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ABSTIlACT 

In this work, we applied thc ullconstrained non- gradient optimiza­
tion algorit.hms of Sprict- Baron and Coggins to solve the Snbmerged 
Sewage Dispersion Model and compared the ontput results of the t.wo 
algorithms alongside with an analytical solution. The ontpnt. resnlt.s 
show that both lTwthods al.t.ain. I.h(' global millimnm at. 2.1 x 10- 4

. In 
d()ilJg so, I.hf! 1JllTllhcr or il.c'ral.iolls ror 1,\,<, SpriC'1. Baroll is 1 Rtl while' I.hal. 
of (,I If' Exl.e'lJcic'd Coggins i:-; 12 . This shows t.J ral. t.h<, Ex I.cl1dc'd Coggi 11:-; 

algoril.lt In is a lwt,(,cr algori (,It III ror (he Sc'wagc' Dispcr:-;ioll Tllo<ld C'OI 1-

:-;i cl(')'C'd i IJ I. h is work H:-; i I. celli v('rge':-; fTl11ch r,,:-;( ,(,r. 
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CHAPTER ONE 

INTRODUCTION TO OPTIMIZATION THEORY 

1.1 PREAMBLE 

Th~ evolntion of opt.imiznt,ion t.heory ori~ilH\t.C8 nmong rnnny ot.h­
ers, with economic prohlems ami game' theory w Ilcre' opl.i mal s1.ra1.<'gy 
was t.o be' described mat.hematically. 

Stephenson (1971), postulates that the activity of man is developed 
(~ntirely trying to optimize the various situations he fiuds himself. In 
the light of t.his, optimization can be defined RS t.he art, for det.ermining 
the best decision in a given set of circumstall(,cs. 

Optimization is a field of applied mathematics consisting of a col­
lection of principle's ~md met.hods used for t.he solution of qnallt.it.ativ(' 
prohl('ms in many ctisc.ipliTl<'s: physics, hiology, <'lIgillC'('rillg , ('colloTnics, 
l>llsirJ('ss awl oUlC'ni. MaUt<'HH\t.icnlly, 1.he purpose' of op1.imizat.ioll is 
1.0 fi"d t.h(' l)('st. solut.ioll 1.0 a giv('" prohlem (which may also illcllHl<' a 

111lmlH'l' of limit.ing cOllst.raillt.s) . This mat,}H'TIlat.ical ar(,a, ol'tirnizat.iolJ , 
grew from the recognit.ion that, prohlems uno('r consioe'rat.iolJ in malJ­
ifest.ly mallY fie'los conlo be' pos('<i t.}wOfetically in sneh a way t.hat. a 
central store of ideas fmd methods could be llse'd in obt.aining solution 
for all of them. 

A typical optimization problem may be described in the following 
way 



Example 

There is a syst~m, sHeh as a ' physic,al machine, a set, of hiological 
organism or a b11sirH'ss orgallil-:at.ion whosl' hehaviour is ddcrrnillc'd h.Y 
s('vC'ral specifiC'd factors . . 'I'll(' opcratiOlJ of UJC systcm has a goal as 
(.IJc' ol'tirni7.a(,i()l\ or t.he lH'r,rormal1cC' or t.1li s syst.em. TIl(' latter is od.('r­
milleo at. least, ill part. hy t,11(' ky('1 or t,IIC rad ,ors over which t.he operat.or 
lUIS ('outrol; t.he pcrforTtH\Il cC' may also \)(' an(~ct.cxllJ()wever hy ot.hn r ac­
t.ors over which t.hC'rC' is no contro!' The' opNat.or se'eks t.he right lC'vc' ls 
for I he cOllt, rnllahlc~ factors that will ()pLimiz(', as far as possihlc" til(' 
p( ~rronnancC' or t.he syst.em. 

For example, in the case or a banking system, the operator is the 
governing body of t.he cenl.ral hank ; thf' input.s over which there is con­
Lrol arc inl.eresl. ratc's auel H1OlJ('Y supply; aJl(I Lite p c:rformall c() of Lite 
HYSt.(' 1T\ is dcseri I weI hy ecoll 0 III if' i nciical,()rs of t.he ('COIIOIll i c alHl pol i t.i­
cal ullit,s in which t.he hallking system ()perates. 

The first step in t.he applicat.ioll of opl.imizat.ioll t.hf'ory to a pradical 
probl('m is the ickntificat.ion of rf'levant. t.1(('ordical component.s. This is 
ofl.f'n f.Iw most. diIIi e1111. pa rI. of tile analysis, H'q11irillg a f.Ilol'011gh nl1(kr­
sf.alJ<ling of 1.11<' operat.ion of 1.1((' system a IHI the ahilit.y to descrihe the 
operation of the system in precise mal.hc matical terms. Generally, on 
f.hf' dC'vC'loprnellf. or opt.irni 7.H I,iOIl t.ecllllicl1H' OIJC hegins t,11C' c,oll sl.rnct,ioll 
o r such a method, accordi llg to Polak (In7!) by invcntilJg a concC'ptnal 
a lgori t.hm. 

Then one llIodifief; t.his conccpl.nal PI'OCf'SS ill snch a way as to rednce 
caell of it.s if.C'ral.ioll t.o a fillit .(, IIl1mbf'r of digital cnmVIlt.f'1' opc'rations. 
That. is , onl' rl'dnccs it. 1.0 all iTllplf'rnent.ahlc~ algorithm. To achi('vc I. ltis 
obj~ctivc, in all dl'ccl.ivc TTHl.IJIJ('r , one has t.o IIS(~ all adapf.ive or closed 
loop method for tnlllc,atillg at, leasf. some of the illIillit,c sal> procedures. 
This approac,h lit,..; t.Il<' advHlIf.nge of avoidillg a great deal of t.ime pnl. 



into very precise calcnlations whcIl onc is still qnite far from the optimal 
point that one is t.rying t,o find. To mak<> matt.('rs worse, tIl<' r('snlt.in p; 
algorif.hm tnay fail to convcq:!;c. HOIl(lay (lQg.1) snpport,ed I his sam(' 
vi('w poi11l, by saying UtaL if. is tH~f. always ('cOIJOmical 1,0 do a I hOJ'()llgh 
I inCH!" search. A II that. is 1I('(,(,SSH ry, h(' sail l, is t.o oht.ai II a re(llld iolJ ill 
t.hc· flllldioll va 111(, . At f.he firs t sight, tlli s trlay S('('trI rat.! IC'r <T1l<i('. '1'1 J(' 

compntatioll 1,0 fiud the lnillirnmJl in f.his dirc'dioll might 1)(' ('ollsid­
(·rahl(' . Agaill II(' st.al.(,d t.ltal. prad.i(',al ('XP('ri(,ll<'( ~ wit.1t f.\W!W f.ype·s of 
prohlelTls shows f.IHlf. ii , is .illsf. 1101, worl hwhilc . I Ie I, Iwn.fon' pr('sllTrH'd 
I hal , whaf. we' \os(, 011 t.lw H('C11nlCY swi" l~ af. Ulis sf.age· we' mak(' 111' for 
OIl t.he progress 1,0 f.he millimlllTl via challg('s ill dircct.ioll r011l1d ahollf.s . 

Looking at example one, I,he main I,hroret.ical component.s are the 
syst.('m , t.he input.s and oul,put.s, and its mIl'S of op(~rat.i()n. TIl<' syst.em 
has a set, of possible staks at each moment in the life of the syst.em, 
it. is one of these states, and it changes from state to state according 
t.o c('rtain rnles determined hy input.s and olltpnt.s. Tllcre is a nnmeri­
cal <lnanl,ity called t.he performance m('mmrc, wllieh t.h(' operat.or se<:'ks 
1.0 maximize or millimize . II . is a maf.hem at.ical flll1CtiOIl who, e value 
is d<>t.ermin<>Q hy tIl(' hi st.ory of t.he syst e Tn . TIt(' operat.or is auk to 
illDw' ll ce f.he value of f.}J(' performance lIH'asnrc t.hrongll a sd}('dlll(~ of 
illpnts . Finally, the const.raints of t he sysf.em must h~ iclcnl.ifi(·d ; t.)}('se 
ar(' t.ll(' rC'st.ridiolls 011 I,ll(' illJml,S thai, an' lwyond t.1t(· c01lt.rol of t.l w 

opcraf.or . 

Frallkly spcaking, the modern large scalc di~it.al compllter has givell 
a great impd,lIs t.o com1'l1f.al,iollal prOC('dl1res of solvillg lar~(' class of 
opl.imj7,at.ioll prohl(,lTls . 
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1.2 NUMERICAL OPTIMIZATION PROBLEM 

Many problems involve finding t,he h~sl., in some dcfinC'd respect, of 
many possible solutions. TIIf' h ('st. solllf.ioll might. he the one leading 
t,o t.he low('sf". cost., tIl(' IFlrg('st. profit. or Lhe short.est. rout.(' ill FI jOllnwy. 
Sneh prohlems an' OJ)(,S of ()pt.iTlli~af.iOlI. Ik(,H. llS(' of I.h('ir ('collomic im ­
porl.ance, Ul<'ir ('([('ctive' cOTlll'nt.af.ional sollll.iolJ is ~xt.rem(' l y iTll]>orl.alll.. 

1.2.1 STATEMENT OF AN OPTIMIZATION PROBLEM 

(i) FOR AN UNCONSTRAINED PROBLEM 

The mathematical prohlf'm is to find a set of values :!; i such that 
P(:rd is as small (or as larg(~) as possible'. Simply put: Filld 

1 
~~ ) X = 

Xn 

which minimizes F(x). 

(ii) FOR A CONSTRAINED PROBLEM 

'1'11<' mat.\lcmaf.ical prohlem is to lind a sci. of valw's :I:i snch I.!tal. 
F(:Z:i) is as small (or as large) as possible. Simply pllt.: Find 

x = 1 :~ ) 
Xn 

which minimizes F(x). 



Snbject, to t,he cOllst.raillt.: 

gj(X) ~ 0; j = 1,2, ... ,m 

Lj(.r.) = 0; j = I, 2, ... ,p 

Whcre x is an n- dimcnsional vector called the desigTl vector, i.e. Xi 

means the s('t of all Ti; i -:- 0, 2, ... , n . 

'flip. fundion F or F(x) r('present.s the cost. or oUwr vah\(, t.o be 
opti Tn izc'cl and it is callc'ci I.h(' ol>jC'di vc fnllcf.ioIJ. J\ wI f.he prohlc,tn is 
ll S llAlly cldllWc\ so thai. I.IIC cosi. (ohjcctivc) is 1,0 hc ~ miJlimi7.c'd . g.i(:r: ) 
(llld 'j(:") an', rc'sl)('cf.iw'ly, t.11<' ill('qnalit.y aJl(1 the cqllalil.y cOllsf.railJts. 

The number of variahks n ancl the l11lTnher of consf.rain1.s lTl and/or 
p IWCc! not. be relat.ed in any way. 

] n most optimization prohlems, the ohjecti ve function F depcnds on 
s('v(,1'al variahle, x I, X2, ... , x n . Thes(' are called t.he control variables 
becansp. we can cont.rol t.hem , t.hat. is, chose t.hf'ir vaille. Gf'np.rally, 
in any optimizat.ion prohlc'Tn UI(, obj('cf.ive is to optimize (ma.ximize 
or minimize) some fnndion r. This fllnct.ion is called the obj('ctive 
fnnction. Opt.imizat.ion theory develops methods for opt.imal choice of 
:r.l,X2, ... ,Xn which maximize' (or minimize) t.heohjecf.ive fllncf.ion f. 
t.hat, is md,hocl for IiIl<ting optimal valm'8 of :r;,, :1:2, ... , :1:". 

1.2.2 CONSTRAINED/ UNCONSTRAINED VARIABLES 

In many problems the variable Xi (i .e choice of values of :1:1, X2, ••. , Xn 

) are not entirely free hut. arc subject 1,0 constraints, t.hal. is additional 
conditions arising from th(' nature of Uw problem and Lhe variable. 

5 



These constraints can be equality const.raints, or both . They take 
the form 
qj(Xi,) = 0, .i = 1,2, ... , p for equality constraint.s and .(]k(xd ~ 0, k = 
] , 2, . .. , m for inf'qllalit.y cOTJst,raint.s. Eit.her or bot.h of p and TTl can be 
;t,cro, H\('alJilJg t.hat. t.1I<'H' arc IJO COlJst.raillt.s ilJ t.hat. class. 

1.'2.3 LINEAR PROGRAMMING 

The objective fllnct.ioll and the eonst.raint.s may he linear or non­
linear. If both are linear , the problem belong to the speciality called 
linear programming. 

A linear programming is defined as the minimization of a linear ob­
ject.ive function whose variahle satisfy a system of linear inequalities . 

Linear programming or linear opt.irni7.at.ion consists of mcl.hods [or 
solving optimizat.ion prohlf'ms in which the objective function F is a 
linear function of control variables .7:" X2, . •. ,Xn and the domain of 
these variahles rest.ricted by system of linear inequalities. Problems 
I\('re call also involve t.hollsands of variables and require t.he solut.ion of 
num r011S linear eqnat.ioW'; at. each st.q) of all iterat.ive proecss. 

1.2.4 NON-LINEAR PROGRAMMING 

Non-·linear programming are those in which either the objective 
function or at least one of the constraint function is non- linear. 



1.2.5 MATHEMATICAL PROGRAMMING 

Bol,h lillear and non- linear programming falls nnder the specificity, 
r('fcrred 1,0 as mal,hematic.::t1 programming. Mathf'matic:l I programming 
Tn ay hr drscri lwd ill tc'rm s of i i.f; matllC'matical s l,rlldllI'C' a wl corn pnta­
Liollai proc'c'dllrcs or ill L('rlTls of til(' hroHd class of iTnporf.allL decisioTJ 

prohlclTls which ('all h( ~ rOrTl1lll:" ,('(l m; 1.11(' Tl1illimil'.al.ioll (TlIClxiTllil'.al,iolJ) 

or a fllTldiOTI or s('v('ral vllri'"hl(·s Utal. aI'C' slli)j('d, ' ,0 sysl '('Tr1 or sidc' CO T\ ­

sl.raild,s. 

1.3 DEFINITION OF TERMS 

Definition 1.3.1 - DESIGN VECTOR 

This is descrilwd by a set. of quantities some of which are viewed as 
variables dnring the df'sign process. 

Definition 1.3.2 - PREASSIGNED PARAMETERS 

Tllf'sC arc' 1,1f(' quallt.it.ic's Urnt. are wmall y fix( ~cI at. t.J1C' oul,srl , ill allY 
c'llgil)('('f'ing systcm or <;()mpolJ( ~ IlI .s, 

Definition 1.3.3 - DESIGN OR DECISION VARIABL~ 

T hese are the quantiti s that are t.reated as variables in t he design 
process in any engineering system. The design variables are collecti vely 
rf'presentc>d as a design v('dor, t.hlls : 
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Definition 1.3.4 - DESIGN CONSTRAINTS 

1n many practical problems, the de-sign variables cmmot he chosen 
arbitrarily; rather, they have to satisfy cprtain specified functional and 
other r('qniremrTlts . The restricl.ions lIlat Trlllst be satisfic'd in ordrr to 
prodnce an acceptahle design arc collectively called design constraiuts. 

