑖}𝑁𝑖=0 of 𝑁 + 1 vertices satisfying ℏ0 = ℏ, ℏ𝑁 = 𝑟 and (ℏ𝑗−1, ℏ𝑗 ) ∈ 𝐷(𝐾) for all 𝑖 = 1, 2,… , 𝑁
defines a path in 𝐾 from ℏ to 𝑟 of length 𝑁 ∈ N. If there is a path for any ℏ, 𝑟 ∈ 𝑈 , then 𝐾 is a connected graph. If �̃� is connected,
then 𝐾 is said to be weakly connected.

Following these developments, FP results in MS equipped with graph have been discussed by many investigators (see,
2

e.g. [23,30–35]). Particularly, Bojor [31] presented the results given below.
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Definition 1.6 ([31]). On a MS (𝜁, 𝛿) equipped with a graph 𝐾, a self-map ϝ of 𝜁 is named a (𝐾-𝜙)-contractive mapping if:

(i) ϝ preserves the edges of 𝐾, i.e., (ℏ, 𝑟) ∈ 𝐷(𝐾) ⇒ (ϝℏ, ϝ𝑟) ∈ 𝐷(𝐾) ∀ℏ, 𝑟 ∈ 𝜁 ;
(ii) ∃𝜙 ∈ 𝛷 which verifies

𝛿(ϝℏ, ϝ𝑟) ≤ 𝜙(𝛿(ℏ, 𝑟)) ∀(ℏ, 𝑟) ∈ 𝐷(𝐾). (1.2)

efinition 1.7 ([31]). A self-map ϝ of 𝜁 is said to satisfy orbital continuity condition if for all ℏ ∈ 𝜁 and any sequence {𝑘𝑗}𝑗∈N,
𝑘𝑗ℏ⟶ 𝑟 ∈ 𝜁 implies that ϝ(ϝ𝑘𝑗ℏ) ⟶ ϝ𝑟 as 𝑗 → ∞.

efinition 1.8 ([31]). A self-map ϝ of 𝜁 is said to satisfy orbital 𝐾-continuity condition if for all ℏ ∈ 𝜁 and a sequence {ℏ𝑗}𝑗∈N,
𝑗 ⟶ ℏ and (ℏ𝑗 , ℏ𝑗+1) ∈ 𝐷(𝐾) imply that ϝℏ𝑗 ⟶ ϝℏ as 𝑗 → ∞.

heorem 1.9 ([31]). On a complete MS (𝜁, 𝛿) equipped with a graph 𝐾, and a (𝐾-𝜙)-contractive mapping ϝ, if we suppose in addition
hat:

(i) 𝐾 is weakly connected;
(ii) every sequence {ℏ𝑗}𝑗∈N in 𝜁 with 𝛿(ℏ𝑗 , ℏ𝑗+1) ⟶ 0 is such that we can find 𝑘, 𝑗0 ∈ N satisfying (ℏ𝑘𝑗 , ℏ𝑘𝑚) ∈ 𝐷(𝐾) for all 𝑗, 𝑚 ∈ N

with 𝑗, 𝑚 ≥ 𝑗0;
𝑖𝑖𝑖)𝑎 ϝ satisfies orbital continuity condition or;
𝑖𝑖𝑖)𝑏 ϝ satisfies orbital 𝐾-continuity condition and there is a subsequence {ϝ𝑗𝑘ℏ0}𝑘∈N of {ϝ𝑗ℏ0}𝑗∈N such that (ϝ𝑗𝑘ℏ0, ℏ∗) ∈ 𝐷(𝐾) for each

𝑘 ∈ N and some ℏ0, ℏ∗ ∈ 𝜁 .

hen ϝ is a Picard operator.

