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ABSTRACT 

One of the major problems of numerical analysis is that of solving differential 

equations. A great many variety of methods have been developed which enable us to 

provide solutions to many differential equations, even to those that have defied 

solution analytically. In this research work, we examine existing processes, how they 

are derived, how they are proved mathematically and their limitations. Based on such 

analysis, we derive, through Taylor series expansion, a new 6-step implicit linear 

multistep method of order eight for solving initial value problems. By assigning 

suitable values to the free parameters involved, we develop three di fferent schemes. 

For acceptability, the schemes so derived are tested for consistency and zero stability. 

Hence, their convergence is established. Also provided are examples of initial value 

problems solved with the new schemes . 
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1.1 PREAMBLE 

CHAPTER ON E 

INTRODUCTION 

The use of simple arithmetic operationR to fmd approximate solutions to complex 

problems constitutes the main goal of numerical analysis. And one of the major 

problems of numerical analysis is that of solving differential equations, which are just 

relationships involving an independent variables X, a dependent variable y, and one or 

more differential coefficients of y with respect to x. An example of differential equation 

will be 

y " I 2y' I xy -= 0 

Differential equations represent dynamic relationships; i.e. quantities thai change, and are 

thus frequently occurring in scientific, engineering, as well as social problems. The 

solution of a differential equation thlLl~ provides solution to the physical problem it 

represents. 

Traditionally, solutions to differential equations were derived WJing analytica~ or exact 

methods. These solutions are often useful as they provide excellent insight into the 

behaviour of some systems. However, analytical solutions can be derived for only a 

limited class of problems. These include those that can be approximated with linear 

models and those that have simple geometry and low dimensionality. Consequently, 

analytical solutions are of limited practical value because most real life problems are 

nonlinear and involve complex sh.apes and processes. 
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In such cases, where a differential equation defies solution an~lytjcaUy, an approximate 

solution is often obtainable by the application of numerical methods. Nwnerical methods 

are techniques by which mathematical problems are fonnulated so that they can be solved 

with arithmetic operations. This meanlJ that the relevant particular solution is obtained as 

a set of function valueR for the range of valueR of tJle independent variable. This set of 

points is an approximation of exact solution at these points. 

The goal of fmding numerical solutions to differential equations is to get a method that 

will give an answer that will be (if possible) the same as the exact solution. 

A broad variety of methods or schemes have heen derived for solving differential 

equations. These methods can be classified into two thus: One-step and multistep 

methods. 

One-step methods pennit the calculation of Yt +1. given the differential equation and Y" 

They utilize information at a single point x, to predict a value of the dependent variable 

Yi+1 at a future point Xi+/ . There are two families of one-step methods: methods of Taylor 

and methods of Runge-Kutta. The methods of Taylor are further classified mto Euler 

method and methods of Taylor of greater order. (Chapra and Canale ,1998). 

Multistep methods require additional values of yother than at i. Multistep methods are 

based on the insight that, once the computation has begun, valuable information from 

previous points is at our disposal. The curvature of the lines connecting these previous 
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values provides jnfonnation regarding the tr~ectory of the 80lution. The multistep 

methods exploit this infonnation to solve ordinary differential equations (Chapra and 

Canale, 1998). 

Some famous sub-classes of multistep methods are, Adams-Moulton, Adams-Bashforth 

and Predictor-Corrector methods. 

Although there are many kinds of numerical methods; they have one common 

characteristic: they invariably involve large numbers of tedious arithmetic calculations. In 

fact, it is a business of solving hard problems by doing lots of easy steps (Chapra and 

Canale, 1998) 

Various reasons detennine the choice of one method over another, two obvious criteria 

being speed and accuracy. However, the advent offa~t and efficient digital computers has 

increased dramatically the role of num eric aJ methods in solving scientific, engineering as 

well as social problems. (Scheid, 1998). 

The application of computer algorithm to implement a new 6-step implicit linear 

multistep method for initial value problems fonns the basis for this project. 

1.2 LITERATURE REVIEW 

The family of multistep methods for solving initial value problems offers a wide range of 

methods which are further grouped into sub classes. A great many methods have been 
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developed in this direction, and yet other" are still being developed. Many have 

\Uldergone changes either to improve their accuracies, or their error control strategies, or 

to shed more light on their behaviours in general. 

DAHLQUIST (1956), made the first investigation that brings strict mathematical 

analysis to the problem of the convergence of numerical solutions to initiai value 

problems, and ushered in a new era in the subject. In seeking the highest possible order 

thet can be achieved by a Jinear k-step method, the consistency condition ill automatically 

achieved, but we come acros!! what is known as the 'ftrst Dahlquist barrier'; which arises 

in attempting to satiRfy the 'root condition' (Lambert, 1973). The highest order that can be 

attained by a linear k-step method is 2k if the method is impUcit, and 2k-l if it is explicit. 

Linear k-step methods achieving such orders are called MAXIMAL. However, maximal 

methods, in genera~ fail to satisfy the 'root condition' and are thus Zerb-Unstable. The 

following theorem thus encapsulates the first Dahlquist barrier. 

Theorem: No zero-stable linear k-step method can have order exceeding k+ 1 when k is 

odd and k+2 when k is even(Lambert, 1973). 

HULL and CREAMER (1963), pointed out that for the convergence of predictor­

corrector methods using a constant step size, an optimal step size should be small enough 

to ensure convergence within two iterations of the corrector. In addition, it must be small 

enough to yield a sufficiently small truncation error. At the same, the lltep size should be 

large as posRible to minimize runtime cost and round-off error. As with other methods fot 

ODES, the only practical way to assess the magnitude of the global error is to compare 

the results for the same problem but with a halved step size. 
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GEAR (1971), developed a special series of implicit schemes that have very large 

stability limits based on backward difference formulas. Extensive efforts have been 

made to develop software to efficiently implement Gear's methods. As a result, this is 

probably the most widely used method to solve stiff systems. 

LAMBERT (1973), showed that the highest order we can expect from a linear k-step 

method is 2k if the method is implicit, and 2k-J if it is exp Ii ci t. 

ONUMANYI ct al. (1981). developed a software for a method of finite 

approximations for the numerical solution of differential equations, which was based 

on the Tau method. According to them problems with complex initial boundary or 

mixed conditions involving combinations of function and derivative values, can be 

dealt with by means of their program. Consequently, encouraging results have been 

obtained in the solutions with regions of rapid variation, oscillatory behaviour and 

stiffness. 

FATUNLA (1987), derived some new predictor-corrector formulas using an arbitrary 

step number k. According to him a matrix representation in the spirit of Gear was 

incorporated so as to facilitate variable step, variable order modes. Accordingly for 

even step numbers, the proposed algorithms are nearly symmetric and hence perform 

better than the Adams- Bashforth- Moulton predictor - corrector formulas on 

oscillatory initial value problems. 

AWOYEMI (1994), derived a two-step method for the continuous solution of initial 

value problems for the second order differential equations without first derivative 

explicitly present. The method is based on collocation at the grid points and at one 

off-grid point Xn+v ,(xn. xn+t). In addition, the Numerov's method of order four is 

recovered for any v , (0.2) v # at x= x" +2. 
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SIRISENA and ONUMANYI (1994), developed a continuous formulation of a 

modified self-starting Numerov method for the second order differential equations. 

According to them, the uniformly accurate discrete schemes obtained by evaluating 

the continuous formula at certain points are solved ' simultaneously as block methods 

for a uniform treatment of initial and boundary value problems. 

SlRISENA et aJ. (1996), attempted to seek other alternatives to the class of Adams­

predictor-corrector method, two new families of linear multistep methods are 

developed, one explicit and the other implicit. They are based on collocation at 

arbitrarily selected mesh points and two point interpolation. The predictor schemes of 

step numbers k= 2, 4, 6,.. . are symmetric which is also a desirable property for 

q;.<trapolation process. They have smaller error constants than the corresponding 

Adams-Bashforth methods, implying greater accuracy, though their intervals of 

absolute stability are located at the origin, due to symm~try. The corrector schemes on 

the other hand are competitive with Adams-Moulton methods for the higher order 

methods. The order of the proposed methods is p=t+m-l where [=2 is the number of 

distinct interpolation 'points (xn and Xn+k-l) used. The number of distinct collocation 

used is m=k-l with collocation at x = Xn +J .... ... . Xn+k-J for the predictor while m=k with 

collocation at x= Xn+l , ...... .. Xn+k for the correctors. 

ONUMANYI et al. (1997), discussed the improvements in the multistep methods for 

solving ordinary differential equations (ODES). They stated that of recent, discrete 

multistep methods have been extended to continuous forms based on multistep 

collocation. According to them following the extension, continuous ones have more 

ability to solve the ODES than the discrete ones, that is, initial value problem (IVP) is 

solved without looking for any other method to start the integration process. They 
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claimed that even the problem of overlap of 801ution models usually aS80ciated with 

multistep finite difference methods is overcome, and on the sarno ftxed meshes the higher 
.',' 

order methods can be applied successively by choosing different values of the step 

nmnber. 

CHAPRA and CANALE (1998), showed that if the predictor and the COtTCCtor of a 

multistep method are of the same order, the local truncation error, Ee, may be estimated 

dwing the course of a computation by 

o '" E = _ J' i~ l - Yi+l 

< 5 
(1.2) 

,,: 

As an example, using the corrector equation for the Hewn method, 

(1.3) 

Its local truncation error is analysed as 

(1.4) 

Where the subscript e designates that this is the error of the corrector. 

Also, the predictor for the non-self-starting Helm method is 

(1.5) 

Its local tnmcation error is taken as 

(1.6) 

Where the subscript p designates that this is the error of the predictor. 

Equation (1.6) above can be combined with the estimate of YI+/ from the predictor step 

(eqn.(1.S» to yield: 
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True value = approximation + error 

i.e. 

(1.7) 

Using a similar approach, the error estimate for the corrector (eqn(1.4» can be combined 

with the corrector result YI+/ to give 

True value = approximation + error 

i.e. , 

T I _WI 1 h3 (3)(~ ) rue va ue - Yi+t - IT Y ':1< (1.8) 

Eqn (1. 7) can be subtracted from eqn (1. 8) to yield 

o - WI 0 ~ h3 (3) (~) 
- Yilt - YI+I - IT Y ':I (1.9) , 

Where ( is now between XI _/ and Xt+/. Now, dividing eqn (1.9) by 5 and rearranging the 

result gives 

(1.10) 

The Right hand side of equations (1.4) and (1.10) are identica~ with the exception of the 

argument of the third derivative. If the third derivatiw does not vary appreciably over the 

interval in question, we can assume that the right hand sides are equa~ and therefore, the 

left hand sides should also be equivalent, as in 

o WI 

E = _ Yi+l - YI+l 

< 5 

cHAPRA and CANALE (1998), outlined two criteria that are typically used to decide 

whether a change in step size is warranted. 
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First, if eqn (1.2) is greater tJlan some prcspecified criterium, the step size is decreased. 

Second, the step size is chosen so that the convergence criterion of the corrector is 

satisfied in two iterations. This criterion is intended to accOlmt for the trade-off between 

the rate of convergence and tlle total number of steps in the calculation. For smaller 

values of h, convergence will be more rapid but more steps are required. For larger h, 

convergence is slower but few steps result. Experience (Hull and Creamer, 1963) 

suggests that the total steps will be minimized if h is chosen 80 that the corrector 

converges within two iterations. Therefore, if over two iterations are required, the step 

size is decreased, and if less than two iterations are required, the step size is increased. 

CHAPRA AND CANALE (1998), outlined some software libraries and packages that 

have great capabilities for solving ODES and detemtining eigenvalues. According to 

them, the following are some of the ways the packages can be applied for this purpose. 

EXCEL 

Excel's direct capabilities for solving eigenvalue problems and ODES is limited. 

However, if Borne programming is done (e.g. macros), they can be combined with Excel's 

visualization and optimization tools to implement some interesting applications. 

MATHCAD 

Mathcad has a number of different functions that determine eigenvalues and eigenvectors 

and solve differential equations. 

MATLAB 

As tnight be expected fue standard MA TLAB package has excellent capabilities for 

detetmining eigenvalues and eigenvectors. However, it also has built in fwtctions for 

solving ODE. The standard ODE solverS include two fimctions to implement the 
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adaptive stepsize Runge-Kutta Fehlberg method. These are ODE23, which uses second­

and-third-order formula to attain medium accuracy,and ODE45, which uscs fourth-and 

fifth-order fonnula to attain higher accuracy. 

IMSL 

IMSL has a variety of routines for solving ODES and determining eigenvalues. The 

IVPRK. routine, for example, integrates a system of ODES usmg the Rtmge-kutta 

method. 

1.3 NOMENCLATURE AND DEFINITIONS 

1.3.1 INITIAL VAl JUE PRORLEM 

A ftrst order differential equation, y' == fit, y), together with an initial condition, y(fo)=yo, 

constitutes an initial value problem: 

y' = f(t,y ~ (1.11) 

The following theorem, whose proof may be found in Henrlci (1962), states condition on 

j(t,y) which guarantee the existence of a unique solution of the IVP (1.11) 

Theorem: 

Letfit ,y) be defmed and continuous for all points (t,y) in the region D dcf'med by to ~ t ~ 

tM - ex) < Y < ex), to and tN finite, and let there exist a constant L such that, for every t, Y, 

y. such that (t. y) and (t, y. ) are both in D, 

V(t, Y ) - f(t, y • ) ~ Lly - y *1 (1.12 ) 

Then, if Yo is any given number, there exists a tmique solution y(t) of the initial valuc 

problem (1.11), where y(t) is continuous and differentiable for all (t,y) in D. 
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The requirement (1.12) is known as a Lipschitz condition, and the constant L as a 

Lipschitz constant . (Lambert, 1973) 

1.3.2 NUMERICAL SOLUnON 

We wish to solve the standard initial value problem given by equation (1.11) above. 