The constraint,s which represent limitations on the bf'havionr or per­
formance of t.he syst.em are t.crrned as behaviour or functional constraints. 

The cOlIst.raillts wit ich n'pI'C'seTlf, physical Ii llIi tati()IIH Oil U l(' dcsi~" 

variahlc~s like availahilif,y, fahricahilif ,y alld t.nmsportahility arc kllowll 
as geomct.ric or side cOllst.rai IIfs. 

Definition 1.3.5 - OBJECTIVE FUNCTION 

Note that, the convent.ional design procedure aims at finding an ac­
ceptable or adequate design which merely satisfies the functional and 
other reqllirpments of the problems. IlJ gC'IJ(~ral, tltcre will be moJ'(' than 
one acceptable desi~ns ami the purpose of optimi7,ation is to choose the 
best one out of the many ac('e-ptable designs available. Thus a crite­
rion has 1;0 hc chosc'n for cOTTlparillg Ute- diffcH'llf , altc~ntaf.c~ accepf.ahle 
de-siglJs and [or sdc'dilJg t.\w hc'st. onc~. The criteriolJ witlt respcct. to 
which the design is optiml7,e-d when expressed as a [1luction or the de­
sign variables is known as the crit.erion or merif, or ohjecf.ivc fnnd,ioll. 

Definition 1.3.6 - OPTIMIZATION TECHNIQUE 

The vario1ls technicl'w(s) available for t.he solution or opt.imi"mt.ion 
prohlc'm(s) are classified ulJ(lc'r Ute headillg mathematical programming 
te-c1miqlle (also known as Uw opti IlInm s('ckiug IlIdhods). Tltc~se' tech­
niques are useful ill findiIlg the' minimum or maximum o[ a [uncf.ion or 
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sC'veral variables nnder a prescribed sci. of constraillts. 

Example of such classification includes the classical methods of dif­
f('fential calculus which can he iised t,o find unconstraint rnaximmTl or 
minimum of a funct.ion of sev('ral variabks. 

1.4 CLASSIFICATION OF OPTIMIZATION PROBLEMS 

Gcnerally, optimi7.ation problems call be classified m:; follows: 

1.4.1 CLASSIFICATION BASED ON THE EXISTENCE 
OF CONSTRAINTS 

I\s already stnt.cd, any optj mi7.ation problcm can 1)(' cln.c;sificd as 
a constrained or unconstrained one dq)(,llding upon whd,her tile cotJ­
sl.raints exist or not in 1.he problem. 

1.4.2 CLASSIFICATION BASED ON THE NATURE OF 
DESIGN VARIABLES 

Taking into cognisancc t.he nature of design variables cncountered, 
optimization problem can be classified int.o two broad cat.egorics, viz: 

Category I 

The problem is 1.0 filld values t.o a S('t. of (ksigll paranH~t.crs, which 
make some prescribed function of these parameter minimum ·suhject. 1.0 

certain constraints. 
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Category II 

The objective is to find a Sf''j, of d('si~1l paramcters , which are all 
continuolls functions of somc ol.h('[ paramf'tcr, that minimi7.c an oh.iec­
t.in~ [lIlJctiOTl s1Jhjf'd to Uw prescribed ('ollstraints. 

1.4.3 CLASSIFICATION BASED ON THE PHYSICAL 
STRUCTURE OF THE PROBLEM 

COllsid('ring the physical sl.r1ld1lrc of I.hc problem, optimizatioll 
problem can he c1assirif'd as optimal ('ont.l'Ol and non- opt.imal control 
problf'TTls . 

Two tyP('s of variahles Ils1lally descrilH' an optimal cOlltrol problem, 
VI7,: 

(i) The control (dcsign) variables 

(ii) The stal e variables 

The control variahles gOVf'nl the evollltion of the system from one 
sta,:'p 1.0 f.J1f' 11('Xt and the sLat.!' variabks (If'scrihc I.h(' \)('Illwinnr of t.he 
sysl f'Tn ill allY sl.agC'. Clf'arly stal.c·d , I.he· opl.imal cOIlI.wJ prohle'm is a 
lIHtl.hcmal.icnl prograrnrnillg prohlcm illvolvilJg It 1I111n\)('r of sf.nlf.(·gic·s, 
wlierc ('Hcb stage evolves frolll I.he sLag(' ill a pn·scribcd lTIat)))(·r. 

Opt.imal control prohlf'm are st.ated as follows: 
Find I.he set. of control or design variables s\lch Utat I.he tol.HI 01>­

jc('tive function over 1.11(' L 1I11mhf'r of stages is millimi7.f'd subjf'c\. to 
cf'rl,aill co))straints OIl tlw sl.al.(' auel cOlltrol variahl(~. i.e. 
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FinO. ~; which minimi7,cs 

D 

F(.1:) --: L Ji(·7;i' Yi) 

sllbj<'ct. to the com;tmints 

ami 

where 
:r;i is the i 'h control variahle; 
Yi is the ith st.ate variahlc; 

i = O 

I; is the contribntion of the ith stagc 1,0 the toLal objectivc fnn ction ; 
g.i h/: and qi arc [unct.ions o[ Xi, YA:; and ;Ci and. Yi rcspecti vdy. 

1.4.4 CLASSIFICATION BASED ON THE NATURE OF 
EQUATIONS INVOLVED 

This classification is based on thc nat.nre o[ t.hc cxpression [or the 
objective [unction and the constrain ts. Here, optimization problems 
can be classifieo. as: 

(i) Linear programming problems 

(ii) Non- linear programming problems 

(iii) Geometric programming problems 

(iv) Quadratic programming problems 
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• 

Thif; classi.fication is extremely useflll from the computational point 
of vi('w since there are many mdhoos developed solely for the emcient 
sollll.ion of a part,icnlar class of probl('ms. 

(i) I,INEAR PROGRAMMING PROBLEM 

rf th(' oh.iccf.ivc' fUlld ,ioll ""el all Ute ('ol1sf,raillf ,s ill c'cpmt.iol1 1.2 .2 (a 
alld h) an~ lilH'ar fl1l1d ,iolls of f,11C' dc'si)!;11 variahl('s , Ute rnaf ,ltcmaf.ical 

programming problc'Jrl is calkd a linc'ar programming (LP) problc'Tn. A 
liucar progrrnrniltg prohlem is nff.cn r-;tal.c'd as follows: 

rind 

! Xl l X2 
~r. = 

:1:n 

which minimizes 
11 

F(:r.) = LCj :r;j 

i - I 

subject. to the cOllstraillts 

n 

L njl"xk - b.t ; .1 
k = l 

aIJd Xi 2: 0, i -- 1,2, ... , n 
where Ci, o,jk and bj are const.ant.s. 

1,2, ... ,1/1, 

(ii) NON-LINEAR PROGRAMMING PROBLEM 

If any of the function among the objective and constraints function 
1.2.1 a and b is non--linear, the problem is called a non- linear program­
ming problem (NLP). 
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(iii) GEOMETRIC PROGRAMMING PROBLEM 

A gf'om<:>t,ric programming problf'm (GMP) is om~ in which the ob­
jecti ve function and constraints are ('xpressed as posynomials in x , 

Definition 

A flllldiOIl h(x) is callf'cl a posYl1omial if It call he (~xpn'ssed as t.he 
SlllTl of power I.f'rms of t.llf' form: 

tl./ I (", X 
-t, 1, 

tl./2 a/n 
X2 , .•• ,x~ 

whf're Ci, and a i j are constraints wit.h (~ > 0 ann Xj > 0 

Thus a posynornial ruction can 1)(' expressed as 

J·[(X) = ,.'xtl.lnxtl.2n ""tl.nn 
' -t o 1 '2 ... ~' n 

Thus the G M P problem can be stated as follows: 
Find x which minimizes 

N c 

F(x) = I:Ci [f1j=lX~ij]; Cj > p, Xj > 0 
i= J 

Sllhjcct to 

Nj 

gj(x) = 2:aij [njl== lx~ik] :::; 0; j - 1,2, ... rn 
i - I 

where Nc ann N j dc-not.e the nllmber of posynomial t.erms in the 
objective and jth const.raint fllnctioll rc-spf'ct.ivf'ly, 



(iv) QUADRATIC PROGRAMMING PROBLEM 

1\ qnadrat.ic programming prohlem is a non-Iin~ar programming 
prohkm with a fJlladrati c ohjccf.ivC' fnndion and linear constraints. TIl(> 
prohlc'Tr1 is fonnnlatc(\ as follows : 

Filld :r. which minimi7,(,s 

n n n 

F{x) - c + I>,(r.i + L L Q ijXj 
; - 1 i = l .j - 1 

sllhjecl. 1.0 

f, 

Lo,i/T;i = bj ; j =-= 1,2, ... m; Xi ~ 0, i = 1,2, ... ,71, 

i 1 

wlwrc c, qi , Qi.i aIHI b.i arc (·()Il~Lallt,s . 

1.4.5 CLASSIFICATION BASED ON THE PERMISSIBLE 
VALUES OF THE DESIGN VARIABLES 

Dqwndillg on Lhe values pC'nniUed for t.he design variables, opt.i­
miz.ation problem can hC' dassific'd as follows: 

(i) fnt.C'ger programming problems 

(ii) Real- valued programming problems 

(i) INTEGER PROGRAMMING PROBLEMS 

If somf' or all of f.}J(' dC'sign variablC's :7:" :7:2, ... , .7:11 of an opt.imi7,a­
Lion pr()hl~m arC' resLricted 1.0 t . ak(~ olJly il\f,crgcr (or discrd,c~ ) valllc's, 
t.he problem is callC'(\ all integ~r prngrammillg problem . 



(ii) REAL- VALUED PROGItA MMING PROBLEfvlS 

If all til(' desigH variables an' pcrmiu'C'ci t.o t.ak(~ allY r~al val1t~, 1.11(' 
opl.iml7,al.iol1 prohlf'm is call(·c\ a TT:l1 vahwc\ programmillg prohlf·m . 

1.4.6 CLASSIFICATION BASED ON THE 
DETERMINISTIC NATURE OF THE VARIABLES 
INVOLVED 

Rased on thp, dd,('f"ministic T1Ftt,Hrf' of U)(' variFt.hks invol v(>d , opti­
mizat.ion problem call be clFt.ssified Ft.S determiuist.ie and stochast.ic pro­
grammillg problems. 

This is all opt.imizatiou problrtrl ill which SOIlI(' or all of t.he paranw­
t.ers (design variables and/or preassigrwd parameters) are probabilist.ic, 
stochastic or determinist.ic as the case may he. 

1.4.7 CLASSIFICATION BASED ON THE 
SEPARABILITY OF THE FUNCTIONS 

Based on the separabilit.y of iJl(> fuuctions (ohjC'ctive and constraints), 
optimizat.ion problem can be classified Ft.S 

(i) Separable programming problem 

(ii) Non- separable programming prohlem 

(i) SEPARABLE PROGRAMMING PItOBLEM 

A fllucf.ion F{x) is said 1.0 br srparahlc if it ('all b(~ rxprrss(·d as 1.1)(' 
Sl1m of 11 singh- variable fllllC't,ioll 11 (:r:), /2 (:1:), ... , f,,( :l:), i .e . 

n 

F(x) = 'L,Ji(Xi) 
; -" 1 
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A separable progrmnrning problem is ()n~ iu which the ohjccf.i vc 
fUllct.ion and t.he COllstraiuts are s<'parablc and can be expressed ill 
st.andard form as 

Find x which minimizes 

n 

F(x) = L!i(:r:i) 
i = l 

suhject to 

n 

(,'j(:I:) .- LYij(:l:;) < bj ; j I, 2, ... 'Ill, 

where b/s are const.ants. 

(ii) NON-SEPARABLE PROGRAl\tfMING PROBLEM 

/\ non- separahle programming problem is one in which th~ ohjec­
tive function and/or t.he const.raints are non- separable. 

1.4.8 CLASSIFICATION BASED ON THE NUMBER OF 
THE OBJECTIVE FUNCTIONS 

Depending Oil t.1l<' IIllTllb('r of ohjectiV(' flllldiolls t.o be millimized, 
opti mi7.at.ion prob\('tlls call \)(' cI assi fied as single nuo n1111 t.i ohj('cf.i V(' 
prot;rll Illllling prohlc'lTls . 

/\ tnlllti- objedive program miTlg prohl~lTI can be sl.at.c·d as follows : 

Find x which minimizes 

subject to 
.Qj(X) ~ 0, j = 1,2, ... m 
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where Fh F2 , ••. f(k denote the ohjed.ive functions to be minimized 
simnltaneously. 

1.4.9 GENERAL APPRAISAL OF OPTIMIZATION 
THEORY 

Afi l1otc:d carlin Oil , UIP first st(~P ill Lhe applicatioIl of optimi7,ation 
t.\J('ory to a pmcf.ical problem is the idC'lIt.ificat.ion of rC'kvant t.}J('oH,t.ical 
components, t.hal. is: 

(a) a t1lOlll'o11gh nlld('rst.aJl(ling of tIll' operat.iou of I.he system; I.e. 
conceptual algorithm. 

(b) t.he ability t,o d('scribe t.he operat.ioll of the system in precise math­
ematical terms i.e. J m plcmeul,atiotl algoritlt m. 

'The llext step is t.he choice of an appropriate met.1tod 1.0 he used. 
However, the method uSf'd for solving most optimization problem are 
often grouped as gradient and non- gradient methods . The gradient 
method requires function and derivat.ive evaluat.ion while t.11(' non­
gradient method reqnires fnn d ioll evalnation olJly. These Clrf' fllr ther 
dahorated as follow: 

Most mcf.hods for solving const.rained opl,irni7;aliol1 problem employ 
1.11(' first and somf'f.in)('s I.he second parl,ial df'l'ival.ivC's of 1.11<' ohjC'cl.ive 
flllldiolt . TIt<' dloi('(' of snell mel.hod is dc'ar \)('CalIS(' f()r ('xmTlpl(~, 

fir st. aud s(~cOJ1(l derivativ('s of a fllJtcf.iolJ (ldill(, it.s gradi('llt. aml (,11r v:\­
\.11n' and therf'by ockrmiuc t.he' cxist,(,ll(,(, and locat.ion of t.\w ('xt.remnm 
which sol v('s I.he prohl('m 11l1der c()J}sid( 'rat.ioIl . 