Motivated by the fact that hybrid FP results allow for the unification of both linear and nonlinear contractive mappings, research
n the FP theory of hybrid contractive mappings is quickly expanding. Also, as evidenced by the striking applications of graph theory
o such fields as cryptography and coding theory, on the other hand, FP results in MS equipped with a graph can be projected to play
n increasingly significant role in applied mathematics, engineering, computing and communications. However, based on the existing
esults, we realized that hybrid FP notions in MS equipped with a graph have received insufficient attention. Therefore, inspired
y the ideas in [17,28,31], we initiate a new concept of Jaggi-Suzuki-type hybrid (𝐾-𝛼-𝜙)-contractive mapping in MS equipped
ith graph and investigate the conditions for which this new contractive mapping is a Picard operator. Comparative examples are

onstructed to demonstrate that our obtained results are valid and distinct from the existing results in the literature. In addition,
ome corollaries are highlighted to show that the concept proposed in this manuscript complements and subsumes some well-known
esults in the literature.

Here and below, we consider 𝜁 as non-empty. The symbols N, R, and R+ denote the sets of natural numbers, real numbers, and
on-negative real numbers respectively. N0 denotes N ∪ {0}.

. Main results

Presented below is the new idea of Jaggi-Suzuki-type hybrid (𝐾-𝛼-𝜙)-contractive mapping in MS equipped with a graph 𝐾.

efinition 2.1. On a MS (𝜁, 𝛿) equipped with a graph 𝐾, a self-map ϝ of 𝜁 is named a Jaggi-Suzuki-type hybrid (𝐾-𝛼-𝜙)-contractive
apping if:

(i) ϝ preserves the edges of 𝐾;
(ii) ∃𝜙 ∈ 𝛷 and 𝛼 ∶ 𝜁 × 𝜁 ⟶ R+ which verify

1
2
𝛿(ℏ, ϝℏ) ≤ 𝛿(ℏ, 𝑟) ⇒ 𝛼(ℏ, 𝑟)𝛿(ϝℏ, ϝ𝑟) ≤ 𝜙((ℏ, 𝑟)), (2.1)

for all (ℏ, 𝑟) ∈ 𝐷(𝐾), where

(ℏ, 𝑟) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

[

𝜆1
(

𝛿(ℏ,ϝℏ)⋅𝛿(𝑟,ϝ𝑟)
𝛿(ℏ,𝑟)

)𝜌
+ 𝜆2𝛿(ℏ, 𝑟)𝜌

]
1
𝜌
, 𝑓𝑜𝑟 𝜌 > 0, ℏ ≠ 𝑟;

𝛿(ℏ, ϝℏ)𝜆1 ⋅ 𝛿(𝑟, ϝ𝑟)𝜆2 , 𝑓𝑜ℏ 𝜌 = 0, ℏ ≠ ϝℏ,

and 𝜆1, 𝜆2 ≥ 0 with 𝜆1 + 𝜆2 = 1.

xample 2.2. Let 𝜁 = {ℏ|ℏ ≤ 4, ℏ ∈ N0} together with the metric 𝛿(ℏ, 𝑟) = |ℏ − 𝑟| ∀ℏ, 𝑟 ∈ 𝜁 . Let a self-map ϝ on 𝜁 be defined by

ϝℏ =

{

2ℏ, if ℏ ≤ 1;
3

1, if 2 ≤ ℏ ≤ 4
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Fig. 1. Symmetric graph �̃� given in Example 2.2.

and 𝛼 ∶ 𝜁 × 𝜁 ⟶ R+ by

𝛼(ℏ, 𝑟) =

{

0, if ℏ, 𝑟 ∈ {0, 1}, ℏ ≠ 𝑟;
1, otherwise.

Then ϝ is a Jaggi-Suzuki-type hybrid (𝐾-𝛼-𝜙)-contractive mapping with 𝜙(𝑡) = 4𝑡
5 , 𝜆1 =

2
5 and 𝜆2 =

3
5 for 𝜌 = 0, 5, where the symmetric

graph �̃� is given by 𝑈 (�̃�) = 𝜁 and

𝐷(�̃�) = {(0, 0), (0, 1), (0, 2), (0, 3), (0, 4)},

ut ϝ is not a Jaggi-Suzuki-type hybrid contractive mapping given in [17], since 1
2 𝛿(1, ϝ1) =

1
2 < 1 = 𝛿(1, 2), but 𝛼(1, 2)𝛿(ϝ1, ϝ2) = 1

while 𝜙((1, 2)) = 4
5 (see Fig. 1).