Since analytical or exact solutions are not always possible to find, it is essential to work 

with techniques which work without them. One approach is the numerical analysis, which 

tries to fmd good algorithms to approximate solutions. This simply means finding 

procedures by which computers can do the solving for us. We seek a solution on the 

interval [to. tN] of t where 10 and iN are fmite . We assume that equation (1.11) has a unique 

solution. The t-axes is discretized over a fmite interval [to. tN]; that is, the continuous 

interval [too tN] of t is replaced by the descrete point set, {In}, defined by tn=lo+nh, 

n=O, J,2, ... .. ,N=(b-a)lh. 'The subdivision points In are often equally spaced, that is 

tn=to+nh where the parameter h cal1ed the step length or step size is defined by 

We let y(tll ) denote the exact solution y(t) of equation (1.11) at the point'" and YII to 

denote the numerical slution at tn. 

We seek to fmd a way of producing a sequence of values {yn} that approximates the 

solution of (1.11) on the discrete point set {t/l}; such a sequence constitutes a numerical 

solution of the IVP (1.11) (Lambert, 1991) 
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1.3.3 NUMERICAL ME'nIOD 

A numerical method can be defmed as a difference equation that involves a number of 

consecutive approximations YII +}, j = 0, J, ... .. , Ie, from which if will be possible to compute 

sequentially the sequence {y,rln=0,J,2, ... . ,N}. (Lambert, 1991). Although numerical 

methods for IVPs can take many forms, all of them can be written in the general form 

k 

LajYn+j = h¢f (Yn+k, Yn+k-p", Yn,tn;h) 
J EO 

i = 0,1, . . . , k - 1 

(1.13 ) 

(1.14) 

Where subscript/indicates that the dependence of ¢onYn+h YII#-- I . .. ,YIt; til is through the 

functionj(t,y), and {Il; (h)}, -o.I .. l-I are the initial points (Patrizia, 2001) 

1.3.4 ORDER OF ACCURACY 

To enable us quantify the order of accuracy of a numerical approximation we consider 

the Taylor series expansion of y(t) € C around til , i.e . 

T _ y() '() h
2 

" ( ) h' (,)() Yn+l - tn + hy tn + - y tn + .. .. + - y ~ 
2 rl 

(LIS) 

Where (€ [tPl> 111+/ ] and subtitute this into the numerical method under cotUIideration . 

Let f € C. Le. of the same order of the solution. Then we say that a numeric at method is 

r-th order accurate if the tenn in h' in the Taylor expansion of the unknown is correctly 

reproduced .This is indicated by O(I{) .The oder r allows us to tell by how much the 

result! are improved when the step is reduced . In genera~ one prefen methods with a 

large r , since a reduction of h promises a large gain in accuracy. 
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We note that the order r depends only on the method and not on the differential equation, 

provided f satisfies the assumption. An obvious property to require of any nmnerlcal 

method is that the approximation solution {}J,.}, dermed by equation (1.13), gives the 

exact solution over interval [to, tN). (Partrizia,2001) 

1.3.5 CONVERGENCE 

A nwnerical method is convergence if 

limy,. = Y{t) 
11 -+0 

for all t over the finite interval [to. 1m, i.e. if the sequence of improved values converges 

to the true value of y. A method is not convergent is said to be DIVERGENT 

(patrizia, 200 1). 

1.3.3 LOCAL TRUNCATION ERROR 

The leading order deviation is called LOCAL TRUNCATION ERROR at the nth-step 

k 

En+k = Lajy(t,,+J - h~f(y(t"+k }y(t"+k_t}··· ,y(tJt,,;h) (1.16) 
jaQ 

and the LOCAL UNIT TRUNCA nON ERROR is given by 

e - E'Ht 
,,+1 - h ' (1.17 ) 

Starting at the exact value at t,., i.e. if it is calculated with single- step of integration at the 

position (fn+lh). 

These errors are local (that is, etror per step). The total error usually buildt Up as one 

moves away from the initial value Yo. and it is composed of the accumulated. 10ca1 
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truncation error and of machine error. This JaRt one is due to finite nwnerlcal accuracy of 

tbe calculation, which depends on the computing and its method of rOlmding decimal 

(round-off error). 

1.3.4 GLOBAL OR TOTAL TRUNCATION ERROR 

The total truncation error is the difference between the solution y(xlI+J) and YII +/ (the 

solution calculated after n+ J steps ): 

(1.18 ) 

The defmition of convergence can be formulated using the total errot: a numerical 

method is convergent if 

limmaxl~"I1 = 0 (1.19 ) 
1t ~0 " z O. I, _ , N 

It is natural to expect that the error will accumulate steadily as integtation proceeds, but 

that is not so. The stability of the problem can cause errors to decrease as well as to 

increase, 

A first thought on the appropriate level of accuracy, that might be needed fot 

convergence, is that E".1 ~ 0 as h ~ O. In-depth remarks show that this is not going to 

be enough. The appropriate level is to demand that 8 "+t ~ 0 as h -4 O. 

1.3.5 CONSISTENCY 

A numerical method is called CONSISTENT if the local tnmcation etrot satisfies: 

(1.20) 

14 



The necessary and sufficient conditions, which must be satisfied by a nwncricaJ method 

(eqn 1.13) to be consistent are: 

and 

¢ f (y( t"+1e ), y( t"+H ), . .. ,y( t" ), t";O) 
Ie = /(y(t")) (1.22) 

'Lja j 
j..() 

Ie 

which using the first characteristic polynomial p( ~ ) = L a j~ j , ~ E C, it is possible to 
j~ 

rewrite the two equalities in the usual fonn 

p(l)= 0 

¢f(y(t"+k~y(t"~k_J ... ,y(tJt";O) = (.J )) 

p'(l) f\n.t" 

(1.23 ) 

(1.24) 

(patrizia,2001) 

Specific condition for single class of methods are being found. 

For linear multistep methods, consj~tency demands that 

(i) p{l)= 0 
1 

(ii) p'(l)= a(I); where a(~) = LPj~j 
}.o 

For general Range-Kutta methods, consistency demands that 

(Lamert, 1991) 

We apply the above conditions to the following examples of numerical methods: 
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1. Y" .. 2 + Y,,+I - 2y" = f [J(/"+2, y,, .. 2)+ 8/(t"i I' Yn .. J+ 3/(/", y,,)] 

2. Y" .. 2 - Y,,+I = t [3/(/"+I>Y,, .. I) - 2/(/".y,,)] 
3. YIt+I - y,, = f(k l +3kJ ) 

where 

kl = I(/",Y,,) 

k2 = I(t" +th,y" +t hkJ 

k) =/(t" +th,y" +1 hk2) 

where 

kl = l(t",Y,,) 

k2 = I(t" +h,y" + 1hk\ + thk2) 

It is easily seen that condition (l.23) is satisfied for all of them. It is straightforward to 

see that (1.24) holds for example (1) . For example (2), we have, 

where p '(l) = 1 and 

¢j(Y(tJY(t,j ... ,Y(t,jt,,;o) = ~f( ()) 
'() t",Y t" P 1 3 

and the method is inconsistent. If it is applied to the initial value problem (1 .11) it will 

attempt to solve instead the problem y' = t/(t,y1 y(to)= Yo ' For examples (3) and 

(4), it is clear that when h=O and Yn is replaced by y(t,J. each of the k, reduces to j(ln. 

y(tn)), and 0 .24) is satisfied. Thus all of the examples except example (2) are 

consistent. (Lambert,1991) 
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1.3.9 STABILITY 

A numerical method is said to be STABLE if a small deviation from the true 80lution 

does not tend to grow as the solution is iterated. 

We consider a fOlnt of stability, which is concerned with the stability of the difference 

system in the limit as h tends to zero. 

Let {bll, n=O,J, ... ,N} and {8;, n=O,J, ... ,N} be any two perturbations of the discretized 

Problem (i.e. difference equation generated by the method) and let {y ... n=O,J, .. ,N} and 

{y:, n=O, J, ... N} be the resulting perturbed solutions. lben if there exist positive 

constants Sand 110 such that, for all h E (0, ho1 

I~n -y;11 ~ S& whenever 118" - 8:~ ~ E, 0 ~ n ~ N (1.25) 

then the method is said to be ZERO-STABLE. (Lambert, 1991) 

It is a characteristic of non-zero stable methods, that decreasing the step-size actually 

makes matters worse, i.e. the error grows at an increasing pace. Any etTor due to 

discretization and round-ff could be interpreted as being equivalent to perturbing the 

problem. lbe zero-stability is thus a requirement that the difference system be likewise 

insensitive to perturbation~ . If the inequality (1.25) is not satisfied, then no Acceptable 

solution will be producd. 

An algebraic alternative defmition to the zero-stability is given U8btg the ROOT 

coNbmON. 
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A numerical method is said to satisfy the ROOT CONDmON if all of the roots of the 

first characteristic polynomjal have modulol e8~ than or equal to Wlity, and those modulo 

unity are simple. (Lambert, 1991 ). 

Thus the necessary and sufficient condition for a nwnerical method to be zero-stable is 

that it satisfies the root condition. (Lambert, 1991) 

The following linear multistep method is used to illustrate zero-stability: 

Y,,+2 - (1 + a )Y"+I + ay" = t 11[(3 - a )/"+1 - (1 + a )/,,] 

The first characteristic polynomial for this method ill: 

Thus, when a=O the method is zero-stable and when a=-5 it is zero-Wlstable 

(Lambert, 1991) 

From the above facts, we conclude that the necessary and sufficient condition for a 

numerical method to be convergent are that it be consistent and zero stable. That is, it 

must satisfy the following conditionR: 

( 
.. ) ~ I (y(t,,+! ~ y(t,,+!_1 ), .. . ,y(t" ), t,,;O) = (y( )) 

11 p'(I) f tIl 

(iii) No root of the equation: fl...e) = 0, has modulo greater than 1, and every root with 

modulo is simple. 
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t 

ere p(~) = La)~j 
)~o 

eloware some examples of convergent and non convergent schemes: 

'or this method p(J) = 0; /(1) = <I>(1) = 3. Thus satisfying conditions (i) and (ii) . The roots of 

(> ) are> = 1, -2 ; which does not satisfy condition (iii) and therefore Zero unstable. Hence, 

e method is divergent. 

Here, p (1) = 0 ; / (1) = 1, c:t>(1) = 113. Hence, inconsistent (not satisfying condition (ii)) . The 

'oots of p (» satisfy condition (iii) Thereby making it zero-stable. Therefore, it is divergent. 

here 

1 = f(t" , yJ 
2 = f(t" +}h, y" +}hkl) 

= f(t" + i h, y" + thk2) 

G 

or this method, L b, = -t (1 + 3) = ~ = 1. Thereby satisfying condi tions (i) and (ii) . The root of 
,=1 

(»=1; also satisfying condition (iii). This makes' the method both consistent and zero-stable. 

erefore it is convergent. 

.4 AIM AND OBJECTIVES 

he aim of this study is to derive an optimal 6-step implicit LMM for the solution ofIVPs. 

e objectives of the study include the following: 

To derive a convergent 6-step implicillinear multistep method, which is optimal. 

I. To verify the accuracy of the method by mak.ing comparison with the exact solutions and 

. own methods of similar steps. 

Ii. To use the method to solve some differential equations. 
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CHAPTERlWO 

NUMERICAL METHODS FOR SOLVING ORDINARY 

DIFFERENTIAL EQUATIONS 

2.1 NUMERICAL METIIODS FOR INITIAL VALUE PROBLEMS (IVPS) 

In the preceding chapter, we made an introduction into what numerical methods for 

solving IVPs are all about. A great many of such methods have been developed, and yet 

many more are still being produced. Although all the methods have certain fundamental 

properties common to them all of them are further classified into different sub-classes, 

with specific characteristics peculiar to each class. It is this classification of nmnericat 

methods we shall discuss in this chapter. 

2.2 ONE - STEP METHODS 

One - step methods are numerical methods that detennine the solution at the support 

times through the recursive formula 

nEN 

i.e. k = 1 in the formula 

~ 

L:ajYnfj = h~f(Yn-f~,Ynfl--l, ... ,Yn,t,,;h) 
j - O 

there are two families of one-step methods: 

(i) Methods of Taylor 

(ii) Methods of Runge - Kutta 

20 
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The methods of Taylor type are filrther cJaRRified into Euler method and methods of 

Taylor of greater order. 

2.2.1 EULER METHOD 

If we take the ftrst two tenns of the Taylor series, which descn'bes the exact sotution at 

to compute 

After n steps it yields 

( ) _ ~ h (r) ( ) 
Y 1"+1 - £..J ,Y I" 

,.,. 0 t. 

Y,,+l = y" + hi" (2.2) 

Equatioh (2.2) above is called the Euler's formula or the Euler method; the simplest of 

the numerical methods for solving first - order differential equations. 
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Graphical Interpretation of Euler Method 

T. 

o I~ t 

FlG 2.1 

If AT is the tangent to the curve at A, then 

NT dyl 
AN = dt t ~ fo = Yo 

NT , 
-'; = Yo 

.: NT = Y~ 

': At I = 11' MT = Yo + hy~ 

By Euler's relationship, YI = Yo + "y~ I.e. MT. 