However, in practical opt,i mi7;ation problem , it, freqllf'nt.1y occnrs 
Llta!' t.he evalnat.ion of tit(' hUlcf.ion and consf.rainf.s illvolve a lengt.hy 
mtd complicat.ed calcnlat.iorl aJt(l as a ('Olu"wqnC'llc(' if. is diIIicnlt. or cv('n 
impossihle to derive ('xplicif. exprcssioll for the rcqnir('d derivatives by 
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means or finite difference approximation . However, the llse or t.his ap­
proach can introollcc 1.r1lT1cal,ioJl and or cancdlal.ioH errors which may 
llnlliry 1.11(' thcor,v nll<icrlyillg f.h(' ChOSCH alV;01'it.llln aBel lead t.Itc seaI'd I 
asf.ray so that it (,()IlV('l'f~('S 1,0 I,ll(' solnt.ioll Ollly vny slowly. 

J\ll al1.C'l'lIfl.l,c approach t.o III(' mw or fillil ,(' dirrcrc'IIC(' is to mnploy all 
opl i mi,ml ion pro('('(illT'<' which doc's HOI. call ror dcri va1.i VI' Vah1<'R . Sneh 
11011 v;radie'llf. Ill(,t.llods aH~ t.C'1'TlIed DIIU ';C'I' SEA nCII M Jt:'1'1I(1) . 'I'll<' 
dir('cl s('are'll sl ral !'j~ic's for g('IH'ral ,ilJg a S<'<jl1<'II<'(' of improviHg l1pl'rox­
i rna l,iolJ t.o 1,1)(' Rolnl ,ioll arc hascd :-;i m pl y Oil c'om parisoll or flllwf.iOIl 
valnes , awl g('Il<'rally I,hongh 1101, always, IIw1.hods are hC11rist.ic ill 1Ji\­

/.nl'(' lHl.\'ing lil,l.lc or 1I0 mal,hcmal.ical baRis. By I.1lcir lIat.llrC', t.\tC'y make' 
only vcry limi/.C'd assumptioll ahout. I.1w rlll1dion and gC'Il('rally no more 
f.Iwn cout,illnil.y so as a H'RlI\t, f.}wy havC' H VC'l'y wide fidd or ~,pplica­

l,ioIlS, T1l1lS HOt. Ollly call I,}wy 1)(' 1lf,C'ci ill prohkms ror which din<'rcTl­
I ial.ioll is diIIicnll. hnt. also ror 1.110S(' cases w\tere il. JTlay 1)(' appropriat.c; 
(ini vat.i V('S arC' ois('ont.i 11 11011S, or whcll f.I)(' rllllct.ioH val11C's arc Sl1 hjC'd 
1.0 C'IT(H'S, ThesC' an' sil ,nat,ioTis ill whidl gradif'lIf. hasf'd lllf't ,hoos can 
prove illC'fr(,ct.ivc' or iw,fIjci('IIL. Mosl. or Uw dired. TTH'l.hoch; Hr<' liU.l<, 
afrc'cleri hy SItch diflicnlt,i('s , 

F1lrt.hermore, because or their lack or assnmption ahont thc fnnc­
t.ion, I.hC'y can provC' morC' rdiabl(' ano sf.ahl0. I,h::m f.he gradiC'lll, hase-d 
mel,hoos, or mosl, or I.h('Tll, lwcanse or the-ir lack or a hasis, and IwncE' 
assnmf'd ineffici(,llcy, 0l1C' sltonld IlOt. igllore t}wm rrom pradical poiul, 

or view. 
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1.5 AIM AND OBJECTIVE OF THE STUDY 

'I'll(' ftims ftnd obj('dives or the study ttre: 

1. To r('vi(~w t.he din'd. search t.cdllliqll(, or Sprid, ftnd Baroll ror t.h(' 
snbrn('rged sewage disp<'T"sioll Illo<irl. 

2. To review the Coggins opt.imihatioTl algorithm ror the s1l1nn('fgrd . 
sewage dispersion monel. 

3. To find the most efficient. line search algorithm in attaining the min­
imnm ror 1.11<' snhmcrg<'d sewage disp<'rsioll model. 
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CHAPTER TWO 

SUBfvIERGED SEWAGE DISPERSION MODEL 

2.1 THE SPRIET- BARON MODEL 

2.1.1 'INTRODUCTION 

Most llrhml commlllJiI.ieA"l locntcd Oil n sen shore HI,iliRe or cOJJsider 
llLilisillg a deceptively simple· syst.em or disposal or tlteir s('wagc wa-
1,('1' :l rt(~r a rongh preli miuary treatnH'ul. (sedi mCIlt.atiOI1), UH' liqnid is 
p1lmJ)('d t.o a IitH'ar eli r!'usnr ('1Ic1oscd Oil t.he :·.;('a floor, at. ::i('veral kilo­
rnf't(']'s rrom 0)(' shore nnoer a snhmerp;<'lIce or some .'>0 mpt.<'rs . Thf' 
OirrHsor itselr is a Sparger pipe, 2 to t1 rnel,('rs in diamd.cr, and pierced 
wil.h e<JllidisU III side lloles or Pi t.o 10 cellt.imei.ers diamder. Whcll t.he 
sea cnrrcnt is wmght, f.ll<' bnoyant. Jet.s rormed at. t.he side holes nuit.e 
ncar the difTusor int.o a linear vertical huoyant. plnme whose behaviour . 
was stndied ill great. d('i.ail ror t.he case or Larnincr flow fll and ror t.hat. 
or tnrbll!elll. flow /1, 21. It. bas 1>('eIJ s!town for iusl,allce, t.hal, til<' max-
i lIlUTn d('l1si t.y eli fTerence \wt ,W(,CII sca wat.er ami t.1l<' J> III me decrf'ases 
:\ssymptot.ically (wltell \.11<' distancc t.o t.lte diffllsur , y, (tc-creases) lik(' 

for !'ftTninar flow amI like 

ror t.nrlml('nt. flow. 

- 3/5F,"/5 Y 0 

1 L, 2/:1 
11 ro 

/\s t.lte SllbHH'rgf'lIC(~ is fillitc, UICS(' plllTrlf's arc evcllt.nally dcflect.ed 
into horizontal buoyant plllmes eit.her aI, the sea ~mrrac(' or at the level 
of a t.hermodine if the flux of density diffcrence per ulJil, length of dif­
fusor, Fo, is small enough. 
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The slructure of lhese hori7.ontal huoyant plnmes has not yet b~n 
thoroughly illw'Rtignl.en, nnn I,herdorc prcvailing design mclhods of 
marill~ s('wagp disposal sysl.f'm [6\ take' only t.he dispersion in vertical 
plumes into nc('ounl.. TIl(' Sprif'l,- Ba,rolJ mocicl gives the main r('sult.s 
for I hc ('m;c of li1Jcar Lamillar hori7.01II" I ImoyalJl. pl1lTT1<'S, 

2.1.2 THE CONSEnVATION EQUATION 

\"'11('11 Ule BOllSill('sq hypof,lJ('sis (which allows ()J1(' 1.0 sl.l1dy t.be ({-
fcds of Blloynucy) I>('I-I.nilli 111~ 1.0 wI,t1\r;ll ('ollv('el.ioll j 11 a qnasi ilJ('otnp)"('ssi 1>1(' 
(pnrf I Y COllstanl, <iellRi I.y) !Jilin applicR, I.l 1<' momel1tum all<i ('IH'rgy <'<llla-
t.ions rf'spectivdy aSS11ln(' 1,11(' f()lIowin~ fOrIn r<>I' hi dinH'l1siolJaJ flow [Ox 
is borizollt.nl, Oy is v('rl.icalj : 

a(e, 'I') ae 1 2 

9( ) = --a -l Grl/2!J. \II 

where 
W. = Stream function 

( x, y x 

8(8, \II) 
a(x, y) 

e = reollced ocnsit,y njfr(~r<'n('c 

(2.1) 

(2 .. 2) 

Ct· =- Grashof 11llTT1h(~r dcfiucd as 1.11<' ral.io of huoya,lJl, t.o t.o VISCOUS 

fore's gi ven as 

2(3('1' '/' ) I 3 G __ gpo 1 - 0 J 

r - ,,,2 
where 

(3 = Temperature coefficient. of volume expansion 
TJ - To = is a characteristics temperatnrc differcnce of the system. 
D = characterislic dimension 
p = mass density 
p, = absolute or dynamic viscosity 
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9 = gravity 
Pr· - Prancll.l Ilumher which is t.he rat.io of dHfusivity of momentum to 
th(' diffnsivil.y of hf~at. . 

]
J _ //,(; 11 ,. - -

k 

(;" - specific heal. at cOllstaut. PIWillrC 

k =- t he th<'rmal conductivity 

The phllnes consid(~n'd hy Sprid. Baron modd arc infact Prandtl 
houlJdary layC'rs alolJ~ the Ox axis. To filld t.IlC'i r assytn pt.ot.ic so\ut.iol1 
("or G,. ----t ex:> ilJ Uw vicilJit.y 0(" y 0 (ilJlH'r HO\llLiolJ) , OIJ(' has 1.0 sLrdch 
y and \11 as follows: 

(2.3{i)) 

\(J = \[163/ 10 
r (2.3{ii)) 

The funda mf!ntal term in the inner sohlt.ion satisfies t hen 

;)\1' (J':I ", 
----

;)Y;h;f)}'2 iJ:r: f)y:l 

;)0) ;)-1 \1' 
--1-

fh: ;))-' -1 
(2.11) 

;)\11 a8 ;}\\I /)0) 
-----
DY fJr. ;J:r; DY 

(2.5) 

The inner solut.ion will he valid to 

However , t.he The Spriet.- Baron model in invest.igat.ing the hchaviom 
of horizontal buoyant, plml1C's considcr those plumes form ed at. t.he sea 
surface, on thC' sea floor and t.hf! case wlwre thp. plump is submergC'd at 
Ule levc'l of a t.}wrmodilJC' . 
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2.1.3 SUPERFICIAL HORIZONTAL BUOYANT PLUMES 

Wllf'n the plmTle is formed at the sea snrface th(~ solnl.ioll of (2.4) 
and (2.5) must satisfy th(' following boundary conditions: 

Y .:,- 0; \I, - 0; 

(whidl TT1ealJS t1H\t the smrace is a st.rntTTI line.) 

[Pw 
r'Jy2 ·-:C· O 

(which implies t.hal. no slwar stress at the snrface). 

ae 
- = () ay 

(which implies that. there is 110 heat. flux to t.he atrnofiphere). 

U\II 
Y = oo - = 0 , DY 

(2.6) 

(2.7) 

(2.8) 

(2.9) 

(this means t.hat. t.here is no velocit.y itl t.he x cliredioll ra r rrom t.he 
surface). e = 0 (no cITed 011 specific mass rar from t.he surface) (2.10) 

The prohlem admit.s Ul(~ foll()will~ similarit.y sO\11t.iol1: 

where the similarit.y variable is 

y 

'" = ~ 
The [unction [ and g sftt.isry the syst.eTTl 

1 1 
/''' ::::: "?JI" - 2"79 
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and tIl<' bouudary cOJl(iit.ions 

rJ 0, J = J" 0 

71 ~ - 00, f' ::: 0 

(2.11\) 

(2.1 f» 

(2.IG) 

Moreover, to complet.dy-<ief.f'rmine t.he sol1lt.ion t,he ent.halply flux 
is lIormalized: J: U8dY = l: f'gd7/ - 1 (2.17) 

This problem was solw'd wit.1t an opt.imi;r,at.ioll scheme If>j . For Il1l- . 
tnerical integrat.ioll a 1\t.1t Ol'<l<-r Hl1n~e J( lIUn (:ill mc't.llod was lIs('<L 
It. if' possihle 1.0 chc'ck Ulat. Uw 1I111Tlerical s(illlf.ioJ) if' <'OlTC'ct. ror 1l1r~e 
Wl II I('S or PralJdf.l (U I(' m;sym pf.ol.ic solut.ioll is ('asi ly rOl1lJd) ; for i IIsl .;.1))( ·(-

( [ -l~. J'(O) 2] 
lim 9 TI) = g(O) exp 1\ rJ 

P r ("10 
(2.] H) 

aud 
. g(O)yfJ'(O) 1 

hm = --
Pr - >oo ~ 2y11r 

(2.19) 

It is worth remnrkiug that. t.1t(~ dilllt.ioll aloll~ t.he 8mr ace is by uo 
mc'ans negligible . 8(0) varies like x - I / 2 p;;/r. , whilc' t,11C' snperficial vc'-

locil.y is indep<'u<ieut. or x (awl proport.iollal to /<;:/:1). 

2.1.4 HORIZONTAL BUOYANT PLUMES ON TIlE SEA 
FLOOR 

Ir illstead or HrhmJ S('wl\gc~ wat.('r onc would pHilip some dcuse iudns­
t.rial eflluf'nt. t.o UlP dist.ribut.or, I.lIC b011TJdary layer would now spread 
on thf' sea floor. The velocif.y fiC'ld and dellsity difrcrencc' Iidd are again 
givcu by (2.1\) , (2.f» , (2 .fJ), (2.R) , (2.9) aJ](1 (2. to) iust,(-ad of (2 .7). 

8\f1 
Y = 0 - -= 0 (2.20) ) 8Y 
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(which means that the velocit.y is zero on t.he sea floor) . The similarity 
sollltion (2.11) , (2.]2) st.ill appli<'S 

\lJ = . .jXJ(1]) 

and 
1 e = .;xg(1]) 

wlwr(' f amI f!. are giv(,11 hy (2.1 :3) and (2. 1-1) h1lt. 1lude r t.ItehOnlldary 
cOlldi f.iOIl 

'I 0, J - 0, l' () 
7/ -=- 00, l' --:- 0 

ami wil.h the conservation (~qllat.ion for t.he enthalpy flux 

f: J'gdr/ 

The ~ssymptotic solution for Pr --+ 00 is SHch that 

lim g(1]) = g(O) exp - r ( 1]3 [ 
P.J"(O) 1 

Pr-too 12 

and 
. g(0)IJ"(O)]1/3 

1~1~"O 1!~. 12/:j 3 r(2/3) 
2{ 12)2/:l 

(2.21 ) 

(2.22) 

(2.23) 

(2.21) 

(2.25) 

2.1.5 HORJZONTAL BUOYANT PLUMES SUBMERGED 
AT THE I,EVEL OF A THERMOCLINE 

'.\Then tIle s<'a oellsil-.yillcremws with depth olle says that the s<'a is 
sf.~lbly st.rat.ified. A vertical oClIsit.y profile t.ltCll t.ypically displays t.wo 
or more plateanx SOBle 10 1,0 100 metres deep separat.ed by transitiol1 
1I,00lf'S of only 1 meter depth , Ute t.lwrrTJociill(,s . If a vertical plllme 
reaching a thermocline has lost. ('nough huoyancy underway it will be 
deflected horizontally ann feed a so called snbmerged sewage field. To 
model t.his field, suppose thaI, a known flow of liqnid of <kw;ity eqnal t.o 
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the mean density between those of the adjacent. plateaus is injected at 
the Ie-vel of the (infinitdy thin) thermoclines. The resulting plume will 
he symmetric with respect t,o Ox and th(' f>quation describing this free 
shear bOllndmy lcwC'r arf> agaill (2.4), (2.;') wit.h Uw boundary condition : 

Y 0, Vc;i 0 (2.2(;) 

Ox is a st.reandiuC'; 

0; (2.27) 

t.he hori7,olltal velocit.y profile is symmdric wit.h J'(!sp<,d t.o Ox. 

e = 0; (2.28) 

by symmct-.ry. 
8\fJ 
8Y = OJ (2.29) 

far from the plume the velocit.y is purely vert.ical. 