Our main result is given below.

Theorem 2.3. On a complete MS (𝜁, 𝛿) equipped with a graph 𝐾, and a Jaggi-Suzuki-type hybrid (𝐾-𝛼-𝜙)-contractive mapping ϝ, if we
uppose in addition that:

(i) ϝ satisfies triangular 𝛼-orbital admissibility condition;
(ii) we can find ℏ0 ∈ 𝜁 such that 𝛼(ℏ0, ϝℏ0) ≥ 1;
(iii) 𝐾 is weakly connected;
(iv) every sequence {ℏ𝑗}𝑗∈N in 𝜁 with 𝛿(ℏ𝑗 , ℏ𝑗+1) ⟶ 0 is such that we can find 𝑘, 𝑗0 ∈ N satisfying (ℏ𝑘𝑗 , ℏ𝑘𝑚) ∈ 𝐷(𝐾) for all 𝑗, 𝑚 ∈ N

with 𝑗, 𝑚 ≥ 𝑗0;
(𝑣)𝑎 ϝ satisfies orbital continuity condition or;
(𝑣)𝑏 ϝ satisfies orbital 𝐾-continuity condition and there is a subsequence {ϝ𝑗𝑘ℏ0}𝑘∈N of {ϝ𝑗ℏ0}𝑗∈N such that (ϝ𝑗𝑘ℏ0, ℏ∗) ∈ 𝐷(𝐾) for each

𝑘 ∈ N and some ℏ0, ℏ∗ ∈ 𝜁 .

hen ϝ is a Picard operator.

roof. Let ℏ0 ∈ 𝜁 with (ℏ0, ϝℏ0) ∈ 𝐷(𝐾), 𝛼(ℏ0, ϝℏ0) ≥ 1, and define a sequence {ℏ𝑗}𝑗∈N by ℏ𝑗 = ϝ𝑗ℏ0 where ℏ𝑗 ≠ ℏ𝑗−1. Then a
tandard induction reveals that (ϝ𝑗ℏ0, ϝ𝑗+1ℏ0) ∈ 𝐷(𝐾). By (𝑖) and Lemma 1.4, inequality (2.1) becomes

1
2
𝛿(ℏ𝑗−1, ϝℏ𝑗−1) =

1
2
𝛿(ℏ𝑗−1, ℏ𝑗 ) ≤ 𝛿(ℏ𝑗−1, ℏ𝑗 )

⇒ 𝛼(ℏ𝑗−1, ℏ𝑗 )𝛿(ϝℏ𝑗−1, ϝℏ𝑗 ) ≤ 𝜙((ℏ𝑗−1, ℏ𝑗 )).

Now, we note that

𝛿(ℏ𝑗 , ℏ𝑗+1) = 𝛿(ϝℏ𝑗−1, ϝℏ𝑗 ) ≤ 𝛼(ℏ𝑗−1, ℏ𝑗 )𝛿(ϝℏ𝑗−1, ϝℏ𝑗 )

≤ 𝜙((ℏ𝑗−1, ℏ𝑗 )). (2.2)

Using Case 1 of (2.1), we obtain

(ℏ𝑗−1, ℏ𝑗 ) =
[

𝜆1

( 𝛿(ℏ𝑗−1, ϝℏ𝑗−1) ⋅ 𝛿(ℏ𝑗 , ϝℏ𝑗 )
𝛿(ℏ𝑗−1, ℏ𝑗 )

)𝜌

+ 𝜆2𝛿(ℏ𝑗−1, ℏ𝑗 )𝜌
]

1
𝜌

=
[

𝜆1

( 𝛿(ℏ𝑗−1, ℏ𝑗 ) ⋅ 𝛿(ℏ𝑗 , ℏ𝑗+1)
𝛿(ℏ𝑗−1, ℏ𝑗 )

)𝜌

+ 𝜆2𝛿(ℏ𝑗−1, ℏ𝑗 )𝜌
]

1
𝜌

=
[

𝜆1𝛿(ℏ𝑗 , ℏ𝑗+1)𝜌 + 𝜆2𝛿(ℏ𝑗−1, ℏ𝑗 )𝜌
]
1
𝜌 .