The difference between the calculated value of y, i.e. MT, and the actual value of the 

fimctiony, i.e. MB, at t = tl, is indicated by TB. This error can be considerable dependirtg 

on the curvature of the graph and the size of the interval h. It is inherent to the method 

and corresponds to the truncation of the Taylor's series after the second tenn. 
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Although Euler method is simple in procedure it is tacking in accuracy, especially away 

from the starter values of the initial condition. And it is of use only for very BntaU values 

of the interval h (Stroud, 1996). 

In spite of its practical limitations, it is the foundation of several more sophisticated 

methods. 

2.2.2 METIIODS OF TAYLOR OF GREATER ORDER 

In order td obtain a numerical method with greater order of accuracy than the Eulet 

Method, we could just as well take more terms of the Taylor's series expansion. A 

method of second order looks like. 

Since y~ = I(xn ,y,, )= In then 

h 2 
• 

Y,,+1 = Y" + hf" -I- 2 fn 

This implies the truncation error 

More generally, a K-order numerical method is: 

h2 
" . hl: l: 

YIHI = Y" + hf" -I- - Y" + .. . + -k Y" 2 I 
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With a truncation error 

About the convergence, the fol1owing is valid . 

LEMMA: All the consjRtent One-step methods 8atisfy the root condition (patrlzia, 2001). 

PROPOSITION: Given a numerical method of Taylor type, if t/{t,., YII) satisfies the 

LipscWtz condition and the method is consistent then, from the above 1etrtma, the method 

is convergent (Patrizia, 2001). 

2.2.3 RUNGE - KUfTA METHODS 

The idea of extending the Euler method, by allowing for a multiplicitY of evaluations of 

the function J within each step, was originally proposed by Runge (1895), further 

contributions were made by Helin (1900) and by kutta (1901). 

Given YII as an approximation to Y (til), where Y satisfies the differential equatioo system, 

f:R X R'" -4R"', 

the approximation YII +J to y(11l+/) is computed by evaluating 

24 



I 

Yn+1 = yn ·1 h'Lblkl 
I- I 

where 

k/ = itn + CJ1,Yn + ht,aukl} 
J l J- I 

i = 1,2, ... ,s 

An alternative fonn of the above, is, 

I 

YM I = Yn + h "Lb,/(tn + c;h,Y;) 
Izl 

where 

y; = Yn + h±aljf(tn + cJh,yJ 
j e l 

i = 1,2, ... ,9 

The two fonns are equivalent by making the interpretation 

kl = /(In + CJ1, YI ~ i = 1,2, ... ,9 

(2.3) 

(Lambert, 1991) 

(2.4 ) 

(Lambert, 1991) 

The integer s is the number of stages of the method and measures its complexity, since 

the humber of evaluations of/per step equals s. The set {au, bl}1 -I, .. . , I of constant8 

characterizes a particular method of this type. 
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The quantities Y/ are approximations to solution values y(t) for t ranging through 

various values near tn. Also j(Yi) are approximations to yl( t) at the same values t. 

, 
(Patrizia,2001) 

Runga-kuttn methods are often represented using the Butcher array as follows : 

c. 

b. 

An s - stage Runge-kutta method is completely specified by its butcher array as 

The components of C are the row sums of A 

(Lambert, 1991) 

From the definition, a Runga-kutta is consistent when 
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(Lambert 1991) 

And whenYII+1 depends only upon the evaluations of the previous pointS/(Y/}t -tH o .. . '" 

if all = 0 for all J ~; ~j ~ s, it is called EXPLICIT. Otherwise it is said to be IMPLICIT. 

We present below Some explicit Rwtge-kutta methods: 

ONE STAGE 

The general s-stage Runge-kutta method (2.3) becomes I-stage awe set b1 = b3 = O. 

Then 

From the Taylor expansion follows that the best one can do is set bl = J, hence 

Thus there exists only one explicit one-stage Rwtge-kutta method of order 1, namely 

Euler's Rule. (L1mbert, 1991) 

TWO STAGE 

If we set b3 = 0, the method becomes two-stage 
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where 

(Lambert, 1991) 

On comparing with the expansion for y (XII +1), 

We see that order 2 can be achieved by choosing 

There exists an inf"mite family of explicit two-stage Runge-kutta methods of order 2. 

Two solutions yield well-known methods: 

(i) The Modified Euler (or Improved Polygon) method 

Its Butcher array is 

~I~ 
fot 

28 



( ii) TIle Improved Euler (or Beun) method 

Its Butcher array is 

THREE STAGE 

By satisfying the following coefficient conditions one can achieve order 3. 

bl + bz + bJ = 1 

bzcz + bJcJ = Yz 
b2C~ + b3c: = X-

b]czan = X 

Two particular solutions lead to well-known methods: 

( i ) l-Ieun's third order fotmula. 

Its Butcher atTay is 

o 
X- X-
X 0 X 

X 0 X 
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( if) Kutta's third order fonnula 

It has the Butcher array 

o 
X X 
1 - 1 2 

FOUR STAGE 

The most popular Runge-kutta scheme is the classical Runge-kutta method of otder four 

(4). 80 popular is this method that when one sees a reference to a problem having been 

solved by "the Runge-kutta method", it i8 almost certainly the classicat Runge-kutta 

method that has been used. 

It has the following Butcher array: 

0 

X X 
X 0 X 
1 0 0 1 

X }; ){ X 

The dassical Runge":kutfa scheme is as follows: 

Yn+t = Yn + Hkt + 2k2 + 2k] + k~) 
where 

kt = f(xn,Y n ) 

"2 = f(xn + ;{,Yn + Xkt ) 

kJ = f(xn + X'Yn + Xk2 ) 

k4 = f(xn + h, Yn + I1kJ ) 
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The absence of Ie} in the evaluation of le3, and absence of Ie}, 1e1 in the evatuation of 1e4 may 

have played a role in making this method popular. However, Lambert (1991) suggests 

another reason for the popularity of the method: "In the pre-computer days, computatiOi18 

were performed on purely mechanical devices. Multiplication or division was a tiresome 

business on such machines. Since the main computation is in the evaluation of the 

functions to produce the kt 's. That the c, ' sand 01' S are always either t or ~ incre88ed 

the chances of any division in the evaluation of/terminating quickly" 

2.3 MtrL TISTEP METHODS 

As stated in the preceding chapter, we can write a numerical method for solving IVPs in 

the general form: 

k 

L: a jy lI+} = h(J/(Ynfk' Ynf l _1 , ... ,y", tIl; h) 
j s O 

i = O, ... ,Ie - l 

1f k > 1 in the above formula then the numerical method is called multistep, because it 

determines the solution at the support times using k values. (pattizia, 2001) 

2.3.1 LINEAR MULTISTEP METHODS (LMMs) 

Let YII be an approximation to the theoretical solution at til' that is, to ~tll)' and tet 

j,.=j(tItlYn)' Then, we say a linear multistep method of step number k, or a linear It -step 

tnethod is a computational method for determinhtg, the sequence {YII} that talces the fonri 

of a line~r relationship betweenYII+j, J,.. +j> j == 0, I, .. . , Ie. 
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Thus the general lmm may be written. 

k I-

L:ajy,,~j = hL:Pjf".} (2.5) 
} ..o j-o 

Where a j and Pi are constants; we assume at = J and that not both «0 and Po are zero. 

We say that the method is explicit if /h == 0, and implicit if A ;e o. (Lambert, 1973) 

The above defmition may be fonnulated in a more compact alternative notation. In 

chapter one, we introduced the frrst characteristic polynomial A~ associated with the 

general form of a numerical method. In the case of linear ntultistep methods we define a 

similar polynomial O{~, which is Raid to be the second . characteristic polynomial of 

(2.5); i.e. 

I-

p(~) = L:a}~}, 
}..o 

Where ~ € C is a dwnmy variable. 

Thus the Imm (2.5) can now be written in the form 

(2.6) 

Where E is the forward Rhift operator 

for all M E N 

It is easily established that the consistency condition is guaranteed if 
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and /)(1) - a(t) (2.7) 

(Lambert, 1973) 

And the zero-stability should be verified through the root conditiott. 

Within the general class (2.5) of linear multistep methods, there ate several weU known 

sub-classes. The sub-class of methods of ADAMS TYPE are characterized by 

Since the spurious roots of p are all situated at the origin of the complex plane, methods 

of Adams type are clearly zero-stable for aU values of k. Methods of Adartts type which 

have the maximum possible accuracy are known as ADAMS ME1lIODS; if they arc 
\ 

explicit they are known as ADAMS-BASHFORTH ME11IODS, and if implicit ~ 

ADAMS-MOULTON METHODS. 

Then l-step Adatns-Bashfotth method is Euler's Rule, 

While the I- step Adams-Moulton method is the Trapezoidal Rule, 
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othet sub-classes are characterized by 

are clearly al"o zero-stable for all k. ExpHcit members of this sub-class are known as 

NYSTROM METIIODS, and implicit member" as GENERALIZED MILNE-SIMPSON 

METIIODS. A well known example of a Nystrom method is the mid-point Rule 

Yn+2 - Yn = 211/n+l' 

and of a Generalized Milne-Simpson method is Simpson's Rule. 

A sub-class that is important in dealing with stiffitess consists of the HACKW ARD 

DIFFEREN11ATON FORMULAE or BDF, which are implicit tnethods with 

cr(~) = PIc~Ic. (Lambert, 1991) 

The following 

Where tly n = Y n - Y n-l and recursively 6.i Y n = 6.(8-1 Y n ) describes a getteral BDF 

method. It can be proved that the method is convergent for only Ie = J 1 .. . , 6. (l>atrizia, 

20(1) 
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2.4 PREDICTOR - CORRECTOR MF:TlfODS 

At each step of an implicit method we must solve for YII+O 

.t- l .t- l 

Y,,+l- + Lajy,,+j = hfJl-f(t,,+l-' YMl-)+h'LfJjfll+J 
j~O J-O 

In general this equation will be nonlinear in YII +1-. One way of solving this equation is 

Newton's method (Mackenzie, 2000). A much simpler way of obtainingYII4 is by using 

the iterative algorithm. 

.t - l 

y~:~l) = hfit f(t",t ,J,~S')k) - L: (a jY"' j -.. fi}f".J, (2.8) 

s = 0, 1, ... 

\ 

\ 
Where Y~~l- denotes the approximation of YII-ti- after s iterations. 11te solution YII+I- is 

therefore the fiXed point of the function. 

1--1 

g(YMl-) = hPl-f(t"~l-' Y"ik) - L (a jY,,+j - Pjfll+ J ) 
Je{) 

The fixed point iteration (2.8) wi1l converge to the unique solution in the sense that 

for any arbitarary guess of Y~~l- if the condition Ig'l < 1, where diffetentiatiOtt is with 

respect to YIltJ-. If f (I, y) is continuously differentiable and 1~1 < L thett we are 

guaranteed to have convergence so long as 
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1 
11 <-1- 1 L 13k 

(2.9) 

This condition on the maximum value of h is only likely to be severe for problems with 

large Lipshitz constants i.e. stiff problems. For non-stiff problem the step size will be 

detennined by accuracy conCJiderations leading to step- sizes that will be IitrtaUct than 

(2.9). 

In practice, a pre-assigned tolerance e would be chosen and the iteration performed until 

!J, (H l) _ y ( ) ! < £ 
nt·k ntk (2.10) 

To speed up the tate of convergence we would like a cheap way of Providing a good 

initial guess for YII+.l'. TItis could be done by using an explicit method to ptedict the value 

of .Y~~k' The fixed point iteration could then be used to correct the solution. There ate 

two ways that the correction stage could be carried out. First we couid just iterate until 

(2.10) is satisfied. This approach is called CORRECTING TO CONVERGENCE. The 

overall method would therefore just be the implicit method as the effect of the explicit 

predictor would be lost once convergence was reached. On the other hartd we could 

decide to only compute a fixed numher of iterations of the correction stage and then pass 

into the next step. The advantage of this approach is that we can khow itt advance how 

much effort is going to be expended for each step. One othet advan.tage is that thilJ 

Apptoach is computationally less expensive than cotrectittg to cot1vergence. ttowevet, 

gmce We ate not ~teed to have converged using a fixed ttumbet of' itetatiott it 11 not 
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clear exactly what metJlOd we have used now being a mixture of the predictor and 

corrector. If we let P denote an application of the predictor, C a single application of the 

corrector, and E an evaluation off, then if we compute Y ~~)l- from the predictor, evaluate 

fll~O~ = f(t n .... Y~~k) and then apply the corrector once to get Y~+l- , Ute calculation is 

denoted symbolically by PEC. If we decide to carry out another correction step we need 

to first evaluate III~~ = I(tll+., y~l:.) and then correct to get Y!!)I:' The total algorithm at 

this stage is denoted by PECEC or p(EC)2. II we apply the corrector m times the 

algorithm is denoted by (P(ECt. Aller we have completed m correction steps we have 

the option df evaluating III(;~ = f(t lid: ' Y~~n which will be used as part of the prediction 

stage to calculate Yn +c H. This mode of operation is denoted by P(ECtE. This will give us 

a slightly difIerent algorithm 10 the r(EC)'" mode where.l~+t is not updated using Y~:l. 

