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Abstract: 

In this paper, a mathematical model for combustible forest material of a wildland 

fire is presented. The equations describing the fractional components of forest 

fire were carefully studied. The reaction before a forest can burn or before fire 

can spread must involves fuel, heat and oxygen. The coupled dimensionless 

equations describing the phenomenon have been decoupled using perturbation 

method and solved analytically using eigen function expansion technique. The 

results obtained were graphically discussed and analysed. The study revealed 

that varying Radiation number and Peclet energy number enhances volume 

fractions of dry organic substance and moisture while they reduced volume 

fraction of coke. 

 

Keywords& Phrases :Combustion, eigen function expansion, fire, fuel, ignition 

 

1. Introduction 

Fire is a natural disturbance that occurs in most terrestrial ecosystems around the world. It is 

also a tool that has been used by humans to manage a wide range of natural ecosystems 

worldwide. As such, it can produce a spectrum of effects on Combustible Forest Material 

(CFM) (dry organic substance, moisture and coke). CFM are part of the key factors to 

determine whether forest fire will escalate or not. Fons (1946) was the first to attempt to 

describe fire spread using a mathematical model. He focused his attention on the head of the 

fire where the fine fuels carry the fire and where there is ample oxygen to support combustion. 

He further, pointed out that sufficient heat is needed to bring the adjoining fuel to ignition 

temperature at the fire front. Therefore, he reasoned that fire spread in a fuel bed can be 

visualized as proceeding by a series of successive ignition and that its rate is controlled 

primarily by the ignition time and the distance between particles. Finney et al. (2013) reported 

that most studies on the effect of Fuel Moisture Content (FMC) have focused on dead fuel 

moisture  Md ; thus, understanding on the mechanisms of fire spread in live vegetation is 

minimal. 

Rossa et al. (2016) investigate live fuel complexes which are usually tall and have high fuel 

loads, so are difficult to reproduce in the laboratory. On the other hand, in field fires, live and 

dead fuels are usually combined in variable proportions and there is a lack of control over 

ambient parameters, which complicates the detection and isolation of FMC effects on fire be 

haviour. However, vegetation types dominated by live fuel (such as shrub lands) contribute 
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to a significant fraction of fire activity worldwide. Schaafet al. (2007) examined that 

theoretical formulations of fire spread applied to shrub fuels or crown fires usually predict a 
strong spread ratedecrease with increased fuel moisture. 

Perminov (2018) worked on mathematical modelling of wildland fires initiation and spread 

using a coupled atmosphere-forest fire setting, he stated that mathematical model gives an 

opportunity to describe the different conditions of the crown forest fires spread taking account 

different weather conditions, state of combustible forest materials, which allows applying the 

given model for prediction and preventing fires. It overestimates the rate of crown forest fire 

spread that depends on crown properties: bulk density, moisture content of forest fuel, wind 
velocity and the influence of boundary layer of atmosphere. 

The purpose of this paper is to investigate the resultant effects of the dimensionless 

parameters as involved in the system in relation to CFM. We established an analytical 

solution using eigen function expansion technique. 

 

2. Materials and Method    

 

Model Formulations 
Here we extend the work of (Perminov, 2018) in regards to wildfire spread model. We assume 

that the gas phase is made up of only oxygen, there is thermal equilibrium between the gas 

and solid phases, pressure and wind velocity of the forest canopy are constant, ash is 

neglected and the forest environment consist of five-phase porous medium which are dry 

organic substance (Matter), water in liquid state (Moisture), solid pyrolysis product (coke), 

ash and gas phase. Under these assumptions, the equations that describes wildland fire 

propagation are: 
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Such that; 
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where; 

 , ,s m c    define volume fractions of the multiphase reactive medium, that is s

corresponds to dry organic substance, m is the moisture in liquid drop state combined with 

CFM, c is coke(condensed pyrolysis product), oxC is the concentration of oxygen, T is the 

temperature (in Kelvin), t is the time, x  is a coordinate in the system of coordinates 

connected with the centre of an initial fire (distance), T is the unperturbed ambient 

temperature, , 1, 2,3jk j   are the pre- exponential factors of chemical reactions, 

, 1,2,3jE j   are the activation energy of chemical reactions, C is the concentration, R is the 

universal gas constant, S is the specific surface of the condensed product of pyrolysis 

(coke), v is the equilibrium wind velocity vector, U is the reference velocity, T is the 

turbulent thermal conductivity, 
oxC is the unperturbed density of concentration of oxygen, 

),,(, cmsiPi  is the 
thi  phase density, that is s is the density of dry organic substance, m

is the density of moisture, c is the density of coke, 
g is the density of gas phase (a mix of 

gases), h is the crown height, cM is the molecular mass of carbon, 1M is the mass of 

combustible forest material (CFM), 
pgC is the thermal capacity of a gas phase, , 2,3jq j   

defines heat effects of processes of evaporation of burning, TD is the diffusion coefficient, 

 is the coefficient of heat exchange between the atmosphere and a forest canopy, 

, ,s m cR R R are mass rates of reactions of dry CFM pyrolysis (chemical decomposition of 

substance by heating with allocation of combustible gases), of moisture evaporation from 

CFM (drying), coke burning, c is the coke number of combustible forest material (CFM), 

is the Stefan-BoltzMann constant, RK is the integrated absorptance, ),,(, cmsiC
ip  is the 

thi  phase of thermal capacity, s is the dry organic substance, m is the moisture, c is the coke, 

ox is the oxygen ( 2O ). 