Whence, (2.2) becomes

𝛿(ℏ𝑗 , ℏ𝑗+1) ≤ 𝜙
(

[

𝜆1𝛿(ℏ𝑗 , ℏ𝑗+1)𝜌 + 𝜆2𝛿(ℏ𝑗−1, ℏ𝑗 )𝜌
]
1
𝜌

)

.

4
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Now, if 𝛿(ℏ𝑗−1, ℏ𝑗 ) ≤ 𝛿(ℏ𝑗 , ℏ𝑗+1), then we have

𝛿(ℏ𝑗 , ℏ𝑗+1) ≤ 𝜙
(

[

𝜆1𝛿(ℏ𝑗 , ℏ𝑗+1)𝜌 + 𝜆2𝛿(ℏ𝑗−1, ℏ𝑗 )𝜌
]
1
𝜌

)

≤ 𝜙
(

[

𝜆1𝛿(ℏ𝑗 , ℏ𝑗+1)𝜌 + 𝜆2𝛿(ℏ𝑗 , ℏ𝑗+1)𝜌
]
1
𝜌

)

≤ 𝜙
(

[

(𝜆1 + 𝜆2)𝛿(ℏ𝑗 , ℏ𝑗+1)𝜌
]
1
𝜌

)

= 𝜙
(

𝛿(ℏ𝑗 , ℏ𝑗+1)
)

< 𝛿(ℏ𝑗 , ℏ𝑗+1),

a contradiction. Therefore, 𝛿(ℏ𝑗 , ℏ𝑗+1) < 𝛿(ℏ𝑗−1, ℏ𝑗 ), so that (2.2) becomes

𝛿(ℏ𝑗 , ℏ𝑗+1) ≤ 𝜙
(

𝛿(ℏ𝑗−1, ℏ𝑗 )
)

.

By inductive process, we see that

𝛿(ℏ𝑗 , ℏ𝑗+1) ≤ 𝜙𝑗
(

𝛿(ℏ0, ϝℏ0)
)

for all 𝑗 ∈ N.

Similar analysis of Case 2 yields

𝛿(ℏ𝑗 , ℏ𝑗+1) ≤ 𝜙
(

𝛿(ℏ𝑗−1, ϝℏ𝑗−1)𝜆1 ⋅ 𝛿(ℏ𝑗 , ϝℏ𝑗 )𝜆2
)

< 𝛿(ℏ𝑗−1, ϝℏ𝑗−1)𝜆1 ⋅ 𝛿(ℏ𝑗 , ϝℏ𝑗 )𝜆2 .

Since 𝜆1 + 𝜆2 = 1, then the above inequality resolves into

𝛿(ℏ𝑗 , ℏ𝑗+1) < 𝛿(ℏ𝑗−1, ℏ𝑗 ) for all 𝑗 ∈ N.

Whence, inequality (2.2) becomes 𝛿(ℏ𝑗 , ℏ𝑗+1) ≤ 𝜙
(

𝛿(ℏ𝑗−1, ℏ𝑗 )
)

,
and by inductive process, we have

𝛿(ℏ𝑗 , ℏ𝑗+1) ≤ 𝜙𝑗
(

𝛿(ℏ0, ϝℏ0)
)

for all 𝑗 ∈ N,

implying that 𝛿(ϝ𝑗ℏ0, ϝ𝑗+1ℏ0) ≤ 𝜙𝑗
(

𝛿(ℏ0, ϝℏ0)
)

for all 𝑗 ∈ N, 𝜌 ≥ 0. Hence, we have lim𝑗→∞ 𝛿(ϝ𝑗ℏ0, ϝ𝑗+1ℏ0) = 0, and by (𝑖𝑣), we can
find 𝑘, 𝑗0 ∈ N such that

(ϝ𝑘𝑗ℏ0, ϝ𝑘𝑚ℏ0) ∈ 𝐷(𝐾) for all 𝑗, 𝑚 ∈ N, 𝑗, 𝑚 ≥ 𝑗0.