To summarize the above let the k-step explicit predictor method denoted by 

1- 1 1- 1 

Ynlt + L:a;Yn.t = hL:fJ;/II ~} 
j =O } =O 

and the implicit corrector method by 

k- l .-1 
YII. t 1- La,_"n.) = hPkfnij ·1 "LPj fll+ i 

, =0 j aO 

The P(EC)'"E mode is defined as follows 
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l - 1 k- l 

Y~~l + La;Y~7~ = "Lf3;f}j predict 
j - O J. O 

for s = 0, 1, ... , m - 1 

/.
(s) _ j '(t (s) ) 
"~k - 'Ill' Y"I.t , Evaluate 

.t - l .t - l 
(HI)" (m) - I{J /,(s) I" fJ 1.("') Y"+.t + L.,.a jY"'j - 1 .t 'Ill + lL.,. } "Ij Correct 

, ~ o ,.0 

1. (111) - j "t (",) ) 
nl ,t - ~" I,t'Y,,+.t, Evaluate 

The P(Ect algorithm takes the fonn 

.t - I .t - l 

Y~~),t + La;Y~7~ = "LfJ;f"(~J- l) predict 
J-O )-0 

for s = 0, 1, ... , m - 1 

f"(:l = f(t" +,tl Y~~,t), Evaluate 

1- 1 1- 1 

,(HI) + " (m) - I f3 I,(s) + h" f3 1.("'-1) >"+k L..-a,Y"" - 1 k ,,.k L..- j "01, Correct 
j~O ' so 

/, (m) - f't (m) ) 
"+.t - ~"'.t'Yn+.t , Evaluate 

We would like to derive an expression for the leading term in the truncation error of a 

predictor - corrector method. We will concentrate on the analysis for the p(EC)m tnode of 

operation as the P(ECtE approach is done Rimilarty. Let assume that the predictor is of 

order p'" and has error constant C·. i.e. 
p +1 

and tJlat the corrector ill of order p and has error constant Cp +J i.e. 
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Mackenzie (2000), showed that we can deduce the following about the truncation error of 

the predictor-corrector method. 

1. If the order of the predictor is greater than or equal to that of the corrector, i.e. 

p. ~ p and m ~ 1 then m + p' + 1 ~ p + 2 and the leading term in the 

truncation error is that of the corrector. 

2. If the order of the predictor is tess than that of the corrector i.e. 

p' = p - q < p and 0 < q ::; p - 1, then the leading term of the local truncation 

error is 

(a) that of the COtTector alone when m ? q + 1 as m + p - q ? P + 2 . 

(b) of the samc order aA that of the corrector but not identical if m = q as 

m+p-q+l = p +l. 

From the above it is not clear what the ideal combination of predictor, corrector and the 

number of correction steps should be. However, if we use the same order of predictor and 

corrector then for free we can get an estimate ofthe local tnmcation error which could be 

used to adaptively change the step si ze. 

One example of a popular predictor - corrector algorithm is the following fourth - order 

Adams - Bashforth - Moulton pair: 

predictor: YnH - Yn+3 = :~ (551M3 - 591nH + 37/n+1 - 9/,,) 

corrector: Y n+4 - Y n +J = ~ (91n+4 + 191M] - 51n+2 + In+l ) 

Error estimate' C !J 5y (5)(t )~ _ ..!!..L(t) _ y(o)) 
• 5 n 270 \Y n~ 4 ,,+4 

Interval 01 absolute stability ;n PECE mode: (- 1.25,0) 
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CHAPTER THREE 

DERIVATION OF A SIX-STEP IMPLICIT LINEAR MULTISTEP 

METHOD (Ll\1M) 

3.1 THE SIX-STEP IMPLICIT LMM OF ORDER EIGHf 

Although a number of ways for deriving a lmm exist, one of the best of such 

methods is through Taylor series expansion. Lambert (1973) described the process 

thus: 

Let 0 be the linear difference operator defined by 

k 

O[y(t); h)] = ~)aj y(t + lh) - h/3jy'(t + lh)] (2. 1) 
jeO 

where y(l} is an arbitrary function, continuously differentiable on [a , b]. if we expand 

y(t+lh} and its derivative y'(t+Jh} as Taylor series about t, and collecting like terms we 

have 

where cq are constants. 

The constants cq are expressed in terms of the coefficients 'Ii.!> 3j thus : 
• 

Co = a o + a l + a 2 + ... a k 

c\ = a 1 + 2a2 .. · +kak - (/30 + /31 + /32 + ... /3k) 

c2 = i(a1 + 22a2 +3 2 a 3 + . . . eak )- (/31 + 2/32 + ... k/3k ) 

Cq = ft (a\ + 2q a 2 + 3q a) + .. . k q a k )- ~(P\ + 2q
-
1 /32 + 3q

-
1 /3) ... k q

-
1 
/3k) 

q= 2, 3, . .. 

(2.2) 

(2.3) 

we can use the above formulae to derive a linear multistep method of given structure 

and maximal order. 
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Suppose we choose to expand y(t+ Jh) and y '(t+ Jh) about t+ rh; where r need not 

necessarily be an integer, We obtain 

If we employ the Taylor expansionB 

y(q)(t + rh) = y(q)(t)+ ,-hy(q+')(t)+ ... + " s~' y(q+S)(t)+ ... 

q = 0, 1, 2, . .. 

where y(O) (I) = y(t)i and substitute in (2.4), we obtain on equating term by term with (2.2) 

Co = /)0 

c1 = D, + ,-Do 

C z = Dz + rD, + ;~ Do 

(2.5) 

c p = D p + rD p - l + ... + ~I Do 

- D D ,'+' D C p+l - p+l + r p + ... + tp;iJ 0 

The formulae for the constantB Dq expressed in teons of aj. pj are 
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Do = a o + at + a 2 -\ • • • a l 

D t =-rao + (l - r)a t + (2 - r)a 2 + ... + (k - r)a l 

- (Po + Pt + P2 + ... PI: ) 

Dq = ~ ~ - r)q a o + (1 - r)q a 1 ·f (2 - r)q a 2 + . .. . (k - r)q at] 
- ~ [(- ,. tl Po + (1 - ,yr-l PI + (2 - r)q-l P2 + .. .. + (k - r)q-l PI:], 
q = 2, 3, .. . 

(2.6) 

where r = 0 (2.6) reverts to (2.3). A judicious choice for r can sometimes reduce the 

labour in deriving linear multistep methods. 

In this research work, we wish to derive an optimal 6-step method. Therefore, all the 

roots of the first characteristic polynomial P(~) must be on the unit circle. We know that 

p(~) is a polynomial of degree 6. Hence, by consistency, it has one real root at + 1 and 

another real root at -1. The fouf remaining foots mll'!t be complex. 

Hence we have 

~2 = -1 , 

Hence 

p(~) = (~ - lX~ + lX~ ·_e' tfl X~ - e - ' tf l X~ - e '" X~ - e - "') 
-= (~~ - 2 cos () 1 ~ J + 2 cos () t ~ - 1 X~ 2 - 2 cos () 2 + 1 ) 

J! _ -( ~ 
';,15 - e 

= ~ 6 _ 2 cos () 2 ~ ~ + ~ ~ - 2 cos () 1 ~ ~ + 4 cos () 1 cos () 2 ~ ~ - 2 cos () I ~ 3 
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+ 2cosOIe - 4cosOI COS(}2~ 2 + 2 cosOI~ - ~ 2 + 2cosfJ2~ - 1 

= ~ 6 _ (2cos02 + 2cosOI );~ + (4 cos fJl cos 02 + l)t - (4cosfJ
l 
cosfJ

2 
+ 1).; 2 

+ 2(cosOI + 2cos(2 ); - 1 

= ~6 + 2(cosOI + cos 0 2 );5 + (4cosOI cos02 + 1);4 - (4cosOI cos O
2 
+ 1); 2 

+ 2(cos 01 + 2cos ( 2 ); - 1 

Set cosO) = a, cosO; = b 

=> 

p(~) = ~ 6 _ 2(a + bg S + (4ab + 1)~4 - (4ab + 1)~ 2 + 2(a +b)~ - 1 

=> 
a 6 =+1, a s =-2(a +b), a 4 = (4ab +l), a J = O, 

a 2 =-(4ab +l), a l = 2(a+b), a o =-1 

We require the method to have order k+2. We now state the order requirement in 

terms of the coefficients Dq rather than in terms of the Cq. 

From (2.6) we have the following: 

D o = a o + a l + a 2 + a 3 + a 4 + a s + a 6 

DI = - rao + (1 - r)al + (2 - r)a2 + (3 - r)aJ + (4 - r)a4 + (5 - r)as + (6 - r)a6 

- (fJo + fJl + fJ2 + fJJ + fJ4 + fJ5 + fJ6 ) 

D2 = ~ [c - r/ ao + (1 - r)2 a l + (2 - r) 2 a 2 + (3 - r) 2 aJ + (4 - r)2 a 4 + (5 - r) 2 as + (6 - r) 2 aJ 
- [- r/3o + (1 - r)/31 + (2 - r)/32 + (3 - r)/31 + (4 - r)/34 + (5 - r)fJ5 + (6 - r)/36] 

DJ = -t [C- r)3 a o + (1 - r) J a l + (2 - 1')3 a 2 + (3 - r) J a J + C 4 - r) 3 a 4 + (5 - r)3 a s + (6 - r) J aJ 

- ~ [(_r) 2 /30 + (1 - r) 2 /31 + (2 - r) 2 /32 + (3 - r)2 /33 + (4 - r) 2 /34 + (5 - r) 2 /3~ + (6 - r) 2 /3J 

D4 = -:lJ k-·r)4 a o + (1 - r)4 a 1 + (2 - r)4 a 2 + b - r)4 a ) + (4 - r)4 a 4 + (5 - r)4 a s + (6 - r/ aJ 
-t, [(- r) J fJo + (1 - r)J /31 +(2 - r)3 /32 + (3 - r) J /3J + (4 - r) J fJ4 + (5 - r) J!is + (6 - r) J fJJ 

D s = ft [c - r)5 a o + (1 - r) s a I + (2 - r) s a 2 + (3 - r) Sa J + (4 - r) 5 a 4 + (5 - r) S a s + (6 - r) 5 a 6 ] 

- t[( _r)4 Po + (1 - r)4 PI + (2 - r)4 P2 + (3 - r)4 PJ + (4 - r)4 P4 + (5 - r)4 Ps + (6 - r)4 pJ 
D 6 = ii [c - r) 6 a o + (1 - r) 6 a l + (2 - r) 6 a 2 + (3 - r) 6 a J + ( 4 - r) 6 a 4 + (5 - r) 6 a 5 + (6 - r) 6 aJ 

- if [c _r)5 Po + (1 - r)5 PI + (2 - r) 5 P2 + (3 - 1') 5 PJ + (4 - r) 5 P4 + (5 - r) 5 P5 + (6 - r)5 P6] 

D7 = * [(- 1')7 a o + (1 - r)7 a
1 
+ (2 - r)7 a

2 
+ (3 - r)7 a J + (4 - r)7 a 4 + (5 - r)7 a s + (6- r)7 aJ 

- ~ [( - r) 6 /30 + (1 - r) 6 /31 + (2 - r) 6 /32 + (3 - r) 6 fJ ) + ( 4 - r) 6 /34 + (5 - r) 6 /35 + (6 - r) 6 fJ 6 ] 
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D8 = ~[(- r)8aO +(1 - r) 8al 1- (2 -- r)~az +(3 - r)9 a ) + (4 - r)ea~ +(5 - r)9 as +(6-r)9 a6 ] 

- ft [< - r) 7 flo + (1 - r) 7/31 + (2 - rf fJz + (3 - rf fJ ) + (4 - r) ~ /3~ + (5 - r) 7/35 + (6 - r)7 pJ 
D9 =-b [(- r)9ao +(I - r)9al +(2 - r)9aZ +(3 - r)9a ) +(4 - r)9 a • +(5-r)9 a5 +(6 - r)9 a6 ] 

- ~J-r)8 fJo + (1 - r)8 fJI + (2 -- r)8 fJ2 + (3 - 1')8 fJ ) + (4 - r)8 fJ. + (5 - r)9 P5 + (6 - r)8 P6] 

Setting r = 3 and Dq = 0, q := 2, 3, 4, 5, 6, 7, 8 we have, 

D2 = ~[3zao + 22al + a z + a 4 + 22a 5 + 32 a 6 ] - [- 3fJo - 2fJI - P2 + P. + 2/35 + 3fJJ= 0 

D3 = t[- 3
3 
a o - 23 

a l - a z + a 4 + 23 
a 5 + 33 

aJ- +, [3 2 
Po + 2z PI + P2 + P. + 22 P5 + 32 PJ= 0 

D4 = -li[Ti 
a o + 2" a l + a z + 24 as + 34 

aJ- t [3 3 Po + 23 /31 - pz + P. + 23 Ps + 33 PJ= 0 
D5 = i[- 35 a o - 25 a. - a z + a 4 + 25 as + 35 a 6 ] - t [3'4 Po + 24 P. + P2 + P4 + 24/35 + 34 PJ= 0 

D6 =~ b6ao +26 a. +a2 +a. + 26 a5 +36a6 J- ~l- 35 Po _ 25 P. - 132 + 13. +25135 +3 5 13J=O 