8 = 1; (2.30) 

densi t.y is gi ven. 

J\dapl.ipg Sclticlttillgs 171 Hollll.ioll for I,he lilJ(~ar isot.hermal .Jd, mid 
look for a Blasills- Howart.h IR] ('xprC'ssio'fHIl of t.IlC 

no 

\II = X 1/:1 L X 4i /:lJi(7/) (2.31) 
i = O 

00 

8 = LX4i
/
3gi (71) (2.32) 

i= O 

where the similarity variable is: 

y 
71 = X2/3 (2.33) 
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the fundamental terms of these expansion are 

10 -: 60' t.allh arl (2.34) 

J~' [COSb21 'r 0'11] 1 drl 

roo [ 2f' ] - I Jo cosh r (v:Y/ dTJ 
.flo - (2 .35) 

wh're 0' is related to thC" momentum (I1\X by 

(2.3fi) 

ror the pracf.ical case of disposal of Ilfban sewage in t.he se<l. water , 
the density difference is essf'ntially dne t.o the concentration difference 
ill sodium chloride. The interesting pollut<l.nts might be present in 
minnt,e concent.rations allfl wonld then diffuse through this plume, but 
wit hont. dist.urhing it.s densit.y or its velocit.y fiC'I<I , if concent rat.ion of 
snch a pollntmlt. is C, a solut.ioll of t.he following form exists 

00 

C = X - 1/ 3 2:X-Ir./3h;.(1/) 
i ."," 

[)( : a\II nc U\II 1 ;F-( : 
-- - -- ---
OX iJY fJyaX ,s'c iJY2 

ac 
Y = 0, ay = 0 

by symmetry. 
Y = 00, C - 0 

the dilution far from the pl1lme is complC'l,e. 

It is easy to show t.hat the fundamental term in (2.37) is 
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(2.39) 

(2.40) 

(2.41) 



2.1.6 OPTIMIZATION TECHNIQUE 

Boundary value problems can be solved using an oplimization scheme. 
TI1f' expression 

(2.42) 

for instance is a suitable objecf.ive flluction for t.he solnt.ion of (2.13), 
(2.11\), (2 .16) , (2 .17) . For tile case of analog. Intc'gration in a hy­
hri(l c.onfignration, machine' noisp, disf.llrhes f.he corrcct evalnat,ion of 
the criterion fnncf.ioll if Ow partial d('rivative canllot be dclermined 
analytically, the numerical eval nation of the deri vati ve is jeopardized 
hy nois(~. A goo(l alld fasl. dirc'd, se'areh I.cchuiqne is prcfc·rahl(' . The 
TTwl.hod c1los(,11 I I('r<~ is modi Gc·d rof.at,illg coorclillaf.c· I.c·('itllicp H~. '1'1 I(' al­
gorit hm has IW(,TJ provided for an eIJjeic·lJf. lirw sc~arclt for cidcrmilJing 
Ute' rninilTlnJTl poillt ill a give'll direct.ioll. 

Line Search 

The line sear('h is a combination of direct search and curve fitLing in 
snch a way that nndef fairly general conditions, COIl vergence to the 

minimum is guaranteed [9] . 

Let X k he t.he pre'sent, point, tb til(' direction of t.he search and Ok 

a gi ven sl.ep. 1"ollowiTlg fund.ioJl cvalnat.ioll are dOllc~ : 

lill thrp,e poinls Xl = & I O'ld.k 

k = & -I- CY2d.k 

& = & -/- Ct3d.k 

are obtained which Ralisfy I.hf· condition 

f(Xd > fC&) < 1(&) 
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If the function J(X) is strictly unimodal in the given direction the 
coordinate' ()'111 of t,he minimnTll point. XII ()'mdk will he t.he' i nt",e'f val 
(0'1, (2). 'l'lwl) a cnrve [jU.ill~ proccdnn' is sf.art.(~d which docs not, rc­
quire dnivaf.jve's. 

A qnarirat.ic 

(2.13) 

is passed t.hrough the t.hree poillt.s and t.he coordiuat.c or the extremum 

1 ({JI~ - ()'5)J(K1 ) 1 (n~ - aDJ(&) + (a~ - o~)I(b) 
n e = n"2 (al - (l!3)J(X l ) 1- (fl'3 - al)!(X2) 1- (aT - ()'2)I(b) 

(2.44) 

is warrankd to be a minimum and cont.aincd in t.he- illt,crval (nl.' (3); 
I(X k -I (l!eili-) is evaluated. If n e < a2 a Hew point. Xl = fu 1 ()'efu. is 
int,rodnccd rC'dncin~ (n" ()'2) t.o ((l!(! , rt:I)' 

If ()'e > ()';h X 3 - X k 1 ()'md.A: is caknlat.('d m td (n I, (3) J'f'dncc 1.0 

(n I, fl' (' ). 1\ IH'W qnadrat.ic [i t, is pnrorlTH'd Oil Uw n'dllc<~d i 11 t.er val . If 
nl - (l!2, t.he' int.nval (n2, fl';) rti is t.\w coorctiw-d,c of & hC'ilJg t.\w 
ar~1Uncnt. of Ii -=. max{I(Xd, f(X 2 )} - is divided t.o obtain a new 
poi1lt. )( n ill such a way I.hal. t.1l(~ llCW illt.crval is RlTlallC'l' Ulall Lhe' prc­
ceedillg one. It. call be pn>ved hy tlte Clobal cOllvergcnce UIPorem 191 
that. t.his algorit.hm cOIlw'rgcs t.o t.he sol1lt.ion if t.he objective' function 
is c()1ltinno11s a1ld unimodal i1l ()'. The order of cOllvC'rg<'lIcc is kllOWIl 1.0 

1)(' abo11t. 1.3 Inl . ill prad.icc' Ute sc'arclt prm:edll1'<' has t,o he LC'l'Illillal.C'd 
hdorf' it has converged. For t.h(~se prohlC'Trls am is ddennillcd to wit.hiu 
a fixf'd perce'T1t.agc of it.s t,rllC' valnc. 1\ const.ant. c, 0 < r; < I is sdcdcd 
(c = 0.01) and ()' is fOllud so as to satisfy I(y - &1 ~ cl61 where (1' is t.he 
lower bound at on the true minimizing value of the parameter if al is 
different from zero or equal to the terminat.ion value for the complete 
algorithm if a equals zero. 
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2.1.1 OPTIMIZATION ALGORITHM 

In a simple coordinate descent method the coordinate directions 
(~1l ~2' ... , ~n) are cyclically used to provide the directions for indi­
vidual line searches. If the objective function has continuous partial 
derivatives this method is globally convergent [9], and the convergence 
rate is affected hy relation of the coordinatE'B. However if the first 
partial derivative are not continnous objective functions and the coor­
dinate directions can be found so that the algorithm will not find the 
minimum. By rotating the coordinate system after n line searches an 
attempt is made to solve the problem 

. If at the same time one axis is oriented towards the direction of 
the valley, locally estimated in a way analogous to the method used in 
the p<;trallel tangE'nt algorithm it has been fonnd by some trial objective 
functions that the convergence rate is improved. An efficient. method 
for obtaining a new orthonormal set is that of Powel [11], which requires 
O(n2) multiplications instead bf O(n3 ). 

The final algorithm is the following: 

Given Ko and the current set of orthonormal set of orthogonal di­
rections D = (41, 42, . . . , fin) a set of /3j'S are computed using n line 
searches. 

. 1 .. 

/3j = mjn f(Xj , f34j ) 

with XJ+1 = Xj + f3j4j for j = 1,2, . . . , n - l. 
The orders of t.he directions 4j is changed yielding D' = (~, 4~, ... , 4~- 1) 

so that the first k directions have /3 - values different from zero 
(/30, /3b ... , /3k, 0, 0, ... , 0). Then a new set of directions is com­
puted. 

1. set j = k 
T = (/3k)2 
{[ = f3k~ 
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2. if j = 0 terminat.e the process otherwise compute 

(2 .45) 

3. set j = j - 1 
7' = 7' + ({3j) 2 

Q. = Q. + {3jd.j go to 2. / 

4. The remaining vectors are obtained as follows: 

k k 

g;; = Jr; Q. = L {3jd.j, 7' = I){3j)2 
j=O j=O 

(2.46) 

~ = d.~ for .i = k + 1, k + 2, .. . , n - 1 
• 

We now have a new set IJn = (d;;, d.~, . . . , d.~- 1) to repeat the 
procedure. 

To minimize the numher of objective function evaluations a suit­
able step for the line search is necessary. If the step is too small; the 
initial value has to be doubled too many times. If the step is t oo large, 
too many curve fittings have to be performed. Therefore the step is 
adjusted during the optimization. For every coordinate relaxation (n 
line searches) 

is computed. The series {ad converges at least linearly for the quadratic 
case '[9]. The convergence rate is dependent of the special onjective 
function under study but experimentally it has been found that if a 
fraction of a (say a/8) is used as step for the next coordinate search an 
improvement in overall computation time is observed for the different 
objective function encountered in the problem. 
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Conclusion 

The classical methods of boundary layer theory allows us to ac­
curately model linear Laminar horizontal buoyant plumes. Using the 
modern developments of the theory (method of assymptotic expansion) 
we could even produce still better solutions of the non- linear problems 
considered. However, for any reasonable design the unit flow 10 is likely 
to be so large that the flow would be turbulent rather than Laminar. 

2.2 REVIEW OF THE EXTENDED COGGINS 
OPTIMIZATION TECHNIQUE 

2.2.1 INTRODUCTION 

Coggins algorithm as a ope variable search method algorithm for 
obtaining the optimum value ·of an objective function with one variable 
[5] . It is not a rampantly used iterative procedure because of its lim­
itations are being its restriction on one variable cost function. Even 
though it was developed solely to be used on objective function with a 
single variable, however, an attempt was made to [5] construct a more 
generalised algorithm based on the formulation of the coggins' one vari-
able method. . 

The constrained optimization problem is 

max ( or min) z = F(x) where X = (X(1), X(2), ... , x(n») 

Here, unimodality is assumed while for a multimodal function mul­
tiple starting points should be used . 

In the next section, consideration is made of an objective function 
with two variables and subsequently generalised for n variables. 
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2.2.2 THE ALGORITHM 

The algorithm to find the optimum value of a function with two 
variables is listed in the steps below. 

Step (1) 

The objective function is evaluated using the initial value X61
), xci2

). 

Step (2) 

The values of X(I) and X(2) are incremented 

x(1) = X(I) + ~X(l) 
X(2) = X(2) + ~X(2) 

(2.47(i)) 

(2.47(ii)) 

The new value of X(I) and X(2) are used to evaluate the function. If 
there is function improvement then 

(2.48) 

else 

Step (3) 

After the first step, if there is function improvement then 

~X(1) = 2 * ~X(l), ~X(2) = 2 * ~X(2) (2.49) 
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else 

Step (4) 

When a local optimum is obtained 

((X~l), X~2»), (X~~l' X~~l)' (X~~2' X~~2)) 

Straddling the opt.imum. Then the additional point X~~l' X~~l is 
located 

X(J) _ X(l) + ~X(l} 
k+l - k-l 2 

I 

(2.50(i)) 

X(2) _ X(2) + ~X(2) 
k+l - k - l 2 (2.50( i)) 

The best three points 

((X(l) X(2») (X(I) X(2») (X(1) X(2»)) 
1,1,2,2,3,3 

are obtained 

Step (5) 

A quadratic equation, f, is then curve fitted to the three retained 
points, the optimum location X(*I), X(*2) is located by setting dF = O. 

_ ~ (1) of (2)_ 
dF - oX(1)X + OX(2)X - 0 (2.51) 

of of 
OX(1) = 0 and OX(2) = 0 (2.52) 
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x*(1) = ! {(X2(1) _ X 2(1») F (x(l) X(2») + (X2(1) _ X 2(1») F (x(l) X(2») 2 2 3 1'1 3 1 2,2 

+ (X;(l) - X;(1») F (X~l), X~2»)} I { (X~l) - X~l)) F (xII), X~2») + 

(X~l) _ xjI») F (x~l), X~2») + ( X}l) - X~l») F (xjl), X~2») } 
(2.53) 

X*(2) = ~ { ( Xi(2) - Xi(2») F (xiI), X?») + ( Xi(2) - X;(2») F ( x~l), X?») + 

( X;(2) - x; (2) ) F ( X~I), x?») } I { (x?) - X~2») F (xiI), X?») + 

(X~2) _ X}2) ).F. (X~I), X~2») + ( xi2) _ X~2») F (X~l), X~2») } 
(2 .54) 

Step (6) 

The value of the objective function at x(1) = X*(1) and X(2) = X*(2) 
is compared with the best previons point subject to a convergence limit. 

IX*(1) - X?) (best) I ~ limit 

IX*(2)- XY)(best) I ~ limit 

(2.55( i)) 

(2.55(ii)) 

If the inequalities (2.55) are satisfied, the procedure stops else the worst 
points are replaced by X*(1), X*(2), and a new quadratic surface is fit­
ted and local optimum obtained . 

This continues until equations (2.55) are satisfied. Hence it can be 
generalised for n variables x(n) E JR:" a'3 we see in the next section. 
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2.3 COMPARISON OF OPTIMIZATION TECHNIQUES 

Coggins method and Spriet- Baron optimization technique falls un­
der the classification of non- gradient based methods of solving opti­
mization problems. TheBe methods are generally termed Direct search 
methods. 

2.3.1 DIRECT SEARCH METHODS 

The direct search strategies for generating a sequence of improving 
approximations to the solution are based simply on comparison of func­
tion values and generally, though not always, methods are heuristic in 
nature, having little or no mathematical basis. By their nature they 
make only very limited assumptions about the function, and generally 
no more than co~tinui ty so as a result they have a very wide field of 
application. Thus not only pan they be used in problems for which 
differentiation is difficult, 

but also for those cases where it may be appropriate, derivatives are 
discontinuous, or when the function values are subject to errors. These 
/ are situation in which gradient based methods can prove ineffective or 
inefficient. Most of the direct search methods are little affected by such 
difficulties, and because of their lack of assumptions about the function 
they can prove mor~ reliable and stable than the gradient based meth­
ods. 

2.3.2 COGGINS/SPRIET-BARON OPTIMIZATION 
TECHNIQUE 

Coggins method is used to solve an unconstrained optimization 
problem that employs a direct search technique. Similarly, Coggins al­
gorithm as a one - variable search method is is an algorithm for obtain­
ing optimum value of an objective function with one variable [5].Even 
though it was developed solely to be used on objective function with 

36 



I 

a single variable, however, Sasindro and Reju [5] have generalised the 
algorithmto that of multi- variable hased on the formalism of the one 
variable method. 