Since 𝛿(ϝ𝑘𝑗ℏ0, ϝ𝑘(𝑗+1)ℏ0) ⟶ 0, then for any given 𝜖 > 0, we can choose 𝑁 ∈ N, 𝑁 ≥ 𝑗0 such that

𝛿(ϝ𝑘𝑗ℏ0, ϝ𝑘(𝑗+1)ℏ0) < 𝜖 − 𝜙(𝜖) for any 𝑗 ∈ N.

Since (ϝ𝑘𝑗ℏ0, ϝ𝑘(𝑗+1)ℏ0) ∈ 𝐷(𝐾), then for any 𝑗 ≥ 𝑁 , we have

𝛿(ϝ𝑘𝑗ℏ0, ϝ𝑘(𝑗+2)ℏ0) ≤ 𝛿(ϝ𝑘𝑗ℏ0, ϝ𝑘(𝑗+1)ℏ0) + 𝛿(ϝ𝑘(𝑗+1)ℏ0, ϝ𝑘(𝑗+2)ℏ0)

< 𝜖 − 𝜙(𝜖) + 𝜙𝑘(𝛿(ϝ𝑘𝑗ℏ0, ϝ𝑘(𝑗+1)ℏ0)) < 𝜖.

Similarly, since (ϝ𝑘𝑗ℏ0, ϝ𝑘(𝑗+2)ℏ0) ∈ 𝐷(𝐾), then for any 𝑗 ≥ 𝑁 , we have

𝛿(ϝ𝑘𝑗ℏ0, ϝ𝑘(𝑗+3)ℏ0) ≤ 𝛿(ϝ𝑘𝑗ℏ0, ϝ𝑘(𝑗+1)ℏ0) + 𝛿(ϝ𝑘(𝑗+1)ℏ0, ϝ𝑘(𝑗+3)ℏ0)

< 𝜖 − 𝜙(𝜖) + 𝜙𝑘(𝛿(ϝ𝑘𝑗ℏ0, ϝ𝑘(𝑗+2)ℏ0)) < 𝜖.

By inductive process, it can be seen that

𝛿(ϝ𝑘𝑗ℏ0, ϝ𝑘(𝑗+𝑚)ℏ0) ≤ 𝜖 for any 𝑗, 𝑚 ∈ N, 𝑗 ≥ 𝑁.

Therefore, {ϝ𝑘𝑗ℏ0}𝑘∈N is a Cauchy sequence in (𝜁, 𝛿). Since (𝜁, 𝛿) is complete, then ϝ𝑘𝑗ℏ0 ⟶ ℏ∗ as 𝑗 → ∞. Also, since
𝛿(ϝ𝑗ℏ0, ϝ𝑗+1ℏ0) ⟶ 0 as 𝑗 → ∞, then we have ϝ𝑗ℏ0 ⟶ ℏ∗ as 𝑗 → ∞.

Now for any arbitrary ℏ ∈ 𝜁 , we see that:

1. if (ℏ, ℏ0) ∈ 𝐷(𝐾), then (ϝ𝑗ℏ, ϝ𝑗ℏ0) ∈ 𝐷(𝐾) for all 𝑗 ∈ N. Therefore,

𝛿(ϝ𝑗ℏ, ϝ𝑗ℏ0) ≤ 𝜙𝑗 (𝛿(ℏ, ℏ0)) for all 𝑗 ∈ N.

Letting 𝑗 → ∞, we have that ϝ𝑗ℏ⟶ ℏ∗.
2. if (ℏ, ℏ0) ∉ 𝐷(𝐾), then by (𝑖𝑖𝑖), we can find a path in �̃�, {ℏ̃𝑖}𝑁𝑖=0 from ℏ0 to ℏ such that ℏ̃0 = ℏ0, ℏ̃𝑁 = ℏ with (ℏ̃𝑖−1, ℏ̃𝑖) ∈ 𝐷(�̃�)

for all 𝑖 = 1, 2,… , 𝑁 such that by simple induction, we obtain

(ϝ𝑗 ℏ̃𝑖−1, ϝ𝑗 ℏ̃𝑖) ∈ 𝐷(�̃�) for 𝑖 = 1, 2,… , 𝑁 and

𝛿(ϝ𝑗ℏ0, ϝ𝑗ℏ) ≤
𝑁
∑

𝑖=1
𝜙𝑗 (𝛿(ℏ̃𝑖−1, ℏ̃𝑖)),

𝑗 𝑗 𝑗 ∗
5

so that 𝛿(ϝ ℏ0, ϝ ℏ) ⟶ 0, implying that ϝ ℏ⟶ ℏ .
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Table 1
Demonstration of contractive inequality (2.1).