D7 = tr[-37 a o - 2
7
a, - a 1 + a ... +27

a 5 +37 a 6 1- t,p6 fio +26 PI + Pl + P4 +26 P5 +36 p,,]=O 

D8 = fr[38ao +2~al +a2-la ... 12Ra\I-38 a ll ] ~ l 37fio - 27fJI - Pl -l- P~ + 27p,+37/36]=0 

However, on inset1ing the values we have obtained for the {(j into these equations we 
\ 

have 

- 3fJo - 2fJ. - fJz + fJ" + 2fJ5 + 3fJ6 = 0 

32 Po -I- 22 fl. -I- Pz + P4 + 22 fl5 + 32 P6 = t[28 + 4ab - 16(a+b)] 

- 3
3 

Po + 2
3 /3. - fJ2 + P4 + 2

3 
P5 + 3

3 
P6 = 0 

34 flo + 24 P. + /32 + P4 + 24 fJ5 + 34 P6 = t[244 + 4ab - 64(a + b)] 
- 35 Po - 25 P. - pz + P4 + 25 P5 + 35 P6 = 0 

36 Po + 26 P. + P2 + /34 + 26/35 + 36 P6 = +[2188 + 4ab - 2S6(a + b)] 

- 37 /30 - 2' P. - Pz + P4 + 2' /35 + 3' P6 = 0 

can satisfy the first, third, fifUt and seventh of these equations if we choose 

The remaining three equations give 

44 

(2.7) We 



32 /30 +2 2/31 + /32 = H28+ 4ab - 16(a + b)] 

34/30 + 24 /31 + /32 = t(244 + 4ab - 64(a +b)] 

36 /30 + 26 /31 + /32 = t [2188 + 4ab - 256(a +b)] 

From (2.8) we have 

/32 = t [28 + 4ab - 16((a + b )] - 9/30 - 4/31 

Substituting (2.11) into (2.9) 

(2.8) 

(2.9) 

(2.10) 

(2.11 ) 

81/30 + 16/31 + t[28 + 4ab - 16(a +b )) - 9 /30 - 4/31 = t [244 + 4ab - 64(a + b)] 

72/30 + 12/31 = H244- 4ab - 64(a +b )) - t[28 + 4ab - 16(a + b)] 

72/30 + 12/31 = tt [592 - 8ab - 112(a +b)] (2 .12) 

Substituti ng (2.11) into (2.10) 

729/30 + 64/31 + t[28 + 4ab - 16(a + b )]- 9/30 - 4/31 = t [2188 + 4ab - 256(a +b)] 

720/30 + 60/31 = t[2188 + 4ab - 256(a + b )] - t[28 + 4ab - 16(a + b)] 

720/30 + 60/3, = i, [6368 - 16ab - 656(a + b)] (2 .13) 

From (2.12) and (2.13), solving simul taneousl y, 

72/30 + 12/3\ = tt[S92- 8ab -112(a +b)] X 60 

720/30 + 60/31 = i [6368 -16ab - 656(a + b)] X 12 

4320/30 + 720/31 = 4[592 - 8ab - 112(a + b)] 

8640/30 + 720/3, = ~(6368 - 16ab - 656(a + b)] 

- 4320/3 - -8896 - 160 ab - 1.!1. (a + b) o - 7 7 7 

=> 
/30 = ~5[278+5ab+16(a+b)]= /36 

Substituting (2.14) into (2.12) 
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72Po + 12fJ,' = 1\ [592 - 8ab - 1 t 2(a ~ b)] 

l2P1 = ,~[592 - 8ab - 112(a+b)] - lci2
2.J8896+160ab+512(a+b)] 

::::> 

P1 = 1~J160 - 8ab - 76(a + b)] = p~ 

Substituting (2.14) and (2.15) into (2.11) 

P2 = H28 +4ab - l6(a +b)] - 9fJo - 4Pl 

(2.15) 

P2 = H28 + 4ab - 16(a + b )] - JOlfO[8896 + 160ab + 512(a+ b)] 

- 4~0 [640 - 32ab - 304{ a .. b)] 

::::> 

Po = iih[~2 + 167ab - 272(a + b )] = P4 

Finally, solvingD, = 0 gives 

- 300 - 2°1 - 02 + 04 + 205 + 306 - 3PJ - (/30 + PI + P2 + /34 + P5 + fJ6) = 0 

P3 = - (Po + PI + P2 + P4 + Pj + P6) - 300 - 201 - 02 + 04 + 205 + 306 

PJ = - 2{Po + PI + pJ - 3( - 1)- 2[2(a + b )]+ (4ab + 1)+ (4ab + 1)- 2[2(a + b )]+ 3(+ I) 

=2 +81 +a - a+b {
-k(278+5ab +16(a-l b)), nh(160 -- 8ab - 76(a+b))} ( b ( )) 
+ t!;(62 + 167ab - 272(a + b)) 

::::> PJ = 9~j (3008 + 5688ab - 1328(a + b)) (2.17) 

We solve for the error constan~ D9 
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D = 1. [_ 39 a _ 29 a _ a + a + 21> a -j 39 a ] _ 1. [38 

f3 0 + 2
8 

P, + P 2 + P. + 2
9 

P,] 9 9t 0 " 2 4 , 6 8t 9/3 
+3 6 

= ~[- 39ao - 29a, - aJ- ~p8 Po + 28/3, + P2] 
= ~[- 39(- 1)_ 29(2[a + b ])+ (4ab + 1)]- t[3 8 {9h (278) + 5ab + 16(a+ b)} 

+ 28 {, ~, (160 - 8ab - 76(a + b))} + {,~, (62 + 1670b - 272(a + b»> ] 

= ~[19684 + 4ab + 1024(0 + b )] - ft[2':4~56 + ¥-ab - ~ (a + b)] 

= 1. [- 60'6 - 736 ob + 8576 (0 -1- b)J 81 4' 45 4' 
D9 = - 907'200 [6016 + 736ab - 8576(a + b)] 2.18 

Since a = cos OJ . b = cos fh . 0 < OJ < 7r I 0 < fh < 7r a and b are restricted to the range 

-1 < a < 1 and -1 < b < 1. So there is no allowable value for a and b which will cause D9 

to vanish, that is cause the order of the metJwd to cxceed 8; we also observe that there is 

no allowable value for a and b which will cause P6 to vanish, thuCJ making the method 

explicit. 

Our choice of values for a and b is guided by the fact that we like to tninimize the error 

constant as well as the need to develop a method that makes computation. easier by 

reducing te number of operations involved. 

Although it is possible to get so many schemes out of the method we have developed, by 

simply changing Ole variables 0 and b, we limit our work to three (3) schemes 8A follows: 

SCHEME 1 

The following values are therefore, assigned to the variables: 
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a = X 

b = - x 
Since this causes two coefficients a2 and a4 to vanish. 

Hence the following values are obtained for the coefficients ai, f3t 

a 6 = +1 

a 5 =-X 
a .. = 0 

a J = 0 

a 2 = 0 

a 1 = X 
ao =-1 

n - HO I - P 
f 'o - IIHO - 6 

P -121- P I - 3 15 - 5 

P = - 1111 = P 
2 1260 4 

Substituting the values of a and b into (2.18), the Error constant is: -0.002489711924 

And finally, we have the scheme: 

{

HOI r J91 r 1111 r 3&48 r ] 
• _ 51 + 51 _ _ / iiHOJ"'6 " '3i5"J"'5 - 1260J".4 +l9'J5 J".l 

Y,,+6 /6Yn+5 /6Y"~1 Y n - _ !1!l r ill r 21QL r 
1260 J ".2 + 315 J ".1 + 11340 J" 

(2.19) 

scHEME 2 

Similarly, we generate another set of values for a and b in order to get a second scheme. 

The fol1owing values are, therefore assigned to the variables: 

This causes two coefficients as and fr J to vanish. Hence the following values are obtained 

for the coefficients a, A . 
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a 6 = +1 

a5 = 0 

a4 = -JU6 
a 3 = 0 

a - 33 1 
2 - 116 

a l = 0 

a - - 1 0 -

P = 17541 _ P 
o 60480 - 6 

fl - 443 - fJ 
1'1 - 280 - 5 

/12 = -4~~1 = fJ4 

fJ = -=..!11 
3 252 

When the values of a and b are substituted into (2.18) , we obtain the Error constant as: -

0.006010251323 

And we have a second scheme: 

[

.l1.M1 (' 443 f lU (' ill. (' ] 
_ JJI I + nl _ . _ h 60180 J /H6 + reo M5 - 449 J 11+4 - 252 J,,+1 

Y,,+6 l Id 11+4 116Y".2 Y" - _ ill (' _ 443 j ' 17541 (' 
448 J "1·2 I- 280 ,,+1 + 60480 J" 

(2.20) 

SCHEME 3 

1n the same way, we obtain a third scheme by assigning the following values to a and b. 

a = Yz 

b =-Yz 

This causes four coefficients al. al. a4. and a.s. to vanish. Thus we have the following 

values for the coefficients al , Pi 

a - +1 6 -

a 5 = 0 

a 4 = 0 

a 3 = 0 

a z = 0 

a l =0 

a o = - 1 

fJ - 41 - fJ o - j40 - 6 

fJ -!g_ fl 
I - 105 - 1'5 

fJ - 27 - fJ 2 - i4cj - 4 

fJ = 68 
3 35 
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SubstitUting the valueR of a and b into (2.18), the Error constant is: -O.OO6428~71429 

Hence our third scheme is as follows : 

j,2 TEst FOR CONVERGENCE 

SCHEME 1 (8 = 3/4, b = -1/3 ) 

To prove that scheme 1, given by (2.19) converges, it is sufficient for UA to show that it is 

consistet1t as well as iero-Ratble. 

CONSISTENCY 

From (2.19), the first characteristic polynomial p(~) is given by 

(2.22) 

6 

p'(e) = L ja JeJ-t 

jr{) 

6 

P(1) = 2:aj = 1- %+ %- 1= 0 (2.23) 
j",(J 

6 

p'(l)= 2:ja j = 6(1)- 5(%) + 1(%)- 0(0) 
}..{) 

= ~ = 2.666666667 (2.24) 

The secohd characteristic polynomial o(() is given by 
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(2.25) 

J . O 
HOI 391 1111 ) \).48 1111 ) 91 340 1 

= -+-- - +---+-+ -
11140 )!5 1260 28)5 1260 )1 5 l 1) ~O 

=2.666666667 (2.26) 

From (2.23), (2.24) and (2.26) we have 

(i) p(i)= 0 

(u) p'(l) = a(l) } (2.27) 

Hertce the scheme (2.19) (a = 3/4, b = -113) is consistent. 

ZERO-STABILITY 

(2.28 ) 

Eqn (2.28) represents the ftrst characteristic polynomial of scheme 1 (2.19). We are 

expected to show that no root of (2.28) has modulus greater than 1 and that every toot 

with .nodulus 1 is simple, to establish zero-stability. 

A1ready we know that (2.28) has two real roots at +1 and -1, i.e., (~2 -1). To obtaitt the 

remaining four complex roots we carry out tong division to obtain 

we divide through by ~2 to have 
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~ 2 _ Y ~ + 1- '/ ... .1 + ...L. - 0 
." /6 '" / 6 ~ e' -

~2 +?- - % (~ + t)+ 1 = 0 

/rom (2.30) 
y2 = ~2+~ + 2 

~ 

(y2 - 2)=~2+t 

substituti ng (2.31) int 0 (2.29 ) 

(2.29 ) 

(2.30 ) 

(2.31) 
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5/ + ~1 69/ 
/6 - / 36 

2 

y = ~ (2.32) 

y =- YJ' (2 .33) 

substituting(2.32) into (2.30) 

~+t= % 
~2+2=l; 

~2 - 3~+2 = 0 

~= 3±J9=l6 = 3±~ 
4 4 

3 - J7 
~ = i or 

4 

substituting (2.33) int 0 (2.30) 

~+t =- ~ 

3~2+j =_~ 

3~2+~+3 = 0 

- 2 ± J 4 - 36 - 2 ± ~ - 32 
~= = ---

6 6 

- t - 2J2 
~ = I or 

3 
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Therefore, the six roots of p (0 are, 

e1 = +1 

e2 =-1 

c;) = 3+ J7 i 
4 

3- /7 . C;. = , 
4 

C;s = - 1 + 2J2 i 
3 

- 1- 2,fi . 
e6 = 3 ' 

(2.34 ) 

Next, we show that ~II ~ 1, ; = 3, 4, 5, 6. It is obvious that ~II = ~ f = ~ 2. 

from (2.3 5} it follows that le41 = 3 - J7 i = 1 
4 

sitttitatiy, from (2.36) 
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Thus (" ; = 1, 2, 3, 4, 5, 6 satisfy the zero-stability condition. 

Hence we conclude t11at scheme 1 (a = 3/4, b = -113) is convergent. 

scltEME 2 (8 = 718, b = -7/8) 

CONSISTENCY 

From (2.20), the first characteristic polynomial P(() is given 

6 

P(~) = Lb;4J 
J.a 

= ]:6 _ l!]:4 + l!]: 2 - 1 
'" 16'" 16'" 

=:> 

P(1) = 1- ~ + ~~ - 1 = 0 

And 
6 

p' (~)= Lja i J-
1 

J=O 

= 6~5 _ 31 ~3 + 3: 
=:> 

(2.37) 

(2.38 ) 

(2.39 ) 

p'(l)= 6 - 31 + 3i 1f = 1.875 (2.40) 

The second characteristic polynomial o(() is given by 



C5 
O"(~)= LPJ~J 

1-0 

= W~~C5 + ~~' - m~4 _ ill-~3 _ ~~l + ~~ + ~ 
0"(1)= 1.875 (2.41) 

And from (2.391 (2.40) and (2.41) we observe thai 

(i) P(l) = 0 
(ii) p'(I) = 0"(1) 

Hence scheme 2 (a = 7/8, b = -7/8) is consistent. 