The unconstraillf~d optimization problem is as' follows: 

Maximize (or Minimize) Z = F(X) where X = (X(1), X(2), .. . , x(n») . 
Here Unimodality is assumed. 

In the Spriet- Baron model, the expression 

f ~ "" (1: /,gd'1 - 1)' + 0.,/"(00) (2.56) 

is a suitable objective function for the solution of (2.13), (2.14) , (2.15), 
(2.16), (2.17). The method chosen by Spriet- Baron is a modified ro­
tating coordinate technique. The algorithm has been provided of an 
efficient line search for determining the minimnm point for a given di­
rection. 

The line search employed by Spriet- Baron is a combination of di­
rect search and curve fitting in such a way that nnder fairly general 
conditions, convergence to the minimum is guaranteed (see 2.1.6) 

2.3.3 COGGINS/SPRIET-BARON OPTIMIZATION 
ALGORITHM 

Step 1 

For Coggins: the objective function is evaluated using the initial 
value ~l) j ~2) . 
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That of Spriet- Baron: Given Ko and the current set of orthogonal 
directions 

D = (do, 41 , ... , 4n - 1) 

a set of (3/s are computed using n line searches. (3j = mint1 f(X j , (34 j ) 

with Xj+1 = Xj) (34; for j = 0, 1, . . . , n - 1. 

The order of the directions 4; is changed yielding 

D' = (~, 4~, . . . , 4~- 1) 

so that the first k directions have (3 - values different from zero 
((30, (31, ... , (3k, 0, 0, ... , 0). 

Step 2' 
.. 

For Coggins, the values of X(1) and X(2) are incremented 

X(l) = X(l) + ~X(1) 

X(2) = X(2) + ~X(2) 
(2.57(i)) 

(2.57( i)) 

But that of Spriet- Baron, a new set of directions is computed: 
set 

(2.58) 

The new value of X(1), X(2) in (2.57) are used to evaluate the func­
tion if there is function improvement then 

(2.59) 

else 

but for (2.59): 
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if j = 0 terminate the process, otherwise compute 

(2.60) 

Step 3 

After the first step in (2.3.2) if there is function improvement then 

~X(1) = 2 * ~X(1), ~X(2) = 2 * ~X(2) (2.61) 

. else 
( ) ~X(1) ~X(2) 

~X I = ~X(2) = __ 
2 ' 2 

However after computing (2.60) for Spriet- Baron, set 

/'= j - 1, 7,= 7 + ({3j)2, ~ = ~ + (3j4~ (2.62) 

Step 4 

For Coggins, when a local optimum is obtained 

((X (I) ' X(2») (X(I) X(2») (X(I) X(2»)) 
k' k' k-1' k- 1' k-2' k-2 

straddling the optimum. Then an additional point Xk~l' Xk~l is lo­
cated. 

(J) (1) ~X(1) (2) (2) ~X(2 
Xk+l = X k- 1 + 2 ,Xk+l = X k- 1 + -2-'- (2.64) 

The best three points 

((XiI), xi2»), (X~l), X~2»), (X~1), X~2»)) 

are obtained. 
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In the case of Spriet- Baron, the remaining vectors are obtained as 
follow: 

{j k k 

re; = Ji; §. = ~ (Jjrl~; T = I:((Jj)2 (2.65) 
J = O j = O 

4.;: = rl~ for j = k + 1, k + 2, ... , 11. - 1 

We now have a new set 

to repeat the procedure. 

Continue the procedure lmtil the best 3 points are located, see 2.1.6. 

Step 5 '" 

For Coggins, a quadratic equation f is then curve fitted to the three 
retained points. The optimum location X*(l) , X*(2) is located by set-
ting dF = O. 

_ ~ (I) fJF (2) _ dF - fJX(I) dX + fJX(2) dX - 0 (2.66) 

fJF fJF 
fJX(I) = 0, fJX(2) = 0 (2.67) 

X*(1) = ~ { ( Xi(l) - Xi(l») F (x~1), X~2») + (Xi(l) - Xi(l») F (X?), X?») 

+ (Xi(l) - x~(1») F (X~l), X~2») } I { (x~l} - X?») F (X?), X?») + 

(X~I) - X?») F (X~l), X~2») + (X~l) - X~l») F (xf), X~2») } 
(2.68) 
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X*(2) = ~ { (X;(2) - Xi(2») F (X~1), x?») + (Xi(2) _ X;(2») F (X~l), X~2») + 

(X;(2) _ X;(2») F (X~l), X~2»)} / {( X~2) - x?») F (X~l), X~2)) + 

(X?) - X~2») F (X~l), X~2») + (X?) - X~2») F (X31
) , X~2»)} 

(2.69) 
However, for the Spriet- Baron model, if the function f(x) is strictly 

unimodal in the given direction the coordinate am, of the minimum 
point al + amd.k will be in the interval aI, a3. Then a curve fitting 
procedure is started which does not require derivatives. 

A quadratic 

• 
(2.70) 

is passed through the three points and the coordinate of the extremum. 

1 [(a~ - (5)F(XI ) + (a5 - ai)F(X2) + (ai - a~)F(&)] 
ae 

= '2 (a2 - (3)F(X 1) + (a3 - (1)F(X2) + (al - (2)F(&) 
. (2.71) 

is warranted to be a minimum and contained in the interval (( aI, (3); 
F(X k + aefbc) is evaluated. 

Step 6 

For Coggins, the value of the objective function at X(l) = X(d) 

and X(2) = X(*2) is compared with the best previous point subject to 
a convergence limit 
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If the inequality (2.72) is satisfied the procedure stops, else the worst 
points are replaced by X(*J), X(*2) and a new qlladratic surface is fit­
ted and local optimum obtained. This continues until (2.72) is satisfied. 

At this level, for the Spriet- Baron, to minimize the number of objec­
tive function evaluations a suitable step for the line search is necessary. 
If the step is too small, the initial value has to be doubled too many 
times. If the step is too large, too many curve fittings have to be per­
formed. Therefore the step is adjusted during the optimization. 

For every coordinate relaxation (n line searches) 

is computed. .. 

I 

The series {ad converges at least linearly for the quadratic case. 

2.3.4 REMARK 

The Spriet- Baron model as outlined above and that of Coggins 
(extended) optimization algorithm when compared seem to be very 
similar. However, absolute resemblance in the methodology used is not 
guaranteed. But with little modification, the Coggins extended method 
can be used to solve the integral functional as used by the Spriet- Baron 
model as we shall examine latter. 
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CHAPTER THREE 
SOLUTION OF THE SUBMERGED SEWAGE 

DISPERSION MODEL 

3.1 STATEMENT/DERIVATION OF THE OBJECTIVE 
CRITERION 

From equation (2.42), the expression given as: 

according to Spriet- Baron [11] a suitable objective function for the 
solution of (2.13), (2.14), (2.16) and (2 .17). 

TQ simplify t~lis exprf'Bsion (2.42) we adopt Schlictings [7] solution 
for the linear isothermal Jet, thus . 

• 
f (r7') = 6a tanh a1] (3.1) 

( ) 
_ Jo'" [cosh2Pr a7J] - 1 d1] 

g 1] - roo [ 2P ] -1 
J 0 cosh r a1] d1] 

(3.2) 

where a = 0.099; (see appendix 1c). 
Differentiating (3.1) and taking the square of bot.h sides gives' 

Integrating: 

1: j'(1])d1] = 6a 1: sech
2a1]d1] = 6a tanha1] (3.4) 

Also integrating (3.2) with 

100 

[cosh2Pr a1]] -1 d1] = 1 
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yields I: g(r,)dr, = sech2Pr O:71 

Combining (3.4) and (3 .5) gives: 

1: f' gd71 = (60: tanh 0:71 ) (sech 2P
r 0:71 ) 

squaring both sides yields: 

(3.5) 

Expanding the expression (2.42) and substituting accordingly we get 

f. <>, ([: J' gd" = 1)' + <>,f'2( 00) 

I 

= 0:1 { [( 60: tanh 0:71) (sech 2Pr o:r,) ] 2 - 2 (60: tanh 0:71 ) (sech 2Pr) + 1 } 

+0:2 [360:2 (sech2 0:71) 2] 

= 0:1 [360:2 tanh2 0:77 (sech 20:71) P
r 

- 20: tanh 0:71) (sech 2 o:rl) Pr 
+ 1] 

Where 
0:1 = 0:2 = 0.21(xlO- 3IK) 
Pr = 6.4748 
1] = YX- 2/ 3 

0: = 0.099 

(3.6) 
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Note: 

(i) "1 is the similarity variable since "1 is used in dimensionless analysis 
and we intend to consider f and g as only functions of "1, we set 
"1 = 0.1, 0.2, 0.3, .. .. 

(ii) a} = a2 is the thermal expansion coefficient whose value according 
to Howatson et al [15] is 0.21(x10-3 IK) 

Substituting these values in equation (3.6), gives: 

1 = 2.1 X 10- 4 [0.352836 tanh2 a"1 [ (sech2a"1) 2] P
r 

- 1.188 tanh a"1 (sech2a"1) P
r 

+ 1] 

+2.1 X 10- 4 [0.352836 (sech2a"1)2] 

= 7.4 X 10-5 tanh2 a"1 [(sech~a"1)2] Pr 

- 2.5 X 10- 4 tanha"1 (sech2a"1)Pr 

+2.1 x 10- 4 + 7.4 X 10- 5 {sech2a"1)
2 

The simplified objective function is given as: 

1("1) = 7.4x 10- 5 tanh2 a"1 [(sedla77)4] P
r 
-2.5x 10- 4 tanh ar, (sech2a"1) P

r 

+2.1 X 10- 4 + 7.4 X 10- 5 (secha"1)4 

The objective function can now be stateds as: 
Find 

71= 

71n 

which minimizes 

7.4 x 10-5 tanh2 a"1 [(secha"1)4] Pr 
- 2.5 X 10- 4 tanh a"1 (sech2a"1) P

r 

+2.1 X 10- 4 + 7.4 X 10- 5 (secha"1)4 
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3.2 ANALYTICAL SOLUTION OF THE OBJECTIVE 
FUNCTION 

Since our intent is to adopt. the line search method' which is a com­
bination of direct search and curve fitting to attain the minimum, we 
decided to use hypothetical values to solve the objective function (3.6) 
with a view to serve as a basis for further comparison with the op­
"timization algorithm method of Spriet- Baron and Extended Coggins 
optimization algorithm. 

Problem 

Minimize 

• +2.1 X 10- 4 + 7.4 X 10- 5 (sechQ7'})4 

Solution 

Q = 0.099, Pr = 6.4748, 7'} = 0.1, 0.2, 0.3, .. . 

Iteration 1 

f(0.1) = 7.4 x 1O- 5 [tanh(0.0099)]2 [(sech(0.0099))4]Pr 

-2.5 x 10- 4 tanh(0.0099) [(sech(0.0099))2] P r 

+2.1 X 10-4 + 7.4 X 10- 5 (sech(0.0099))4 

= 0.000281519390149 = 2.81519390149 x 10- 4 

Iteration 2 

J(0.2) = 7.4 x 1O- 5 [tanh(0.0198)]2 [(sech(0.0198) )4] P
r 
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-2.5 X 10- 4 tauh(O.0198) [(sech(O.0198)?]Pr 

+2.1 x 10- 4 + 7.4 X 10- 5 (sech(O.0198))4 

= 0.000279034054484 = 2.79034054484 X 10- 4 

Subsequent iteration 1lsing math cad code shows the result as out­
lined in table 4.1. 

3.3 SOLUTION OF THE OBJECTIVE FUNCTION 
USING SPRIET- BARON OPT1MIZATION ALGORITHM 

The objective function to be minimized is: 

+2.1 x 10- 41+ 7.4 x 10- 5 (sech(x1J)4 

The algorithm is as follow: 

Let X k be the present. point. 
dk the direction of search 
O'.k a given step 

We shall evaluate: 

f(Xk + O'.kdk), f(Xk + 2 0'.kdk), f(X k + 40'.kdk) ... 

We define: 
Xk = (0, -1) 
dk = (1 , 2) 
O'.k = 0.1 
then 
171 ='Xk1

) + nO'.kd~1) = 0 + 1(0.1)1 = 0.1 
Similarly 
172 = Xk2) + r/,Q'.kd~2) = (-1) + 1(0.1)2 = - 0.8 
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Re-writing the objective flmction: 

1(171, 1]2) = Inm21 = 7.4 X 10- 5 tanh2 01]1 [(sech01]2y1] P
r 

-2.5 x 10- 4 tanh Ofh (sech201]2) Pr 

+2.1 X 10- 4 + 7.4 X 10- 5 (seclW1]2)4 

Iteration 1 

(3.8) 

X k = (0, -1), Ok = 0.1 d k = (1, 2),0 = 0.099, Pr = 6.4748,11, = 1 
(1) (1) ()()() (2) (2) 1]1 = X k + nOkd k = 0 + 1 0.1 1 = 0.1 1]2 = X k + nOkdk = 

-1 + (1)(0.1)(2) = -0.8 

Inm21 = 7.4 X 10- 5 tanh2((O.099)(0.1)) [(sech((0.099)( -0.8) ))4] 6.4748 

. -2.5 X 10- 4 tanh((0.099)(0.1)) (sech2((0.099)( _0.8)))6.4748 

+2.1 )I( 10- 4 + 7.4 X 10-5 (sech((0.099)( -0.8)))4 

= 7.4 X 10- 5 tanh2(O.0099) [(sech( -0.0792) )4] 6.4748 

-2.5 X 10-4 tanh(0.0099) (sech2( _0.0792))6.4748 

+2.1 x 10-4 + 7.4 X 10-5 (sech( -0.0792))4 

= 0.000280708574959 = 2.80708574959 x 10- 4 

Iteration 2 
X k = (0, -1), (}k = 0.1 d k = (1, 2), Q = 0.099, Pr = 6.4748 , 11, = 2 

(1) (1) ()()( ) (2) (2) 1]1 = X k + nOkd k = 0 + 2 0.1 1 = 0.2 1]2 = X k + 71,O kdk = 

-1 + (2)(0.1)(2) = -0.6 

Inm22 = 7.4 X 10- 5 tanh2((0.mm)(0.2)) [(sech((0.099)( _0.6)))4t.4748 

-2.5 x 10-4 tanh((0.099)(0.2)) (sech2((0.099)( _0.6)))6.4748 

+2.1 x 10- 4 + 7.4 X 10- 5 (sech((O.Ogg)( -0.6)))4 

= 7.4 X 10-5 tanh2(0.0198) [(sech( -0.0594))4] 6.4748 
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-2.5 x 1O- 4 tallh(O.0198) (secl12(_ O.0594))6.4748 