Our mathematical modelabove consists of equations (1)—(3) such that (1) and (2) 

corresponds to mass concentration of oxygen and energy balance respectively, (3) describes 

the volume fractions of the multiphase reactive medium (dry organic substance, moisture and 

coke respectively), (4) is the initial and boundary conditions and (5) is the mass rate of 

chemical reaction that describes the speed of CFM. 
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3. Method of Solution 

3.1 Non-dimensionalisation 

We make the variables in equation (1) – (4) dimensionless by introducing the following 

dimensionless variables: 
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Then equation (1)—(4) (after dropping prime) becomes; 
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where; 
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3.2 Approximate Analytical Solution 
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After Applying perturbation method to decouple equations (7)—(10), we then use direct 

integration and eigenfunction expansion technique, to obtain the approximate analytical 

solution of equations (7)—(10) as follows: 
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The computation were done using computer symbolic algebraic package MAPLE to generate 

the graphs. 

 

4. Results and Discussion 

We solve the systems of partial differential equations describing the fractional components 

of forest fire. We decoupled the equations using perturbation method. The effectof Radiation 

number  aR  and Pecletenergy number  eP on Volume fractions of dry organic substance

 1 ,x t , moisture  2 ,x t and coke  3 ,x t  were vividly discussed and analysed. 

Analytical solution given by equations (12)—(16), is computed using computer symbolic 

algebraic package MAPLE 17 to generate the graphs. The numerical results obtained from 
the method are then shown in Figures1, 2, 3, 4, 5 and 6. 

Figure 1adisplays the graph of volume fraction of dry organic substance  1 ,x t  against 

time t  for different values of Radiation number  aR .  It is observed that the volume fraction 

of dry organic substance decreases with time and increases as the Radiation number increases. 

Figure 1bdepicts the graph of volume fraction of dry organic substance  1 ,x t  against 

distance x  for different values of Radiation number  aR .  It is observed that the volume 

fraction of dry organic substance increases but later decreases along the distance and 

maximum volume fraction of dry organic substance increases as the Radiation number 
increases. 

Figure 2adepicts the graph of volume fraction of moisture  2 ,x t against time t  for 

different values of Radiation number  aR .  It is observed that the volume fraction of 

moisture decreases with time and increases as the Radiation number increases. 

Figure 2b displays the graph of volume fraction of moisture  2 ,x t  against distance x  for 

different values of Radiation number  aR .  It is observed that the volume fraction of 

moisture increases but later decreases along the distance and maximum volume fraction of 
moisture increases as the Radiation number increases. 

 

Figure 3a displays the graph of volume fraction of coke  3 ,x t against time t  for different 

values of Radiation number  aR .  It is observed that the of volume fraction of coke increases 

with time and decreases as the Radiation number increases. 

Figure 3b depicts the graph of volume fraction of moisture  2 ,x t against distance x  for 

different values of Radiation number  aR .  It is observed that the volume fraction of coke 
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decreases but later increases along the distance and minimum volume fraction of coke 
decreases as the Radiation number increases. 

Figure 4a depicts the graph of volume fraction of dry organic substance  1 ,x t  against 

time t  for different values of Peclet energy number  eP . It is observed that the volume 

fraction of dry organic substance decreases with time and increases as Peclet energy number 

increases. 

Figure 4b displays the graph of volume fraction of dry organic substance  1 ,x t  against 

distance x  for different values of Peclet energy number  eP .  It is observed that the volume 

fraction of dry organic substance increases but later decreases along the distance and 

maximum volume fraction of dry organic substance increases as the Peclet energy number 

increases. 

Figure 5a depicts the graph of volume fraction of moisture  2 ,x t against time t  for 

different values of Peclet energy number  eP . It is observed that the of volume fraction of 

moisture decreases with time and increases as the Peclet energy number increases. 

Figure 5b depicts the graph of volume fraction of moisture  2 ,x t  against distance x  for 

different values of Peclet energy number  eP . It is observed that the volume fraction of 

moisture increases but later decreases along the distance and maximum volume fraction of 

moisture increases as the of Peclet energy number increases. 

Figure 6a displays the graph of volume fraction of coke  3 ,x t against time t  for different 

values of Peclet energy number  eP . It is observed that the of volume fraction of coke 

increases with time and decreases as the Peclet energy number increases. 

Figure 6b depicts the graph of volume fraction of coke  3 ,x t  against distance x  for 

different values of Peclet energy number  eP . It is observed that the volume fraction of coke 

decreases but later increases along the distance and decreases as Peclet energy number 
increases. 
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Figure 1: Effect of Radiation number  aR on volume fraction of dry organic substance. 

 

Figure 2: Effect of Radiation number  aR on volume fraction of moisture. 
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Figure 3: Effect of Radiation number  aR on volume fraction of coke. 

 

 

 

 

 

 

 

 

Figure 4: Effect of Peclet energy number  eP on volume fraction of dry organic substance. 

 

 

 

 

 

 

 

 

 

 

 

Figure 5: Effect of Peclet energy number  eP on volume fraction of moisture. 
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Figure 6: Effect of Peclet energy number  eP on volume fraction of coke. 

 

 

5. Conclusion 

From the results of our studies we conclude that radiation number and peclect energy number 

enhance the volume fractions of dry organic substance and moisture and decrease volume 

fraction of coke. These occur as a result of varying the dimensionless parameters as 

demonstrated in Figures 1, 2, 3, 4, 5, and 6 respectively.  The inference drawn from this study 

is that an increase in Radiation number and Peclet energy number reduces the burning rate of 

dry organic substance and dehydration of moisture. With continuous removal of heat from a 

burning scene, the CFM are better preserved. Based on this knowledge, the fire fighters or 

combaters are better equipped to manage CFM. 
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