ZEl{O-STABILITY 

We look for the roots of P(eJ, 

We know that p(~ has two real roots, " = +1 and & = -1, which implies that «(-1) is a 

factot. We carry out long division and obtain, 
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~4 _ 17 ~2 + 1 = 0 
16 

Dividing through by ~2 

~2 _ 172 +~=O 
16 ~2 

~2 + ~_ 17 = 0 (2.42) 
~2 16 

1 
let Y = ~+ - (2.43) 

~ 
~ 

y2 =e +~+ 2 
~2 

(y2 _ 2) ::!: e + ~\ 

Substituting (2.44) into (2.42) 

_ - (-7)±~(-7)2 - 4(4)(4) 
~ - 2(4) 

1 7±J15. = , 
8 

Sitnllarly, sUbstituting y = -7/4 into (2.43) 

4~2 + 7~ + 4 = 0 

This gives 

~, = - 7 + .Jf5 i 
8 
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- 7 - Jf5 . 
~6 = t 

8 

Therefore, the six roots of p{(J (2.38) are 

~I = +1 
~2 =-1 

~3 = 7 + Jl5 j 

8 

~4 = 7 - .J1S i 
8 

~s = - 7 + Ji.5 ; 
g 

- 7- Ji.5. 
~6 = I 

8 

(2.45) 

And lastly, we 

Lt' 1_ 7+Jf5 . 
""3 - 8 I 

show that I~/I ~ 1, ; = 3, .. .. ,6 

7 Jf5 . = -+-1 
8 8 

(49 + ~ 
~64 64 

ltt view of the symmetry of the roots, it implies ~,I ~ L i = 3, .. . ,6. Thereby 

establishing zero-stability. 

And Hence, scheme 2(a = 7/8, b = -7/8) is convergent. 

SClmME j (a = 112, b = -1/2) 

CONSISTENCY 

Frotrt (2.1) above, the flfSt characteristic polynomial is wven as 
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6 

P(~) = LaJ~J (2.46) 
JmO 

= ~6 _ 1 

P(1)= 1- 1 = 0 (2.47) 
6 

P(~)= Ljai j 

jsO 

= 6e 5 

p'(l) = 6(1) = 6 (2.48) 

The second characteristic polynomjat o(~ is, 

j =O 

= ~e6 + 162 eS + 27 e4 + 68 eJ + 27 e2 + 162 e + ~ 
140 105 140 35 140 lOS 140 

a(1)= 41 + 162 + 27 + 68 + 27 + 162 +~ 
140 105 140 35 140 105 140 

=6 (2.49) 

from (2.47} (2.481 and (2.49) we observe the following 

(i) P(1) = 0 
(Ii) p'(I) = 0-(1) 

We thetefote conclude that scheme 3 (a = 112, b = -112) ill consistent. 

ZElto-st ABILITY 

We firtd the roots of P(e) 
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And we have the following real rootR 

~l = + 1 , ~2 =-1 
~ 

(~l - 1) is a factor of p(~) 

Tbe other factor of o(~) is : ~4 +~2 + 1. To find the other roots, we put 

~4+~2+1 = 0 

Dividing through by ~ z 

~2+;2 + 1 = 0 (2.50) 

1 
let y=~+- (2 .51) 

~ 

SUbstituting (2.52) int 0 (2.50) 

}>2 - 1=0 

y2 = 1 

y=±Ji 

= ±1 

subtiluting y = 1 int 0 (2.51) 

~+ ~ =1 

~2+1 
--=1 
~ 

(2.52) 
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F 

~2 +1 = ~ 
~2 - ~+1=O 

~= - (-1)±~'--(--lY---4 
2 

ii J.=3 
= 

2 

1±J3 . 
=-- 1 

2 

~3 = 1+.J3 i, 
2 

~4 = 1- J3 i 
2 

Substitutirigy = -J into (2.51) 
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~ + ~ =-1 

e +I =-~ 
~2 + ~ + 1 = 0 

~= -l±n 
2 

-I± J3 . = I 
2 

Thus the six roots of p(~) are 

~I = +1 

~2 = - 1 

q =1+.J3; 
3 2 

I- J3 . 
~4 =-- 1 

2 

~5= - 1+J3i 
2 

-1- J3 . 
~6 = , 

2 

Lastly, we show that ~{I ~ 1, ; == 3, 4 , 5 , 6. 

~,I= 1+;13; = [(H +~ r = [~+~r = m~ 
= (I)~ = 1 

=~41 = ~51=~61 

'thig itrtplies that the 8cheme is zero-stable. Therefore, the 8cheme (a = 1/2 , b = -112) fj 

convergent. 
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3.3 TEST FOR ABSOLUTE ST ABILl1Y 

The linear multistep methods we have developed are optimal methods (i.e. of otder k+2. 

In this case, order 8). And as with all optimal methods they haw no interVal of absolute 

stability (Lambert, 1973). 
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CHAPTER FOUR 

APPLICATION AND COMPARISON OF RESULTS 

4.1 APPLICATIONS 

We use the 3 schemes to solve various differential equations. To start with, we solve the 

foHowing differential equation 

y = x + J'; y (O) = 1 , h = 0.1 

STAR1'lNG VALUES 

(4.1) 

As with aU k-step methods(k> l) we face the problem of generating additional starting 

values, Also, we demand that these starting values should be calcu1ated to an accuracy 

at teast as high as the local accuracy of the main met1lOd. This means that any method we 

use to calculate the starting values must itself require no starting values other than Yo. 

In this work, we decide to use the FourtJl Order Runge-Kutta method to evaluate the 

starting values y" , n=O, 1, 2, . . . ,5, sUlce the Runge-Kutta methods constitute the most 

efficient method for generatulg starting values for linear multistep methods. 

The Fourth order Runge-Kulta method is given below: 

Y,,+1 = Y" + %(k1 + 2kz + 2k) + k4 ) 

kj = I(x", y,,) 

kz = I(x" -I- Yz h, Yn -I- Yz hk1) 

k) = I(x" + Yz h, Y" + Yz hkz ) 

k4 = I(x" + h, Y" + ltkJ ) 

(4.2) 

To tlse the above for generating Yo, YI, . . , Y.5 for problem (4.1) we have 

n = O 

xo = O 

Yo - l 
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k1 = I(xo. Yo) = 1(0, ) = (H 1 

kz = I(xo + Yz h, Yo + Yz hK,) = 1(0 I- 0.5'" O. J, 1 + 0.5· 0.1 "'I) 

= 1(0.05, 1.05) = 0.05 + 1.05 

= 1.1 

k3 = I(Xu + Yzh, Yo + X hkz) = 1(0+ 0.5"'0.1, 1 + 0 . ~"'0.1·1.1) 

= 1(0.05, 1.055) = 0.05 + 1.055 

= 1.105 

kl, = I(xo + h, Yo + hkJ ) = 1(0 + 0.1, 1 + 0.1"'1.105) 

= 1(0.1, 1.1105) = 0.1+ 1.1105 

= 1.2105 

substituting Yo. h, kl, ... . k( into (4.2) gives 

Yl = Yo + %,(1+ 2(1.1)+ 2(1.105)+ 1.2105) 

= 1 + 0·%(6.6205) = 1 + 0.110341667 

Yt = 1.110341667 

11 = 1 

Xl = 0.1 

YJ = 1.110341667 

Yl = Yl + %,(k, + 2kl + 2k) + k .. ) (4.3) 

~ = I(~, Yl) = 1(0.1, 1.110341667) = 0.1 + 1.110341667 

= 1.210341667 

kl = l(x1 + ~h, Yl + ~It~) 
= 1(0.1 + 0.5+ 0.1, 1.110341667 + 0.5 ·0.1 +1.210341667) 

= 1(0.15, 1.17085875) = 0.15 + 1.17085875 

= 1.32085875 

~. = I(xl + Yzh, y\ + Yzhk2 ) 

= /(0.1 + 0.5"'0.1,1.110341667 + 0.5 ·0.1"'1.32085875) 

= /(0.15, 1.176384605) 

= 1.326384605 

k" = l(x1 + h, Yl + 11k) 
= 1(0.1 + 0.1, 1.110341667 + 0.1+1.326384605) 

= /(0.2,1.242980128) = 0.2 + 1.242980128 

= 1.442980158 

OtUlUbstitutittgYJ, h, kJ •• •• , k4 into (4.3) 
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Y2 = 1.110341667 f- °U(1 .210341667 f 2(1.32085875) + 2(1.32638460S) + 1.442980128) 

= 1.110341667 -I- 0.13246475 

Y:i = 1.242805142 

n = 2 

Xl = 0.2 

Yl = 1.242805142 

YJ = Yl + %(~ + 2k2 + 2~ + k4 ) (4.4) 

~ = /(x2 , Yl) = /(0.2, 1.242805142) = 0.2 + 1.242805142 

= 1.442805142 

k2 = /(x2 + ~ h, Y2 -I- Yz 11k, ) 

= /(0.2 + 0.5'" 0.1, 1.242805142 -I- 0.5 + 0.1+1.442805142) 

= /(0.25,1.314945399) 

= 0.25 + 1.314945399 

= 1.564945399 

k., = /(x 2 + Xh, Y2 + Xhk2 ) 

= /(0.2 + 0.5'" 0.1, 1.242805142 + 0.5'" 0.1 + 1.564945399) 

= /(0.25,1.321052412) 

= 0.25 + 1.321052412 

= 1.571052412 

k4 = /(x2 + h, Y2 + h~) 
= /(0.2 + 0.1,1.242805142 + 0.1 +1.571052412) 

= /(0.3, 1.399910383) 

= 1.699910383 

And (4.4) becomes 

Y3 = 1. 242805142 + °X(1 .442805142 + 2(1.564945399) + 2(1 .571052412)+ 1.699910383) 

= 1.242805142 +0. 156911852 

Yl == 1.399716994 

n = 3 

x) = 0.3 

y) = 1.399716994 

y .. = y) +% (kl +2k2 + 2k) + k .. ) (4.5) 
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kl = I(x), y) = 1(0.3, t.399716994) 

=1.699716994 

k2 = I(x) +){h, J') + Y;hkl ) 

= 1(0.3 + 0.5 + 0.1,1.399716994 + 0.5 ·0.1+1.699716994) 

= 1(0.35, 1.484702844) 

= OJ5 + 1.484702844 

= 1.834702844 

k) = I(x) + }{h, y) + y;. hkz ) 

= 1(0.3 + 0.5 of< 0.1,1.399716994 + 0.5 + 0.1 ... 1.834702844) 

= 1(0.35, 1.491452136) 

= 0.35 + 1.491452136 

= 1.841452136 

k ... = I(x) 1- h. y) 1 11k,) 

= 1(0.3 + 0.1, 1.399716994 + 0.1'" 1.841452136) 

= 1(0.4, 1.583862208) 

= 0.4 + 1.583862208 

= 1.983862208 

Therefore (4.5) becomes 
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Y ~ = 1.399716994 + 0.183931486 

Y 4 = 1.583648480 

11 = 4 

x. = 0.4 

Y ~ = 1.583648480 

Y s = Y 4 + % (k, + 2kl + 2k) + k 4 ) 

k, = I(x ... , Y ... ) 

= 1(0.4, 1.583648480) 

= 0.4+1.583648480 

= 1.98364848 

k 2 = I (X... + Yz h, y. + Yz hk, ) 

= 1(0.4 + 0.5'" O. I, 1. 583648480 + 0.5· 0.1+1.98364848) 

= 1(0.45,1.682830904) 

= 0.45 + 1.652830904 

. ::: 2.132830904 

k) = I(x ... + ~ h, Y ... -I- ~ hk1 ) 

= 1(0.4 + 0.5'" 0.1 , 1.583648480 + 0.5'" 0.1+ 2.132830904) 

= 1(0.45, 1.690290025) 

= 0.45 + 1.690290025 

= 2.140290025 

k4 = /(x4 + h, Y4 + his) 

= 1(0.4 + 0.1, 1.583648480 + 0.1'" 2.140290025) 

= 1(0.5, 1. 797677483) 

= 0.5 t1.797677483 

= 2.297677483 

And (4.6) becomes 

(4.6) 

Y s = 1.583648480+ 0 X" (1.98364848 + 2(1.32830904) + 2(2.140290025)+ 20297677483 

= 1.583648480+ 0.213792797 

Ys = 1.797441277 
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11IE PREDlcTOR 

We choose as our predictor, the fourth order Adams-Bashforth medlod: 

Yn+. = Yn+J + %4 (55In+J - 59 In~2 + 371n+l - 9 j~ ) 

irt order to solve the given problem (y I =x +y ) 

when n = 2 

Y: = Y, + %4 (551, - 5914 + 3713 - 9/2 ) 

12 = l(x2 , Y 2 ) 

= 1(0.2, 1.242805142) 

= 0.2 + 1.242805142 

= 1.442805142 

13 = l(xJ• YJ ) 

= 1(0.3, 1.399716994) 

= 0.3 + 1.399716994 

= 1.699716994 

14 = l(x4• Y4) 
= 1(0.4, 1.583648480) 