+2.1 x 10- 4 + 7.4 X 10- 5 (sech( - 0.0594))4 

= 0.000278600244]2 = 2.7860024412 x 10- 4 

Iteration 3 
Xk = (0, -1), ak = 0.1 dk = (1, 2), a = 0.099, Pr = 6.4748, n = 4 
171 = X?) + nakd~1) = 0 + (4)(0.1)(1) = 0.4 172 = Xk2) + nakdi2) = 
-1 + (4)(0.1)(2) = - 0.2 

Jnm22 = 7.4 X 10- 5 tanh2((0.099)(0.4)) [(sech((O.099)( _ 0.2)))4t.4748 

- 2.5 x 10- 4 tanh((0.099)(0.4)) (sech2({0.099)( _0.2)))6.4748 

+2.1 x 10- 4 + 7.4 X 10- 5 (sech((0.099)( - 0.2)))4 

= 7.4 X 10- 5 tanh2(0.0396) [(sech( -0.0198) )4] 6.4748 .. 
-2.5 X 10- 4 tanh00.0396) (sech2( _ 0.0198))6.4748 

+2.1 x 10- 4 + 7.4 X 10- 5 (sech( -0.0198))4 

= 0.000274187595294 = 2.74187595294 x 10- 4 

As a result of the tedious nature of generating the values manually, 
we decided to UHe the aid of computer to generate the subsequent val­
ues. The math cad simulation procedure is as follows: 
n = 1, 2, 4, 6, 8, 10, . . . 
Xk = (0, -1), dk = (1, 2), a = 0.099, ak = 0.1 , Pr = 6.4748 

(1) (1) () G=Xk +nakdk =O+nO.ll 
A (2) (2) () = X k + nakdk = - 1 + n 0.1 2 
which gives: 

J(G, A) = Jnm2 = 7.4 X 10- 5 tanh2(aG) "[(sech(aA))4]Pr 

-2.5 x 10- 4 tanh(aG) (sech2 (aA))Pr 

+2.1 x 10- 4 + 7.4 X 10- 5 (sech(aA))4 
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3.4 SOLUTION OF THE OBJECTIVE FUNCTION 
USING THE EXTENDED COGGINS ALGORITHM 

Minimize 

+2.1 X 10- 4 + 7.4 X 10- 5 (sech0!77)4 (3.9) 

The algorithm assumes the following: Let X k be the present point 
l:1P be a step length 
where Xk = (0, -1) 
l:1P = 0.1 
P = 2r , r = 0.1, 2, 3, . . . 

. Iteration 1 (direct substitution) 

.-
Xl = 0, X 2 = -1, a = 0.099, Pr = 6.4748 

I 

f(X}, X 2) = fnm13 = 7.4 X 10- 5 tanh2(aX1) [(sech(aX2))4] P
r 

-2.5 X 10- 4 tanh(aXI ) (sech2(aX2))Pr 

+2.1 x 10- 4 + 7.4 X 10- 5 (sech(aX2))4 

= 7.4 x 10-5 tanh2 (0) [(sech( -0.099))4] 6.4748 

-2.5 x 10- 4 tanh(O) (sech2 (_O.099))6.4748 

+2.1 x 10- 4 + 7.4 X 10-5 (sech( -0.099))4 . 

= 0.000282565893840 = 2.8256589384 x 10- 4 

Iteration 2 

Xl = 0 + 0.1 = 0.1, X 2 = -1 + 0.1 . -0.9, a = 0.099 , Pr = 6.4748 

r. 2 [ ))4]8.4748 fnm23 = 7.4 X lO-n tanh (0.0099) (sech( -0.0891 
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-2.5 X 10- 4 tanh(0.0099) (sech2( -0.0891)) 6.4748 

+2.1 X 10- 4 + 7.4 X 10- 5 (scch( -0.0891))4 

= 0.000280491329455 = 2.80491329455 x 10- 4 

Iteration 3 

Xl = 0 + 2(0.1) = 0.2, X2 = -1 + 2(0.1) - -0.8, a = 0.099, 
Pr = 6.474'8 

jnm33 = 7.4 X 10- 5 tanh2(0.0198) [(sech( _0.0792))4t.4748 

-2.5 x 1O- 4 tanh(0.0198) (sech2(_0.0792))6.4748 

+2.1. x 10-4 + 7.4 X 10- 5 (sech(-0.0792))4 

= 0.OOO278352579i.159 = 2.78352579459 X 10- 4 

To hasten this process of iteration, the use of mathcad code is em­
ployed with the following assumptions: 
Let ~p = 0.1, p = 2r , p = 0 + tlpfJ, q = -1 + tlpp 
with 0:' = 0.099, Pr = 6.4748 
(see app~hdix 4) 
Then 

f(p, q) = 7.4 X 10- 5 tanh2(ap) [(sech(aq))4] P
r 

(see Table 4.1) 

-2.5 X 10-4 tanh(ap) (sech2(aq))Pr 

+2.1 x 10- 4 + 7.4 X 10-5 (sech(aq))4 
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CHAPTER FOUR 

COMPUTATIONAL/SIMULATION ANALYSIS FOR THE 
SUBMERG~ SEWAGE DISPERSION MODEL 

4.1 COMPUTATIONAL RESULTS USING ANALYTICAL 
SOLUTION 

Using the values: 
1'] = '0.1, 0.2, .. . , Q = 0.099, and Pr = 6.4748 in (3.8) and using the 
mathcad code we obtain the following results for the various values of 
1'] as presented in t.ables 4.1, 4.1a, 4.1h. and 4.1d. 

From the table 4.1 we ohtain the graphical illustrations in figures 
4.1. lit-



Table 4 l ' Computational results using analytical method .. 
SIN f(11) SIN f(11) SIN f(TJ) , 

1 0.000281519390149 62 0.000232882586313 123 0.000216409581041 
2 0.000279034054484 63 0.000232846658131 124 0.000216205033558 
3 0.000276553530118 64 0.000232791168895 125 0.000216005995912 
4 0.000274087033998 65 0.000232716111712 126 0.000215812388078 
5 0.000271643407108 66 0.000232621613087 127 0.000215624125804 
6 0.000269231064864 67 0.000232507921874 128 0.000215441121162 
7 0.000266857953922 68 0.000232375398149 129 0.000215263283056 
8 0.000264531515546 69 0.000232224502104 130 0.000215090517692 
9 0.000262258655509 70 0.000232055783073 131 0.000214922729017 
10 0.000260045720427 71 0.000231869868777 132 0.000214759819129 
11 0.000257898480296 72 0.000231667454867 133 0.000214601688646 
12 0.000255822116950 73 0.000231449294830 134 0.000214448237058 
13 0.000253821218052 74 0.000231216190329 135 0.000214299363038 
14 0.000251899776210 75 0.000230968982018 136 0.000214154964739 
15 0.000250061192766 76 0.000230708540866 137 0.000214014940060 
16 0.000248308285766 77 0.000230435760033 138 0.000213879186888 
17 0.000246643301653 78 0.000230151547310 139 0.000213747603320 
18 0.000245067930193 79 0.000229856818130 140 0.000213620087866 
19 0.000243583322198 80 0.000229552489175 141 0.000213496539630 
20 0.000242190109605 81 0.000229239472550 142 0.000213376858474 
21 0.000240888427543 82 0.000228918670546 143 0.000213260945166 
22 0.000239677938016 83 0.000228590970956 144 0.000213148701513 
23 0.000238557854912 84 QOO0228257242939 145 0.000213040030478 
24 0.000237526970061 85 0.000227918333411 146 0.000212934836281 
25 0.0002.36583680117 86 0.000227575063930 147 0.000212833024496 
26 0.000235726014074 87 0.000227228228066 148 0.000212734502130 
27 0.000234951661255 .. 88 0.000226878589211 149 0.000212639177689 
28 0.000234257999637 89 0.000226526878810 150 0.000212546961241 
29 0.000233642.124415 90 0.000226173794978 151 0.000212457764465 
30 0.000233100876688 91 0.000225820001477 152 0.000212371500697 
31 0.000232630872189 92 0.000225466127021 153 0.000212288084960 
32 0.000232228529988 93 0.000225112764876 154 0.000212207433995 
33 0.000231890101055 94 0.000224760472734 155 0.000212129466280 
34 0.000231611696630 95 0.000224409772822 156 0.000212054102047 
35 0.000231389316276 96 0.000224061152227 157 0.000211981263294 
36 0.000231218875538 97 0.000223715063411 158 0.000211910873787 
37 0.000231096233079 98 0.000223371924885 159 0.000211842859062 
38 0.000231017217186 99 0.000223032122024 160 0.000211777146422 
39 0.000230977651510 100 0.000222696008002 161 0.000211713664933 
40 0.000230973379917 101 0.000222363904826 162 0.000211652345408 
41 0.000231000290310 102 0.000222036104447 163 0.000211593120400 
42 0.000231054337283 103 0.000221712869938 164 0.000211535924185 
43 0.000231131563485 104 0.000221394436715 165 0.000211480692742 
44 0.000231228119559 105 0.000221081013800 166 0.000211427363735 
45 0.000231340282542 106 0.000220772785094 167 0.000211375876494 
46 0.000231464472625 107 0.000220469910671 168 0.000211326171984 
47 0.000231597268179 108 0.000220172528068 169 0.000211278192788 
48 0.000231735418982 109 0.000219880753562 170 0.000211231883079 
49 0.000231875857584 110 0.000219594683443 171 0.000211187188592 
50 0.000232015708796 111 0.000219314395252 172 0.000211144006595 
51 0.000232152297266 112 0.000219039949000 173 0.000211102435863 
52 0.000232283153184 113 0.000218771388350 174 0.000211062276648 
53 0.000232406016121 114 0:000218508741767 175 0.000211023530651 
54 0.000232518837066 115 0.000218252023623 176 0.000210986150987 
55 0.000232619778731 116 0.000218001235267 177 0.000210950092161 
56 0.000232707214209 117 0.000217756366044 178 0.000210915310034 
57 0.000232779724086 118 0.000217517394282 179 0.000210881761791 
58 0.000232836092129 119 0.000217284288217 180 0.000210849405916 
")9 0.000232875299664 120 0.000217057006885 181 0.000210818202155 
0 0.000232896518792 121 0.000216835500967 182 0 .000210788111491 , 0.000232899104571 122 i .000216619713582 183 0.000210759096110 
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SIN f(ll) SIN f(ll) SIN f(ll) 
184 0.000210731119373 245 0.000210070192958 306 0.000210006407513 
185 0.000210704145785 246 0.000210067508710 307 0.000210006159860 
186 0.000210678140968 247 0.000210064926341 308 0.000210005921758 
187 0.000210653071628 248 0.000210062442029 309 0.000210005692839 
188 0.000210628905529 249 0.000210060052090 310 0,.000210005472751 
189 0.000210605611466 250 0.000210057752981 311 0.000210005261154 
190 0.000210583159231 251 0.000210055541285 312 0.000210005057721 
191 0.000210561519593 252 0.000210053413714 313 0.000210004862139 
192 0.000210540664266 253 0.000210051367100 314 0.000210004674105 
193 0.000210520565884 254 0.000210049398395 315 0.000210004493329 
194 0.000210501197977 255 0.000210047504662 316 0.00021 0004319532 
195 0.000210482534939 256 0.000210045683072 317 0.000210004152444 
196 0.000210464552012 257 0.000210043930905 318 0.000210003991808 
197 0.000210447225252 258 0.000210042245537 319 0.000210003837375 
198 0.000210430531513 259 0.000210040624447 320 0.000210003688906 
199 0.000210414448419 260 0.000210039065204 321 0.000210003546171 
200 0.000210398954342 261 0.000210037565470 322 0.000210003408951 
201 0.000210384028378 262 0.000210036122991 323 0.000210003277031 
202 0.000210369650329 263 0.000210034735602 324 0.000210003150208 
203 0.000210355800677 264 0.000210033401215 325 0.000210003028285 
204 0.000210342460567 265 0.000210032117822 326 0.000210002911074 
205 0.000210329611784 266 0.000210030883488 327 0.000210002798393 
206 0.000210317236733 267 0.000210029696355 328 0.000210002690067 
207 0.000210305318422 268 0.000210028554629 . 329 0.000210002585928 
208 0.000210293840439 269 0.000210027456587 330 0.000210002485815 
209 0.000210282786940 270 0.000210026400570 331 0.000210002389572 
210 0.000210272142623 271 0.000210025384981 332 0.000210002297051 
211 0.000210261892717 27'f. 0.00021002440828'3 333 0.000210002208106 
212 0.000210252022964 273 0.000210023468997 334 0.000210002122602 
213 0.000210242519598 274 0.000210022565699 335 0.000210002040404 
214 0.000210233369335 275 0.000210021697019 336 0.000210001961385 
215 0.000210224559354 276 0.000210020861640 337 0.000210001885422 
216 0.000210216077282 277 0.000210020058292 338 0.000210001812398 
217 0.000210207911180 278 0.000210019285756 339 0.000210001742199 
218 0.000210200049529 279 0.000210018542856 340 0.000210001674716 
219 0.000210192481215 280 0.000210017828462 341 0.000210001609843 
220 0.000210185195517 281 0.000210017141487 342 0.000210001547481 
221 0.000210178182092 282 0.000210016480885 343 0.000210001487532 
222 0.000210171430964 283 0.000210015845649 344 0.000210001429902 
223 0.000210164932511 284 0.000210015234809 345 0.000210001374503 
224 0.000210158677455 285 0.000210014647435 346 0.000210001321248 
225 0.000210152656846 286 0.000210014082629 347 0.000210001270055 
226 0.000210146862055 287 0.000210013539528 348 0.000210001220842 
227 0.000210141284761 288 0.000210013017304 349 0.000210001173535 
228 0.000210135916942 289 0.000210012515157 350 0.000210001128060 
229 0.000210130750862 290 0.000210012032319 351 0.000210001084344 
230 0.000210125779066 291 0.000210011568051 352 0.000210001042322 
231 0.000210120994364 292 0.000210011121642 353 0.000210001001926 
232 0.000210116389828 293 0.000210010692409 354 0.000210000963095 
233 0.000210111958779 294 0.000210010279693 355 0.000210000925767 
234 0.000210107694780 295 0.000210009882863 356 0.000210000889885 
235 0.000210103591626 296 0.000210009501308 357 0.000210000855392 
236 0.000210099643339 297 0.000210009134443 358 0.000210000822235 
237 0.000210095844158 298 0.000210008781706 359 0 .000210000790363 
238 0.000210092188529 299 0.000210008442554 360 0.000210000759725 
239 0.000210088671103 300 0.000210008116466 361 0.000210000730274 
240 0.000210085286726 301 0.000210007802941 362 0 .000210000701963 
241 0.000210082030430 302 0.000210007501496 363 0.000210000674749 
242 0.000210078897431 303 0.000210007211669 364 0.000210000648590 
243 0.000210075883120 . 304 0.000210006933013 365 0.000210000623444 
'44 0.000210072983055 305 0.000210006665098 366 0.000210000599272 
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SIN f(T)) SIN f(11) SIN f(11) 