Cases ℏ 𝑟 1
2
𝛿(ℏ, ϝℏ) 𝛿(ℏ, 𝑟) 𝛼(ℏ, 𝑟)𝛿(ϝℏ, ϝ𝑟) 𝜙((ℏ, 𝑟)), 𝜌 = 0 𝜙((ℏ, 𝑟)), 𝜌 = 3

Case 1

2 4 0.5 2 1 1.32625 1.51591
4 2 1 2 1 1.15456 1.51591
4 6 1 2 2 2.23199 2.18633
6 4 1.5 2 2 2.05813 2.18633

Case 2 1 1 0 0 0 0 –

Case 3

1 3 0 2 0 – 1.47600
1 5 0 4 0 – 2.95201
3 1 1 2 0 – 1.47600
3 5 1 2 0 2.65250 2.73085
5 1 2 4 0 – 2.95201
5 3 2 2 0 2.30913 2.73085

Case 4

2 1 0.5 1 0 – 0.73800
2 3 0.5 1 0 1.32625 1.36542
2 5 0.5 3 0 2.01022 2.25638
4 3 1 1 1 1.75 2.59881
6 1 1.5 5 2 – 3.69001

Case 5

1 2 0 1 0 – 0.73800
1 6 0 5 2 – 3.69001
3 2 1 1 0 1.15456 1.36542
3 4 1 1 1 1.75 2.59881
5 2 2 3 0 1.52346 2.25638

Whence, for all ℏ ∈ 𝜁 , there is a unique point ℏ∗ ∈ 𝜁 such that

lim
𝑗→∞

ϝ𝑗ℏ = ℏ∗.

To see that ℏ∗ ∈ 𝐹 𝑖𝑥(ϝ), if (𝑣)𝑎 holds, then clearly, ℏ∗ ∈ 𝐹 𝑖𝑥(ϝ). Otherwise if (𝑣)𝑏 holds, then since {ϝ𝑗𝑘ℏ0}𝑘∈N ⟶ ℏ∗ and
(ϝ𝑗𝑘ℏ0, ℏ∗) ∈ 𝐷(𝐾), then since ϝ satisfies the orbital 𝐾-continuity condition, we have ϝ𝑗𝑘+1ℏ0 ⟶ ϝℏ∗ as 𝑘→ ∞. Whence, ϝℏ∗ = ℏ∗.

If there is some 𝑟 ∈ 𝜁 satisfying ϝ𝑟 = 𝑟, then from the above, we obtain ϝ𝑗𝑟 ⟶ ℏ∗, which means 𝑟 = ℏ∗. Hence, ϝ is a Picard
perator. □

xample 2.4. Let 𝜁 = {ℏ|ℏ ≤ 6, ℏ ∈ N} be equipped with the Euclidean metric 𝛿(ℏ, 𝑟) = |ℏ − 𝑟| for all ℏ, 𝑟 ∈ 𝜁 . Then (𝜁, 𝛿) is a
omplete MS. Let ϝ be a self-map on 𝜁 defined by

ϝℏ =

{

ℏ
2 , if ℏ ∈ {2𝑖 ∶ 𝑖 = 1, 3};
1, if ℏ ∈ {2𝑖 − 1 ∶ 𝑖 = 1, 3}

and let 𝛼 ∶ 𝜁 × 𝜁 ⟶ R+ be defined by

𝛼(ℏ, 𝑟) =

{

2, if ℏ, 𝑟 ∈ {4, 6};
1, otherwise.

onsider the symmetric graph �̃� given by 𝑈 (�̃�) = 𝜁 and

𝐷(�̃�) = {(1, 1), (1, 2), (1, 3), (1, 5), (1, 6), (2, 3), (2, 4), (2, 5), (3, 4), (3, 5), (4, 6)}.