= 0.4 + 1.583648480 

= 1.98364848 

I , = I(x,. y, ) 

= 1(0.5, 1.797441277) 

= 0.5 + 1.797441277 

= 2.297441277 

Y: = 1.797441277 + °Yz4[55(2.297441277) - 59(1.98364848) + 37(1.699716994) - 9(1.442g0~142)] 

= 1.797441277 + 0.246784551 

Y: = 2.044225829 

1]: CORRECTO~S 

It 6-step implicit tinear multistep method contains two free parametets(a and b). We 

e produced tbree(3) schemes by assigning values to these parameters. We now solve 

given probiem by each of these schemes and compare their accuracies thus: 
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SCHEME t (a=3/4, b=;- 1/3) 

Y:~6 = % Yn+~ - % Yn+1 + Yn + ht~~~ In~6 + ffi Ind - lli5 In~ 4 + ~ 1,1+1 - HM In+2 + ~~~ In~l + l~fJ, In} 

Whenn = O 

Y~ = 3{y, - 3{Y1 + Yo + h /I~~~I/ + ill Is - H~/. + tm 13 - tlli/z + Nt J; + i~/o} 
values for Y.s, Y I. and yo are known from the calculated starting values. So also, Ii, ... , 
h. 

j~ = I(xo' Yo) 

= 1(0,1) 

= 0+1 

= 1 

It = I(xl , Yl) 

= 1(0.1, 1.110341667) 

= 0.1 + 1.110341667 

= 1.210341667 

16 = l(x6 , Y:) 
= 1(0.6, 2.044225829) 

= 0.6 + 2.044225829 

= 2.644225829 

y~ = %(1.797441277) - %(1.110341667) + 1 + o.IMf~ (2.644225829)+ ffi(2.297441277) 

- g!~(1.98364848)+ ~~~(1.699716994) - :!!~(1.442805142)+ ~~~ (1.210341667)+ N!~(I)} 

=1.572583008 + 0.471653178 

Y~ = 2.044236187 

SCHEME 2 (a=7/8, b=-7/8) 

Y~6 = 3Yt'6Y rH-4 - 3Yt'6Y n+2 + Y n + h {~~!6 11:6 + ~:~ In+s - !:~ InH - ~~~ Inn - !!! InH + ~~ In+l + ~~ In} 

whenn= 0 
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Y c - 33/ Y _ 33/ Y + + I {!1.lli f.P + ..ill. f. - ill f. - ill f - l!1 f + ID I' + l1..2:U /, } 
IS - 716 4 716 2 Yo 1 60<1110 IS 290 ' 449 4 2~2) ~~9 2 290 J. ~90 0 

y~ = JX6(1.583648480) - JX6(1.242805142) + 1+ O.l{~~ (2.644225829) + ~(2.297441277) 

- !!! (1.98364848) - ~;; (1.699716994) - !:! (1.442805142) + ~ (1.210341667) + ~;:~ (l)} 

=1.702989385 + 0.341246651 

y~ = 2.044236036 

SCHEME 3 (a=1I2, b=-1I2) 

y~+6 = Yn + h~ 1:"6 + :~~ In+s - 1~10 InM - ~~ In .J + 1~70 In+ 2 + :~~ 1M' + l~'oln} 
When n = 0 

y~ = Yo + 11 {i~ f : + t~ I~ - No f~ - 1J 13 ' 1~10 j~ + ~ f, + ,~b 10 } 

{~(2 . 644225829) + :~~ (2.297441277) + ,~10 (1.98364848)+ ~ (1.699716994)} 
yC = 1 + 0.1 

n+6 + 1~10 (1.442805142 ) + :~~ (1 .210341667) + -Nc;(I) , 

=1 + 1.044236889 

y; = 2.044236889 

4.2 COMP AlUSON OF RESULTS 

In the same way we solve the following problems, using the three schemeS. their 

results are obtained and compated for accuracy in the followihg pages. The tJtobtertts 

are implemented on computer using Microson Excel software package. 

° 1. y = x + y ; y (O) = 1, h = 0.1 

2. y O = o+Yj('; .. X) ; y eO) = 1; h = 0.1 

3. y'= 4xy~; y (O) = 1; 11 = 0.1 

4. y O = 3x 2 
- 6x + 5 ; y (O) = 1, h = 0.1 

s. y O = x 5 + 2x4 + 3x J
; y(O) = 1, h = 0.1 
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PftOBLEM~ F-X+-Y; Y(O)-1 ; 11-0.1 

-- - -.-.-. -,(~,..-z"EXP(X} ... 

X Y(X) I 
a-314, b--113 a-718, b--718 a=-1/2,. b--112 ! 

EXACT VeX) ERROR VeX) ERROR VeX} ERROR 
0.0 1.0000000000 1.0000000000 O. ()()()()oo()(xxE+OO 1.0000000000 O.QO()()()()()OO)OO 1.0000000000 O.OOOOOOOOOOE+OO 
0.1 1 .1103418362 1.1103418667 1.6948482878E.Q7 1.1103416667 1.6948462878E.Q7 1.1103416667 1 .6948462878E.Q7 
0.2 1.2428055163 1.2428051417 3.7481895075E.Q7 1.2428051417 3.7461895075E.Q7 1 .2~28051417 3.7481895075E.Q7 
0.3 1.3997176152 1.3997169941 6.2102693121 E.Q7 1.3997189941 6.2102693121 E.Q7 1.3997169941 6.2102693121 E.Q7 
0.4 1.5836493953 1.5838484802 9.1 512116951 E.Q7 1.5836484802 9.1 512118951E-07 1.5838484802 9.1 512116951 E.Q7 
0.5 1.7974425414 1 .7974412772 1 1.2842085803E-06 1.7974412772 1.2842085803E-08 1.7974412772 1.2842065803E-08 
0.8 20442378008 20442381876 1 1.4132161703E-06 20442380367 1 .5840399451 E-06 2.0442388893 7.1145714031 E.Q7 
0.7 23275054149 23275025204 28945628872E-08 23275017844 3.6305474218E-06 2.3275027970 2.6179097690E-06 
0.8 2651081 8570 26510783589 1 3.4980860888E-06 2.6510783329 3.5240508189E-08 26510785490 3.307964334SE-06 
0.9 3.0192062223 3.0192004814 1 5.760887864SE-06 3.0191990040 7.21833S643OE-08 3.0191999381 6. 2842580402E-06 
1.0 3.4365636569 3.4365566482 1 7.0107547572E-06 3.4365575986 6.0583387980E-06 3.4385562683 7.3885805181 E-06 
1.1 3.9083320479 3.9083216889 I 1.0358962205E-05 3.9083199922 1 .2055702603E-05 3.9083210381 1 .1 011780565E-05 
1.2 4.4402338455 4.4402212279 1 1.2817575122E-05 4.4402236466 1.0198845688E-05 4.4402219958 1 .1849889056E-05 
1.3 5.0385933352 5.0385763860 I 1.6949279956E-05 5.0385745510 1.8784218881 E-05 5.0385768406 1.6494881973E-05 

1.4 5.7103999337 5.7103801780 i 1.9755707239E-05 5.7103833678 1 .6568082193E-05 5.7103811441 1.8789605289E-05 
1.5 8.4633781407 6.4633529509 1 25189778107E-OS 6.4633497958 28345028974E-05 6.4633527945 2.5346198219E-05 
1.6 7.3060648488 7.3060359464 28902397775E-05 7.30603964Q6 25199228915E-05 7.3060362346 2.8814217014E-05 
1.7 8.2478947835 8.2478589594 3. 5824020866E-OS 8.2478531024 4. 1681091 048E-05 8.2478579347 3.6848744299E.Q5 
1.8 9.29Q29.49288 9.2992538541 4.1274708437E-05 9.2992589103 3.6018491270E.Q5 9.2992543020 4.0626868555E-05 
1.9 10.4717888846 10.4717380840 5.0800516968E-05 10.4717292081 5.9678501644E-05 10.4717377097 5.1174813139E-05 
20 11.7781121979 11.7780537315 5.8466353456E-05 11 .778062785& 4.9412037182E-05 11 .7780548023 5.7395810558E-05 
21 13:2323'398251 13.2322688648 7.0980547497E-05- 13.2322562777 8:--3547452116E-05 13.2322882828 T 1542355320E-05 

22 14;850026Q989 14.8499456795 I 8.1319408944E-05 14.8499608151 6. 6383748036E-05 14.8499470060 7.9992830319E.Q5 

23 1a~ 1 &.6482678243" 9.7085343281 E-05 16.8482495809 1.1534875772e.Q4 16.6482869767 9.7932908339E.Q5 
24 18.6463527613 18.6462423132 1.1044809521 E-04 18.6462645674 8.8193876170E-05 18.6462441964- 1.0856490735E.Q4 

25 2O.884Q879214 20.8648572068 I 1.3071457665E-04· 20.8848296964 1.582250194OE.Q4 20.8648564410 1 .3148038366E.Q4 
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.-
26" 23:3274760700 23.3273275599 1.4851010909E-04 23.3273601907 1.1587931595E-04 23.3273293895 1.4668045978E-04 
27 26'.()594634497 26.0592887044- 1.7474534302E-04 26.0592471700 2.1627975152E-04 26.0592868419 1.7660784868E-04 
28 29.0892935422 29.0890948527 1.9868948952E-04 29.0891434972 1.5004498071 E-04 29.0890967908 1.967S134766E-04 
29 324482907389 324480579595 2.3277937285E-04 32.4479962035 2.9453539831 E-04 32.4480559810 2.3475790909E-04 
5.0 36.1710T.38464 36.1708097603 2. 6408608579E-04 36.1708828835 1.9096282971 E-04 36.1 708132391 2. 606072S960E-04 

73 



TABLE 4..2 

PROBLEM: F-(1+Y)f(2+X); y(o)-t; h-O.1 

-- --- ---~ --
rpq-2f"; 

X VeX} 
a-3#4,I>--113 a-718, b--718 a-t 12. b--112. 

EXACT Y(X) ERROR VeX) ERROR Y{X) ERROR 
0.0 1.0000000000 1.0000000000 0.000000cxxx)E+-OQ 1. OOOOOOOOOO 0.000000cxxx)8OO 1.0000000000 0.0000000000800 
0.1 1.1 000000000 1.1000000000 0.000000cxxx)E+-OQ 1.1000000000 O.OOOOOOOOOOE+OO 1.1000000000 O.OOOOOOOOOOE+OO 
0.2 1.2000000000 1.2000000000 0.000000cxxx)800 1.2000000000 0.0000000000800 1.2ClOOOOOOOO 0.0000000000800 
0.3 1.3000000000 1.3000000000 O.oooooocxxx)E+OO 1.3000000000 0.0000000000800 1.3000000000 0.0000000000800 
0.4 1.4000000000 1.4000000000 I O.OOOOOOOOOOE+OO I 1.4000000000 O.OOOOOOOOOOE+OO 1.4000000000 0.0000000000800 
0.5 1.5000000000 1.5000000000 O.OOOOOOOOOOE+OO 1.5000000000 O.OOOOOOOOOOE+OO 1.5000000000 0.0000000000800 
0.6 1.6000000000 1 .6000000000 O.OOOOOOCXXX)E+OQ 1.6000000000 O.OOOOOOOOOOE+OO 1 .6OOOOClOOOO 0.0000000000800 
0.7 1.7000000000 1.700Q0CXX)()() O.oooooocxxx)E+OO 1.7000000000 O.OOOOOOOOOOE+OO 1.7000000000 0.0000000000800 
0.8 1.8000000000 1.8000000000 I 0.0000000000E+00 1.8000000000 O.OOOOOOOOOOE+OO 1.8000000000 0.0000000000800 
0.9 1.9000000000 1.9000000000 O. 000000cxxx)E+OO 1.9000000000 O.OOOOOOOOOOE+OO 1.9000000000 0.0000000000800 
1.0 20000000000 2.0000000000 O.OOOOOOCXXX)E+OO 20000000000 O.OOOOOOOOOOE+OO 20000000000 0.0000000000800 
1.1 2.1000000000 2.10000c0000 O.OOOOOOCXXX)E+OQ 21000000000 O.OOOOOOOOOOE+OO 21000000000 0.0000000000800 
1.2 22000000000 22000000000 I 0.000000cxxx)E+OO 22000000000 0.0000000000800 2.2000000000 0.0000000000800 
1.3 23000000000 2.3000000000 O.oooooocxxx)E+OO 23000000000 0.0000000000800 23OOCOOOOOO O.OOOOOOOOOOE+OO 
1.4 24000000000 24000000000 I 0.0000000000E+00 24000000000 O.OOOOOOOOJ08OO 24000000000 0.0000000000800 
1.5 25000000000 25000000000 O.OOOOOOOOOOE+OO 25000000000 0.0000000000800 25000000000 0.0000000000800 
1.6 28000000000 26000000000 0.0000000000E+00 26000000000 0.0000000000800 2.6OOOOClOOOO 0.0000000000800 
1.7 27000000000 2.7000000000 0.0000000000E+00 27000000000 O.OOOOOOOOOOE+OO 27000000000 O.o()()()OOooooE+OO 
1.8 28000000000 2.8000000000 O.OOOOOOOOOOE+OO 28000000000 0.0000000000800 28000000000 O.OOOOOOOOOOE+OO 
1.9 29000000000 2.9000000000 O.OOOOOOOOOOE+OO 29000000000 O.OOOOOOOOOOE+OO 29000000000 0.0000000000800 
20 3.0000000000 3.0000000000 0.0000000000800 3.0000000000 O.ooOOOOOOOOE+OO 3.0000000000 0.0000000000800 
21 3.1 OOOOOOOOO 3: 1000000000 O.OOOOOOOOOOE+OO 3.1 000000000 0.0000000000800 3.1000000000 0.0000000000800 
2.2 3.2000000000 3.2000000000 0.00000000008-00 3.2OOOOOOOQ(j 0.0000000000800 3.2000000000 0.0000000000800 
23" 3.3000000000 3.3000000000 0.0000000000E+00 3.3000000000 O.OOOOOOOOOOE+OO 3.3000000000 O.OOOOOOOOOOE+OO 
24 3.4000000000 3.4000000000 0.00000000008-00 3.4000000000 O.OOOOOOOOOOE+OO 3.4000000000 0.0000000000800 
25 3.5000000000 3.5000000000 O.OOOOOOOOOOE+OO 3.5000000000 0.0000000000800 3.5000000000 0.0000000000800 
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26' s:eooooooooo 3.6CXXlOOOOOO O.OOOOOOOOOOE+OO 3.6CXXlOOOOOO O.OOOOOOOOOOE+OO 3.6000000000 0.0000000000800 
27 3.7OOOOOCXXX) 3.7000000000 O.OOOOOOOOOOE+OO 3.7000000000 O.OOOOOOOOOOE+OO 3.7000000000 O.OOOOOOOOOOE+OO 
28- 3.eooooooooo 3.8000000000 O.OOOOOOOOOOE+-OO 3.8000000000 O.OOOOOOOOOOE+OO 3.8000000000 O.OOOOOOOOOOE+OO 
2.9 3".9000000000 3.9OCOOOOOOO O.OOOOOOOOOOE+OO 3.9000000000 O.OOOOOOOOOOE+OO 3.9000000000 0.0000000000800 
3.0 4.0000000000 4~~~ 0.0000000000800 4.0000000000 O.OOOOOOOOOOE+OO 4.0000000000 L-Q._QQOO9_00000E+OO 