367 0.000210000576037 428 0.000210000051549 489 0.000210000004607 
368 0.000210000553702 429 0.000210000049548 490 0.000210000004428 
369 0.000210000532232 430 0.000210000047625 491 0.000210000004256 
370 0.000210000511595 431 0.000210000045777 492 0.000210000004091 
371 0.000210000491757 432 0.000210000044000 493 0.000210000003932 
372 0.000210000472688 433 0.000210000042292 494 0.000210000003779 
373 0.000210000454357 434 0.000210000040651 495 0.000210000003633 
374 0.000210000436738 435 0.000210000039073 496 0.000210000003492 
375 0.000210000419801 436 0.000210000037557 497 0.000210000003356 
376 0.000210000403520 437 0.000210000036099 498 0.000210000003226 
377 0.000210000387871 438 0.000210000034698 499 0.000210000003100 
378 0.000210000372828 439 0.000210000033351 500 0.000210000002980 
379 0.000210000358369 440 0.000210000032057 501 0.000210000Q02864 
380 0.000210000344469 441 0.000210000030812 502 0.000210000002753 
381 0.000210000331109 442 0.000210000029616 503 0.000210000002646 
382 0.000210000318266 443 0.000210000028467 504 0.000210000002544 
383 0.000210000305922 444 0.000210000027362 505 0.000210000002445 
384 0.000210000294056 445 0.000210000026300 506 0.000210000002350 
385 0.000210000282650 4413 0.000210000025279 507 0.000210000002259 
386 0.000210000271686 447 0.000210000024298 508 0.000210000002171 
387 0.000210000261147 448 0.000210000023355 509 0.000210000002087 
388 0.000210000251017 449 0.000210000022448 510 0.000210000002006 
389 0.000210000241280 450 0.000210000021577 511 0.000210000001928 
390 0.000210000231920 451 0.000210000020739 512 0.000210000001853 
391 0.000210000222923 452 0.000210000019934 513 0.000210000001781 
392 0.000210000214275 453 0.000210000019161 514 0.000210000001712 
393 0.000210000205963 .. 454 0.000210000018417 515 0 .000210000001645 
394 0.000210000197972 455 0.000210000017702 516 0.000210000001582 
395 0.000210000190292 456 0.000210000017015 517 0.000210000001520 
396 0.000210000182909 457 0.000210000016354 518 0.000210000001461 
397 0.000210000175813 458 0.000210000015720 519 0.000210000001404 
398 0.000210000168992 459 0.000210000015109 520 0 .000210000Q01350 
399 0.000210000162436 460 0.000210000014523 521 0.000210000001297 
400 0.000210000156133 461 0.000210000013959 522 0.000210000001247 
401 0.000210000150076 462 0.000210000013417 523 0.000210000001199 
402 0.000210000144253 463 0.000210000012896 524 0.000210000001152 
403 0.000210000138656 464 0.000210000012396 525 0.000210000001107 
404 0.000210000133276 465 0.000210000011915 526 0.000210000001064 
405 0.000210000128105 466 0.000210000011452 527 0.000210000001023 
406 0.000210000123134 467 0.000210000011008 528 0.000210000000983 
407 0.000210000118356 468 0.000210000010580 529 0.000210000000945 
408 0.000210000113764 469 0.000210000010170 530 0.000210000000909 
409 0.000210000109349 470 0.000210000009775 531 0.000210000000873 
410 0.000210000105106 471 0.000210000009395 532 0.000210000000839 
411 0.000210000101028 472 0.000210000009031 533 0.000210000000807 
412 0.000210000097107 473 0.000210000008680 534 0.00021000000077 5 
4.13 0.000210000093339 474 0.000210000008343 535 0.000210000000745 
414 0.000210000089717 475 0.000210000008019 536 0.000210000000716 
415 0.000210000086236 476 0.000210000007708 537 0.000210000000689 
416 0.000210000082889 477 0.000210000007409 538 0.000210000000662 
417 0.000210000079673 478 0.000210000007121 539 0.000210000000636 
418 0.000210000076581 479 0.000210000006845 540 0.000210000000611 

419 0.000210000073609 480 0.000210000006579 541 0.000210000000588 

420 0.000210000070752 481 0.000210000006323 542 0.000210000000565 

421 0.000210000068007 - .. 482 0.000210000006078 543 0.000210000000543 

422 0.000210000065367 483 0.000210000005842 544 0.000210000000522 

423 0.000210000062831 484 0.000210000005615 545 0.000210000000502 

424 0.000210000060392 485 0.000210000005397 546 0.000210000000482 

425 0.000210000058048 486 0.000210000005188 547 0.000210000000463 
\26 0.000210000055796 487 0.000210000004986 548 0.000210000000445 

27 0.000210000053630 488 0.000210000004793 549 0.000210000000428 
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SIN f(11) SIN f(ti) SIN f(11) I 

550. 0..0.0.0.210.0.0.0.0.0.0.412 611 0..0.0.0.210.0.0.0.0.0.0.0.37 672 0. .0.0.0.210.0.0.0.0.0.0.0.0.3 
551 0..0.0.0.210.0.0.0.0.0.0.396 612 0. .0.0.0.210.0.0.0.0.0.0.0.35 673 0. .0.0.0.210.0.0.0.0.0.0.0.0.3 
552 0. .0.0.0.210.0.0.0.0.0.0.380. 613 0. .0.0.0.210.0.0.0.0.0.0.0.34 674 0. .0.0.0.210.0.0.0.0.0.0.0.0.3 
553 0. .0.0.0.210.0.0.0.0.0.0.365 614 0. .0.0.0.210.0.0.0.0.0.0.0.33 675 0. .0.0.0.210.0.000.00.0.0.3 
554 0..0.0.0.210.0.0.0.0.0.0.351 615 0. .0.0.0.210.0.0.0.0.0.0.0.31 676 0. .00.0.210.0.0.0.0.0.0.0.0.3 
555 0. .0.0.0.210.0.0.0.0.0.0.338 616 0. .0.0.0.210.0.0.0.0.0.0.0.30. 677 0. .0.0.0.210.0.0.0.0.0.0.0.0.3 
556 0. .0.0.0.210.0.0.0.0.0.0.324 617 0. .0.0.0.210.0.0.0.0.0.0.0.29 678 0. .0.0.0.210.0.0.0.0.0.0.0.0.3 
557 0. .0.0.0.210.0.0.0.0.0.0.312 618 0. .0.0.0.210.0.0.0.0.0.0.0.28 679 0. .0.0.0.210.0.0.0.0.0.0.0.0.2 
558 0. .0.0.0.210.0.0.0.0.0.0.30.0. 619 0. .0.0.0.210.0.0.0.0.0.0.0.27 680. 0..0.0.0.210.0.0.0.0.0.0.0.0.2 
559 0. .0.0.0.210.0.0.0.0.0.0.288 620. 0. .0.0.0.210.0.0.0.0.0.0.0.26 681 0. .0.0.0.210.0.0.0.0.0.0.0.0.2 
560. 0. .0.0.0.210.0.0.0.0.0.0.277 621 0. .0.0.0.210.0.0.0.0.0.0.0.25 682 0. .0.0.0.210.0.0.0.0.0.0.0.0.2 
561 0. .0.0.0.210.0.0.0.0.0.0.266 622 0. .0.0.0.210.0.0.0.0.0.0.0.24 683 0. .0.0.0.210.0.0.0.0.0.0.0.0.2 
562 0. .0.0.0.210.0.0.0.0.0.0.256 623 0..0.0.0.210.0.0.0.0.0.0.0.23 684 0. .0.0.0.210.0.0.0.0.0.0.0.0.2 
563 0. .0.0.0.210.0.0.0.0.0.0.246 624 0. .0.0.0.210.0.0.0.0.0.0.0.22 685 0..0.0.0.210.0.0.0.0.0.0.0.0.2 
564 0..0.0.0.210.0.0.0.0.0.0.236 625 0. .0.0.0.210.0.0.0.0.0.0.0.21 686 0..00.0.210.0.0.0.0.0.00.0.2 
565 0. .0.0.0.210.0.0.0.0.0.0.227 626 0. .0.0.0.210.0.0.0.0.0.0.0.20. 687 0. .0.0.0.2100.0.0.0.0.0.0.0.2 
566 0..0.0.0.210.0.0.0.0.0.0.218 627 0 .0.00.210.0.0.0.0.0.0.0.20. 688 0. .0.0.0.2100.0.0.0.0.0.0.0.2 
567 0. .0.0.0.210.0.0.0.0.0.0.210. 628 0. .0.0.0.210.0.0.0.0.0.0.0.19 689. 0. .0.0.0.210.0.0.0.0.0.0.0.0.2 
568 0. .0.0.0.210.0.0.0.0.0.0.20.2 629 0. .0.0.0.210.0.0.0.0.0.0.0.18 690. 0..0.0.0.210.0.0.0.00.0.0.0.2 
569 0..0.0.0210.0.0.0.0.0.0.194 630. 0. .0.0.0.210.0.0.0.0.0.0.0.17 691 0..0.0.0.210.0.0.0.0.0.0.0.0.2 
570. 0. .0.0.0.210.0.0.0.0.0.0.186 631 0 .0.0.0.210.00.0.0.0.0.017 692 0. .0.0.0.210.0.0.0.0.0.0.0.0.1 
571 0. .0.0.0.2100.0.0.0.0.0.179 632 0. .0.0.0.210.0.0.0.0.0.0.0.16 693 0. .0.0.0.210.0.0.0.0.0.0.0.0. 1 
572 0. .0.0.0.210.0.0.0.0.0.0.172 633 0. .0.0.0.210.0.0.0.0.0.0.0.15 694 0. .0.0.0.210.0.0.0.0.0.0.0.0. 1 
573 0. .0.0.0.210.0.0.0.0.0.0.166 634 0..0.0.0.210.0.0.0.0.00.0.15 695 0. .0.0.0.210.0.0.0.0.0.0.0.0. 1 
574 0.0.0.0.4100.0.0.0.0.0.159 635 0. .0.0.0.210.0.0.0.0.0.0.0.14 696 0 .0.0.0210.0.0.0.0.0.0.0.0.1 
575 0..0.0.0.210.0.0.0.0.00153 636 0. .00.0.210.00.0.0.0.0.0. 14 697 0. .0.0.0.210.0.0.0.0.0.0.0.0. 1 
576 0. .0.0.0.210.00.0.00.0.147 ... 637 0..0.0.0.210.0.00000.0. 13 698 0. .00.0.2100.0.0.0.0.0.0.0. 1 
577 0.0.0.0.210.0.0.000.0.141 638, 0. .0.0.0.210.0.0.0.0.0.0.0.13 699 0. .0.0.0.210.0.0.0.0.0.0.0.0. 1 
578 0. .0.0.0.210.0.0.0.0.0.0. 136 639 0. .0.0.0.210.0.0.0.0.0.0.0. 12 70.0. 0. .0.0.0.210.0.0.0.0.0.0.0.0. 1 
579 0. .0.0.0.210.0.0.0.0.0.0131 640. 0. .0.0.0.210.0.0.0.0.00.0.12 70.1 0. .0.0.0.210.0.0.0.0.0.0.0.0.1 
580. 0. .0.0.0.210.0.0.00.0.0. 125 641 0. .0.00.210.0.0.0.0.0.0.0. 11 70.2 0. .0.0.0.210.0.0.0.0.0.0.0.0.1 
581 0. .0.0.0.210.0.0.0.0.0.0.121 642 0. .0.0.0.210.0.0.0.0.0.0.0.11 70.3 0. .0.0.0.210.0.0.0.0.0.0.0.0. 1 
582 0. .0.0.0.210.0.0.0.0.0.0.116 643 0. .0.0.0.210.0.0.0.0.0.0.0. 1 a 70.4 0. .0.0.0.210.0.0.0.0.0.0.0.0. 1 
583 0. .0.0.0.210.0.0.0.0.0.0.111 644 0. .0.0.0.210.0.0.0.0.0.0.0.10. 70.5 0. .0.0.0.210.0.0.0.0.0.0.0.0.1 
584 0. .0.0.0.210.0.0.0.0.0.0.10.7 645 0. .0.0.0.210.0.0.0.0.0.0.0.1 a 70.6 0. .0.0.0.210.0.0.0.0.0.0.0.0.1 
585 0. .0.0.0.210.00.0.0.0.0. 10.3 646 0. .0.0.0.210.0.0.0.0.0.0.0.0.9 7.0.7 0. .0.0.0.210.0.0.0.0.0.0.0.0.1 
586 0. .0.0.0.210.0.0.0.0.0.0.0.99 647 0. .0.0.0.210.0.0.0.0.0.0.0.0.9 70.8 0..0.0.0.210.0.0.0.0.0.0.0.0. 1 
587 0. .0.0.0.210.0.0.0.0.0.0.0.95 648 0. .0.0.0.210.0.00.0.0.0.0.0.8 70.9 0. .0.0.0.210.0.0.0.0.0.0.0.0. 1 
588 0. .0.0.0.210.0.0.0.0.0.0.0.91 649 0. .0.0.0.210.0.0.0.0.0.0.0.0.8 710. 0. .0.0.0.210.0.0.0.0.0.0.0.0. 1 
589 0. .0.0.0.210.0.0.0.0.0.0.0.88 650. 0..0.0.0.210.0.0.0.0.0.0.0.0.8 711 0. .0.0.0.210.0.0.0.0.0.0.0.0.1 
590. 0. .0.0.0.210.0.0.0.0.0.0.0.84 651 0. .0.0.0.210.0.0.0.0.0.0.0.0.8 712 0. .0.0.0.210.0.0.0.0.0.0.0.0.1 
591 0. .0.0.0.210.0.0.0.0.0.0.0.81 652 0. .0.0.0.210.0.0.0.0.0.0.0.0.7 713 0. .0.0.0.210.0.0.0.0.0.0.0.0.1 
592 0..0.0.0.210.0.0.0.0.0.0.0.78 653 0. .0.0.0.210.0.0.0.0.00.0.0.7 714 0. .0.0.0.210.0.0.0.0.0.0.0.0. 1 
593 0..0.0.0.210.0.0.0.0.0.0.0.75 654 0..0.0.0.210.0.0.0.0.0.0.0.0.7 715 0. .0.0.0.210.0.0.0.0.0.0.0.0. 1 
594 0. .0.0.0.210.0.0.0.0.0.0.0.72 655 0. .0.0.0.210.0.0.0.0.0.0.0.0.6 716 0. .0.0.0.210.0.0.0.0.0.0.0.0.1 
595 0. .0.0.0.210.0.0.0.0.0.0.0.69 656 0. .0.0.0.210.0.0.0.0.0.0.0.06 717 0. .0.0.0.210.0.0.0.0.0.0.0.0.1 
596 0. .00.0.210.0.0.0.90.0.0.67 657 0. .0.0.0.210.0.0.0.0.0.0.00.6 718 0. .00.0.210.0.0.0.0.0.0.0.0. 1 
597 0. .0.0.0.210.0.0.0.0.0.0.0.64 658 0. .0.0.0.210.0.0.0.0.0.0.0.0.6 719 0. .0.0.0.210.0.0.0.0.0.0.0.0.1 
598 0. .0.0.0.210.0.0.0.0.0.0.0.62 659 0. .0.0.0.210.0.0.0.0.0.0.0.0.5 720. 0. .0.0.0.210.0.0.0.0.0.0.0.0.0. 
599 0. .0.0.0.210.0.0.0.0.0.0.0.59 660. 0. .0.0.0.210.0.0.0.0.0.0.0.0.5 721 0. .0.0.0.210.0.0.0.0.0.0.0.0.0. 