It is obvious that ϝ is edge preserving, ϝ satisfies triangular 𝛼-orbital admissibility condition and 𝐾 is weakly connected.
To demonstrate that ϝ is a Jaggi-Suzuki-type hybrid (𝐾-𝛼-𝜙)-contractive mapping, let 𝜙(𝑡) = 7𝑡

8 for all 𝑡 ≥ 0, 𝜆1 = 2
5 and 𝜆2 = 3

5
or 𝜌 = 0, 3. The following instances are investigated:

Case 1: ℏ, 𝑟 ∈ {2𝑖 ∶ 𝑖 = 1, 3}, ℏ ≠ 𝑟;
Case 2: ℏ, 𝑟 ∈ {2𝑖 − 1 ∶ 𝑖 = 1, 3}, ℏ = 𝑟;
Case 3: ℏ, 𝑟 ∈ {2𝑖 − 1 ∶ 𝑖 = 1, 3}, ℏ ≠ 𝑟;
Case 4: ℏ ∈ {2𝑖 ∶ 𝑖 = 1, 3} and 𝑟 ∈ {2𝑖 − 1 ∶ 𝑖 = 1, 3};
Case 5: ℏ ∈ {2𝑖 − 1 ∶ 𝑖 = 1, 3} and 𝑟 ∈ {2𝑖 ∶ 𝑖 = 1, 3}.

t will be demonstrated using the following Table 1 that contractive condition (2.1) is verified for each of the instances above.
It can be seen from Columns 4 and 5 of the above Table 1 that 1

2 𝛿(ℏ, ϝℏ) ≤ 𝛿(ℏ, 𝑟) for each of Cases 1 − 5 and by implication,
(ℏ, 𝑟)𝛿(ϝℏ, ϝ𝑟) ≤ 𝜙((ℏ, 𝑟)) for all (ℏ, 𝑟) ∈ �̃� as shown by Columns 6, 7 and 8.

Fig. 2 below shows the symmetric graph �̃� for Example 2.4, while Figs. 3 and 4 further verify that contractive condition (2.1)
s valid for Example 2.4.

For 𝜌 = 0 and 𝜌 = 3 respectively, Figs. 3 and 4 have shown that
6
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Fig. 2. Symmetric graph �̃� given in Example 2.4.

Fig. 3. Demonstration of contractive condition (2.1) for 𝜌 = 0.

𝛼(ℏ, 𝑟)𝛿(ϝℏ, ϝ𝑟) ≤ 𝜙((ℏ, 𝑟)) for all (ℏ, 𝑟) ∈ �̃� as defined in Example 2.4.
Hence, all the assumptions of Theorem 2.3 have been verified, there is a unique point ℏ = 1 such that ϝℏ = ℏ, and lim𝑗→∞ ϝ𝑗ℏ = 1

for all ℏ ∈ 𝜁 . Consequently, ϝ is a Picard operator.

In what follows, we demonstrate that Theorem 3.2 obtained in [28] can be derived from our main results. In compliance with
Jachymski [28], let ϝ be a self-map of 𝜁 . The set of all points ℏ ∈ 𝜁 satisfying (ℏ, ϝℏ) ∈ 𝐷(𝐾) is denoted by 𝜁ϝ, that is,

𝜁ϝ = {ℏ ∈ 𝜁 ∶ (ℏ, ϝℏ) ∈ 𝐷(𝐾)}.

Corollary 2.5 (see [[28], Theorem 3.2]). On a complete MS (𝜁, 𝛿) equipped with a graph 𝐾, and a 𝐾-contractive mapping ϝ, if we suppose
in addition that:

(i) 𝜁ϝ ≠ ∅ and 𝐾 is weakly connected;
(ii) for any sequence {ℏ𝑗}𝑗∈N in 𝜁 , if ℏ𝑗 ⟶ ℏ and (ℏ𝑗 , ℏ𝑗+1) ∈ 𝐷(𝐾) for 𝑗 ∈ N, then there is a subsequence {ℏ𝑘𝑗}𝑘∈N with (ℏ𝑘𝑗 , ℏ) ∈ 𝐷(𝐾)

for 𝑘 ∈ N.

Then ϝ is a Picard operator.
7
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(
(

Fig. 4. Demonstration of contractive condition (2.1) for 𝜌 = 3.

Proof. We can assume in Definition 2.1 that 1
2 𝛿(ℏ, ϝℏ) ≤ 𝛿(ℏ, 𝑟) for all ℏ, 𝑟 ∈ 𝜁 and let 𝛼(ℏ, 𝑟) = 1 for all ℏ, 𝑟 ∈ 𝜁 , 𝜙(𝑡) = 𝜇𝑡 for all

𝑡 ≥ 0, 𝜇 ∈ (0, 1), 𝜌 > 0, 𝜆1 = 0 and 𝜆2 = 1. In that case, Jaggi-Suzuki-type hybrid (𝐾-𝛼-𝜙)-contractive mapping becomes 𝐾-contractive
mapping defined by Jachymski [28]. Hence, the proof is immediate from Theorem 3.2 of Jachymski [28]. □

The following Corollary 2.6 demonstrates that Theorem 1.9 of Bojor [31] is deducible from our main results.

Corollary 2.6 (see [Theorem 1.9]). On a complete MS (𝜁, 𝛿) equipped with a graph 𝐾, and a (𝐾-𝜙)-contractive mapping ϝ, if we suppose
in addition that:

(i) 𝐾 is weakly connected;
(ii) every sequence {ℏ𝑗}𝑗∈N in 𝜁 with 𝛿(ℏ𝑗 , ℏ𝑗+1) ⟶ 0 is such that we can find 𝑘, 𝑗0 ∈ N satisfying (ℏ𝑘𝑗 , ℏ𝑘𝑚) ∈ 𝐷(𝐾) for all 𝑗, 𝑚 ∈ N

with 𝑗, 𝑚 ≥ 𝑗0;
𝑖𝑖𝑖)𝑎 ϝ satisfies orbital continuity condition or;
𝑖𝑖𝑖)𝑏 ϝ satisfies orbital 𝐾-continuity condition and there is a subsequence {ϝ𝑗𝑘ℏ0}𝑘∈N of {ϝ𝑗ℏ0}𝑗∈N such that (ϝ𝑗𝑘ℏ0, ℏ∗) ∈ 𝐷(𝐾) for each

𝑘 ∈ N and some ℏ0, ℏ∗ ∈ 𝜁 .

Then ϝ is a Picard operator.

Proof. Consider Definition 2.1 and let 1
2 𝛿(ℏ, ϝℏ) ≤ 𝛿(ℏ, 𝑟) for all ℏ, 𝑟 ∈ 𝜁 , 𝛼(ℏ, 𝑟) = 1 for all ℏ, 𝑟 ∈ 𝜁 , 𝜌 > 0, 𝜆1 = 0 and

𝜆2 = 1. Then Jaggi-Suzuki-type hybrid (𝐾-𝛼-𝜙)-contractive mapping reduces to (𝐾-𝜙)-contractive mapping given by Bojor [31]
(see Definition 1.6). The proof follows similarly. □

Remark 2.7. It is obvious that we can obtain more consequences of our results by particularizing the values of the mappings 𝛼(ℏ, 𝑟),
𝜙(𝑡) and specializing the constants 𝜌 and 𝜆𝑖 (𝑖 = 1, 2).

3. Conclusion

The concept of Jaggi-Suzuki-type hybrid (𝐾-𝛼-𝜙)-contractive mapping in MS equipped with a graph is introduced in this
paper (Definition 2.1). Sufficient criteria for the newly defined mapping to be a Picard operator are investigated (Theorem 2.3).
Contrasting examples (Examples 2.2 and 2.4) with graphical depictions are built to validate the assumptions of our obtained results.
Corollaries 2.5 and 2.6 are provided to show that the approach described herein is a generalization and improvement on some related
results in the literature. The ideas in this paper are motivated by and compared to [17,28,31].
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