60.0. 0. .0.0.0.210.0.0.0.0.0.0.0.57 661 0. .0.0.0.210.0.0.0.0.0.0.0.0.5 722 0. .0.0.0.210.0.0.0.0.0.0.0.0.0. 
60.1 0. .0.0.0.210.0.0.0.0.0.0.0.55 662 0. .0.0.0.210.0.0.0.0.0.0.0.0.5 
60.2 0..0.0.0.210.0.0.0.0.0.0.0.52 663 0. .0.0.0.210.0.0.0.0.0.0.0.0.5 
60.3 0. .0.0.0.210.0.0.0.0.0.0.0.50. 664 0. .0.0.0.210.0.0.0.0.0.0.0.0.5 
60.4 0. .0.0.0.210.0.0.0.0.0.0.0.48 665 0. .0.0.0.210.0.0.0.0.0.0.0.0.4 
60.5 0. .0.0.0.210.0.0.0.0.0.0.0.47 666 0. .0.0.0.210.0.0.0.0.0.0.0.0.4 
60.6 0. .0.0.0.210.0.0.0.0.0.0.0.45 667 0. .0.0.0.210.0.0.0.0.0.0.0.0.4 I , 60.7 0. .0.0.0.210.0.0.0.0.0.0.0.43 668 0. .0.0.0.210.0.0.0.0.0.0.0.0.4 
60.8 0. .0.0.0.210.0.0.0.0.0.0.0.41 669 0. .0.0.0.210.0.0.0.0.0.0.0.0.4 
60.9 0. .0.0.0.210.0.0.0.0.0.0.0.40. 670. 0. .0.0.0.210.0.0.0.0.0.0.0.0.4 
610. 0..0.0.0.210.0.0.0.0.0.0.0.38 671 0. .0.0.0.210.0.0.0.0.0.0.0.0.3 
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Fig 4.1 a: Graphical illustration of analytic results 
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4.2 COMPU'l'ATIONAL RESULTS USING 
SPRIET- BARON ALGORITHM 

By using the initial value of Xk = (0, -1), the step size of Ok = 0.1, 
the direction of search dk = (1, 2),0 = 0.099 and Pr = 6.4748. in (3.9), 
with G = O+n(O.l)l and A = -1+n(0.1)2 and also using the mathcad 
code we obtained the result presented in table 4.2; and from table 4.2 
we obtained the graphical illustration in figure.s 4.2. 
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Table 4.2: Computational results using Spriet-Baron Algorithm 
1 0.000280708574959 48 0.000210915345384 
2 0.000278670024412 49 0.000210788132768 
3 0.000274187595294 50 0.000210678153738 · 
4 0.000269406212570 51 0.000210583166874 
5 0.000264608869074 52 0.000210501202540 
6 0.000260045720427 53 0.000210430534232 
7 0.000255912933620 54 0.00021-0369651945 
8 0.000252340486260 55 0.000210317237692 
9 0.000249388942996 56 0.000210272143190 

10 0.000247053978331 57 0.000210233369671 
11 0.000245276815172 58 0.000210200049727 
12 0.000243958586062 59 0.000210171431080 
13 0.000242976636140 60 0.000210146862124 
14 0.000242200848233 61 .0.000210125779106 
15 0.000241508216826 62 0.000210107694803 
16 0.000240794224642 63 0.000210092188543 
17 0.000239980119060 64 0.000210078897440 
18 0.000239015868794 65 0.000210067508715 
19 0.000237879248897 66 0.000210057752984 
20 0.000236571998090 67 0.000210049398397 
21 0.000235114226696 68 0.000210042245538 
22 0.000233538225245 69 0.000210036122992 
23 0.000231882602413 70 0.000210030883489 
24 0.000230187365234 71 0.000210026400570 
25 0.000228490235749 72 0.000210022565699 
26 0.000226824237640 73 0.000210019285756 
27 0.000225216410730 74 0.000210016480885 
28 0.000223687419738 75 0.000210014082629 
29 0.000222251799259 76 0.000210012032319 
30 0.000220918597093 77 0.000210010279693 
31 0.000219692221547 78 0.000210008781706 
32 0.000218573349171 79 0.000210007501496 
33 0.000217559797284 80 0.000210006407513 
34 0.00021664730.5269 81 0.000210005472751 
35 0.000215830198380 82 0.000210004674105 
36 0.000215101928176 83 0.000210003991808 
37 0.000214455496285 84 0.000210003408951 
38 0.000213883774963 85 0.000210002911074 
39 0.000213379740593 86 0.000210002485815 
40 0.000212936636438 87 0.000210002122602 
41 0.000212548079623 88 0.000210001812398 
42 0.000212208125357 89 0.000210001547481 
43 0.000211911299190 90 0.000210001321248 
44 0.000211652606029 91 0.000210001128060 
45 0.000211427522758 92 0.000210000963095 
46 0.000211231979744 93 0.000210000822235 
47 0.000211062335200 94 0.000210000701963 
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95 0.000210000599272 141 0.00021 0000000412 
96 0.000210000511595 142 0.00021 0000000351 
97 0.000210000436738 143 0.000210000000300 
98 0.000210000372828 144 0.000210000000256 
99 0.000210000318266 145 0.000210000000218 

100 0.000210000271686 146 0.000210000000186 
101 0.000210000231920 147 0.00021 0000000159 
102 0.000210000197972 148 0.000210000000136 
103 0.000210000168992 149 0.000210000000116 
104 0.000210000144253 150 0.000210000000099 
105 0.000210000123134 151 0.000210000000084 
106 0.000210000105106 152 0.000210000000072 
107 0.000210000089717 153 0.000210000000062 
108 0.000210000076581 154 0.000210000000052 
109 0.000210000065367 155 0.000210000000045 
110 0.000210000055796 156 0.000210000000038 
111 0.000210000047625 157 0.000210000000033 
112 0.00021 0000040651 158 0.000210000000028 
113 0.000210000034698 159 0.000210000000024 
114 0.000210000029616 160 0.000210000000020 
115 0.000210000025279 161 0.00021 000000001 7 
116 0.000210000021577 162 0.000210000000015 
117 0.000210000018417 163 0.000210000000013 
118 0.000210000015720 164 0.000210000000011 
119 0.00021001)0013417 165 0.000210000000009 
120 0.000210000011452 166 0.000210000000008 
121 0.000210000009775 

, 
167 0.000210000000007 

122 0.000210000008343 168 0.000210000000006 
123 0.000210000007121 169 0.000210000000005 
124 0.000210000006078 170 0.000210000000004 
125 0.000210000005188 171 0.000210000000004 
126 0.000210000004428 172 0.000210000000003 
127 0.000210000003779 173 0.000210000000003 
128 0.000210000003226 174 0.000210000000002 
129 0.000210000002753 175 0.000210000000002 
130 0.000210000002350 176 0.000210000000002 
131 0.000210000002006 177 0.000210000000001 
132 0.000210000001712 178 0.00021 0000000001 
133 0.000210000001461 179 0.000210000000001 
134 0.000210000001247 180 0.000210000000001 
135 0.000210000001064 181 0.000210000000001 
136 0.000210000000909 182 0.00021 0000000001 
137 0.000210000000775 183 0.000210000000001 
138 0.000210000000662 184 0.000210000000000 
139 0.000210000000565 185 0.000210000000000 
140 0.000210000000482 186 0.000210000000000 
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4.3 COMPUTATIONAL RESULTS USING EXTENDED 
COGGINS ALGORITHM 

By using the initial valueS (0, -1), the step length t::,.p = 0.1, 
P = 2r where r = 0, 1, 2, . . . , a = 0.099 and Pr = 6.4748. in (3.7), 
with p = 0 + t::,.Pp and q = - 1 + t::,.Pp and using the mathcad code 
we obtained the result presented in t.ables 4.3; and the corresponding 
figures 4.3. 
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Table 4.3: Computational results using Extended Coggins Algorithm 

1 0.000282565893840 
2 0.000280491329455 
3 0.000278352579459 
4 0.000273919224579 
5 0.000264693289241 
6 0.000246838921457 
7 0.000224617029471 
8 0.000229625680436 
9 0.000217512666704 

10 0.000210067508710 
11 0.000210000002753 
12 0.000210000000000 
13 0.000210000000000 
14 0.000210000000000 
15 0.000210000000000 
16 0.000210000000000 

.. 
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Fig. 4.3a: Graphical illustration of Extended Coggins results 

66 



-I 
f))Ill3 1.5 ·10 
-,.. 

r--f--_ I 
-- -- :::~~ -+--- ----1- -- -- ---

1\1 
--r---J.-- -.. 

-- _ ... _ .. -- - '\ ' _ ... _ .. _. __ ... --- ._ .... _._ ..... __ .... -.- ... _-_. 

\. 

\ h ! 
--- --- -.--- -- i--- _ :-...c: -- ~-:::.: .-....- --. -- -.----1---- --- ----

--+-d--- " ! I ' 
-~- -- . -t-+ --r-k -~---

! . I . I I 
, ' 

- -- .. --- --'-- r-- --e-- I'- -- - -- --- f---- - -- .--+--.-.~-. '--"- .-.--. 
. . I I I 

-. -- .---- ,.- - 1---- ~"I- -f--- ----. --- .-. --.-. -._-... -·-t---t- ---- .-.-
I I 

- I! 

- ---- ---.~~- ----f--!-- --- ---
I I 

--- ------ ---... --- ---- --- --- --- - - -.. -- 1---1--

- ---.. ...... t .... - -- "-- - '--- ---

\ 

I 1 j I t~: -: -~j= - +---+ -.-+ =IJ~~ -.1.l-
! I I I 

I I 
U '10- j r- --·f---I--I-----+--I--+--+--I--- --'-1-

I -, 
3-10 .. 

-, 

___ .. ____ .. ___ ._. _._._ _ __ ."_._,,. __ • _____ ._ . _____ .. ___ ... _.. _._ .......... ___ .1 __ .__. _ 

I 
I.HO · 

00 0.1 U 2.1 2.8 3.5 U 4.9 5.6 6.3 1 1.1 8.4 9.1 9.8 lO.5IU 11 .912 .613.3 14 

r 

Fig. 4.3b: Graphical illustration of Extended Coggins result s 
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4.4 ANALYSIS OFTIIE COMPUTATIONAL RESULTS 

Thc table below givcs a sUl11l1Jary of' the various optimization algorithms 

cmployed in thi s study to analysc the Submcrged Sewage Dispersion Model. 

Algorithm No of itcrations Global minimull1 
-- - -----=1 --

Analytical 721 2.1 x 10' 
--

Sprict-Baron 184 2.1 x 10'4 

F\tcndcd Coggins 11 2.1 x I O '~ 

1 ahlc 4.4.1 

The following observations arisc ('rolll the abovc tabular presentation: 

RCllIa rks 
I . In thc analytical simulation. the objective function is considcred as a function 

'l 

of the variablc. 

The optimal point was locatcd after 721 iterntions. 

Thc optimal point of 11 = 72.1 

Thc minimulll valuc 01'/(11) = 1. 1 x I (r~ 

For the Sprict-8aron algorithm. the objcctivc ["unction is considercd as a 

1\lnction with two var iablcs. 

Thc optimal point was localcd ann 184 iterations. 

The minimulll value 01'/(11) = 2. 1 .'( I (r~ 

J. For the extended Cogg in s algorithm. the objectivc 1i.lIlction is considered as a 

functi on of two variables. 

The optimal point \Vas locatcd aftcr 12 itcrations. 

Thc minimllm valuc off'(l1) = 2. 1 x I (r~ 
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All the algorithms attain global minimum with di rrerent number of iterations. 
~ 

A cOlllpa~g,n of the results rrom the table above sho\Vs that the extended Coggins 

optimization algorithm is a better algorithm for the solution orthe problem under 

study . . 
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CHAPTER FIVE 

CONCLUSION AND REQOMMENDATION 

5.1 CONCLUSION 

The non- gradient method considered so far avals to one the fun­
damental issues in the design of line search which is a combination of 
direct search and curve fit.ting in snch a way t.hat. under fairly general 
conditions, convergence to t.he minimum is guarant.eed. 

A comparison of t.he efficiencies of the line search methods consid­
ered in locating the optimal value of the function (table 4.4.1) shows 
that .though each method succeeded in approximating the location of 
the minimum at 4* = 2, 1 X 10- 4, the number of iterat.ion shows a great 
difference. While the Spriet- Baron optimization algorithm requires 184 

I 
iterations before attaining the global minimum; the Extended Coggins 
algorithm attains the global minimum wit.h just 12 iterations. 

5.2 RECOMMENDATION 

Going by the above pre.sentation, the Extended Coggins optimiza­
tion method has as an iterative method proves to be better than the an­
alytical and Spriet- Baron methods. This is because it does not consume 
(o,CCupy) much of computer space and at the same time produces bet­
ter .r.esults with fewer iterations; making it a time-saving non- gradient 
method. 
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APP'E'NDIX I 

l(a) Momentum = Mass x Velocity 
Momentum = Area x Dynamic velocity 
if area = 10m2 

1(b) 

At = 10m2 x (1.00 x 1O- 3)J(gm- 18 - 1 

= 10m2 x 0.001](gm- 18 - 1 

= 0.01Kgrn8- 1 

p,. = Cp{L 

k 
Cp = 3930 JIg](; It = 1.005 J(gm-1 ; K = 0.61 wlmK 

. Given these values, we have that: Pr = 6.4748 

1 (c) According 00 Schlictings [7], we can determine a from the expres-
sion: 

M = Momentum 
p = density 

i 2/3 

a = 0.2753 ( ~) 

Howatsn et al [15] gave the valnes as follows: 
M = 0.01 Kg 'm 8-J ; (J = 1025 Kg m-1 ; which gives the value: 
a = 0.099 
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APPENDIX II 
NOTATION / SftECTIVE NUMENCLATURE 

u = horizontal velocity component 

x = horizontal distance 

y = vertical distance 

Fo = density difference flux per unit length of diffusion 

G r = GRASHOF number 

Po = mass flux of pollutant per unit length of diffusion 

Pr = PRANDTL number 

a = thermal expansion coefficient 
... 

W = stram function 

() = redllced densit.y difference 

p specific mass 

r = Gamma function 

K = thermal ~onductivity of fluid 

T/ = similarity variable 

Cp = specific heat constant pressure of the fluid 

f = dimensionless stream function 
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