- - -- - -
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TABLE' 4.3 

PROBI..El* F-4XV14; Y(OJ-1 ; h-O.1 

- - -

x VeX) 
a-314, b--1/3" a-718, b--718 a-t12. b--112 

EXACi VeX) ERROR VeX) ERROR VeX) ERROR 

0.0 1.0000000000 1. OOOOQ(XXXX) 0.00000000008-00 1.0000000000 O. ()()()()()()c(xE+OO 1.0000000000 O. ()()()()()()()(E+OO 
0.1 1.0201000000 1 .0200999163 8.3740235413E-08 1.0200999163 8.3740235413E-08 1 .0200999163 8.3740235413E-08 
0.2 1.0816000000 1 .0815996645 3.3550094458E~7 1.0815996645 3 .3550094458E~7 1.0815996645 3. 3550094458E-07 
0.3 1.1881000000 1 .1880992364 7 . 6362208823E~7 1 .1 880992364 7. 6382208823E~7 1.1880992364 7.6362208823E-07 
0.4 1.3456000000 1.3455986013 1.3986813359£-06 1.3455986013 1.3986813359E-06 1 .3455986013 1.3986813359E-06 
0.5 1.5625000000 1.5624976976 23024470428E~ 1.5624976976 2.3024470428E-06 1.5624976978 2.3024470428E-06 
0.6 1.8496000000 1 .8495978929 2. 1 071298080E-06 1.8495975424 2.4576180864E-06 1.8495995447 4. 5533008830E-07 
0.7 2.2201000000 2.2200981516 1 1.8483568827E-06 2.2200964953 3.5048751483E-06 2.2200993118 6. 8822340020E-07 
0.8 2.6896000000 2. 6895984215 1.5784759917E-06 2.6895972208 2. n91784922E-08 2.6895991149 8.8500088902E-07 
0.9 3.2781000000 3.2780988987 1 1.3012728237E-06 3.2780963052 3. 6947909670E-06 3.2780984239 1.5761347201E-06 
1.0 4.0000000000 3.9999990162 1 9.8383706828E~7 3.9999Q75811 2.4189371315E-06 3.9999979918 2.0081629217E-08 
1.1 4.8841000000 4.8840981581 1.8418632008E-08 4.8840987202 3.2797895031 E-06 4.8840967455 3. 2544755930E-06 
1.2 5.9536000000 5.9535974489 I 2.5530644727E-06 5.9535980322 1.98n553009E-06 5.9535987717 1.2282875765E-06 
1.3 7.2361000000 7.2380967391 1 3.2608515799E-08 7.2380965978 3.4022285156E-06 7.2380981558 1.8442473371 E-06 
1.4 8.7618000000 8.7815962507 3.7492848812E-08 8.7815978500 2.1500092213E-06 8.7815982078 1.7921617435E-08 
1.5 10.5625000000 10.5624956727 1 4.3272978019E-06 10.5624951201 4. 8799002830E-06 10.5824969526 3.0473593657E-06 
1.6 12.8736000000 12. 6735962988 3.7012088089E-06 126735968589 3.1411350534E-06 12. 8735969586 3.0414207082£:-06 
1:7 15.1321000000 15.1320ge3823 I 3.6176896288E-06 15.1320925581 7.4419399390E-06 15.1320950636 4.9364353139E-08 
1.8 17.9776000000 17.9775963939 3.6061437712E-06 17.9775956647 4.3352589891 E-06 17.9775975260 2.4740253792E-OO 
1.9 21 .2521000000 21'.2520958930 4.1069518950E-06 21 .2520899631 1.0036875629E-05 21 .2520962936 3.7064239535E-OO 
20 25.0000000000 24.9999955725 4,427 4541793E-06 24.9999951624 4.8376380164E-06 24.9999968078 3.19Z2454156E-OO 
21 29.2681000000 29.2680939912 6.0088282900E-06 29.2680881025 1.1 897538226E-05 29.2680947794 5. 2205605847E-08 
22 34.1056000000 34.1 055933300 6. 6700044954E-06 34.1055957348 4.2652129011 E-06 34.1055954115 4.5885001470E-OO 
2.3 39.56'41000000 39".5640926544 7. 3455959537E-06 39.5640886823 1.331 m8157E-05 39.5640926835 7.3165207866E-06 
2.4 45.6976000000 45.6975926406 7. 3594409287E-06 45.6975969072 3.09281 04309E~6 45'.6975957723 4.2277215755E-06 

-
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2.5 525625000000 52.5624921577 7. 8423257932E-06 52.5624845958 1.5404220747E-05 52.5624937303 6.2697053380E..06 
2.6 6O.217eoooooo 60.2175928744- 7.1256417371E-06 60.2175978211 2.1788532223E-06 60.2175948951 5.1048885330E-06 
2..7 68.7241CXX)()()() 68.7240922089 7.7911376621 E-06 68.7240809352 1 .9064828791 E-05 68.7240919232 8.0767626969E-06 
2..8 78: 1456000000 78.1455916661 8. 3339246970E-06 78.1 455981052 1.8947844893E-06 78.1455933373 6.6627318063E-06 
2..9 88.5481000000 88.5480903074 9. 6926423794E-06 88.5480757926 2.. 4207356077E-05 88.5480896261 1 .0373880329E-05 
3.0 100.0000000000 99.9999897082 1.0291754307E-05 99.9999983084 1.6915813177E-06 99.9999934915 6.5085275764E-06 
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TABLE 4.4 

PROBlEM: p.axl~X+5; Y(O)-t; 11-0.1 

- ~ ~ I 
~-ar. 

X VeX) 
a-314, b--113 a-118, b--118' a-112. b--112. 

EXACT YjXl ERROR VeX) ERROR YeX) ERROR 
0.0 1. CXXXXXlOOOO 1.0000000000 O.OQ()()()()(XX)( 1.0000000000 0.0000000CXXlE+00 1.CXXXXXlOOOO O.OOOOOOOOOOE+OO 
0.1 1.4710000000 1.4710000000 O.OOOOOOOOOOE+OO 1.4710000000 0.0000000000800 1.4710000000 O.OOOOOOOOOOE+OO 
0.2 1 .888Q()()()()X) 1.888OOOOOOJ O.OOOOOOOOOOE+OO 1.8880000000 O.OOOOOOOOOOE+OO 1.8880000000 O.OOOOOOOOOOE+OO 
0.3 2.2570000000 2.2570000000 O.OOOOOOOOOOE+OO 2.2570000000 0.0000000000800 2.2570000000 O. 0000000000 E+OO 
0.4 2.584Q()()(XX)() 25840000000 O.OOOOOOOOOOE+OO 2.5840000000 O.OOOOOOOOOOE+OO 2. 584OOClQ()(X) O.OOOOOOOOOOE+OO 
0.5 2.875OClOOOOO 28750000000 O.OOOOOOOOOOE+OO 2.8750000000 O.OOOOOOOOOOE+OO 2.8750000000 O.OOOOOOOOOOE+OO 
0.6 3.138000(XXXJ 3.1360000000 O.OOOOOOOOOOE+OO 3.1 380000000 O.OOOOOOOOOOE+OQ I 3.1360000000 O. OOOOOOOOOOE+OO 
0.7 3.3730000000 3.3730000000 O.OOOOOOOOOOE+OO I 3.373()()()QOO0 O.OOOOOOOOOOE+OO 3.3730000000 O.OOCOOOOOOOE+OO 
0.8 3.59200()()()()() 3.5920000000 O.OOOOOOOOOOE+OO 3.5920000000 0.00Cl000CXXX)8oo 3.5920000000 0.0000000000800 

0.9 3.7990000000 3.7990000000 O.OOOOOOOOOOE+OO 3.7990000000 0.0000000000800 3.7990000000 0.0000000000800 

1.0 4.CXXXXXlOOOO 4.0000000000 O.OOOOOOOOOOE+OO 4.0000000000 O.OOOOOOOOOOE+OO 4.0000000000 O. 0000000000 E+oo 
1.1 4.201 00000oo 4.2010000000 O.OOOOOOOOOOE+OO 4.20100c0000 0.0000000000800 I 4.2010000000 0.000CXl00000E+OO 

1.2 4.4080000000 4.4080000000 O.OOOOOOOOOOE+OO I 4.4080000000 0.0000000000800 I 4.4080000000 O.OOOOOOOOOOE+OO 
1.3 4.627OOQO()()() 4.6270000000 O.OOOOOOOOOOE+OO 4.6270000000 0.0000000000800 4.6270000000 O.Q()()()()OOOOOE+OO 
1.4 .4.8640000000 4.8640000000 O.OOOOOOOOOOE+OO 4.8640000000 O.OOOOOOOOOOE+OQ 4.8640000000 O.OOOOOOOOOOE+OO 
1.5 5.1250000000 5.1250000000 0.0000000000800 5.125OOOClOO0 0.0000000000800 5.1250000000 O.OOOOOOOOOOE+OO 
1.6 5.4160000000 5.41 eooooooo O.OOOOOOOOOOE+OO 5.4100000000 0.0000000000E+00 5.4160000000 0.0000000000800 

1.7 5.743OOOC)()()() 5.7430000000 O.OOOOOOOOOOE+OO 5.7430000000 O.OOOOOOOOOOE+OO 5.7430000000 O.OOOOOOOOOOE+OO 
1.8 6.1120000000 6.1120000000 0.0000000000800 6.112OOQO()()() O.OOOOOOOOOOE+OO 6.1120000000 O.OOOOOOOOOOE+OO . 

1.9 6.529O(XXXX)() 6.529()()(X)()()() 0.0000000000800 6.529ClOOOOOO 0.0000000000E+00 6.5290000000 0.00000000008000 i 

2.0 7.CXXXXXlOOOO 7.0000000000 O.OOOOOOOOOOE+OO T. OOOOOOOOOO O.OOOOOOOOOOE+-OO 7.0000000000 O.OOOOOOOOOOE+OO 
21 7.5310000000 7.5310000000 O.OOOOOOOOOOE+OO 7. 531 00000oo O.OOOOOOOOOOE+OO 7.5310000000 O.OOOOOOOOOOE+OO 
22 8".128()()()()000. 8.1280000000 O.OOOOOOOOOOE+OO 8.1280000000 O.OOOOOOOOOOE+OO 8.1280000000 O.OOOOOOOOOOE+OO 
23 8.7970000000 8.7970000000 O.OOOOOOOOOOE+OO 8.7970000000 O.OOOOOOOOOOE+OO 8.7970000000 O. 0000000000 E+OO 
24- 9.5440000000 9.5440000000 0.0000000000800 9.5440000000 0.0000000000800 9.5440000000 O. 0000000000 E+OO 
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25 10.375OOOCXXlO 10.3750000000 O.OOOOOOOOOOE+OO 10.3750000000 O.OOOOOOOOOOE+OO 10.3750000000 O.OOOOOOOOOOE+OO 

26 11 .2960000000 11 .2960000000 0.00000000008000 11 .29S0000000 O.OOOOOOOOOOE+OO 11 .2960000000 0.0000000000E+00 

27 123130000000 123130000000 0.00000000008000 123130000000 0.0000000000E+00 12.31300000J0 O.OOOOOOOOOOE+OO 

28 13.432QO()(XX)0 13.4320000000 O.OOOOOOOOOOE+OO I 13.4320000000 0.0000000000E+00 13.4320000000 0.0000000000E+00 

29 14.6590000000 14.6590000000 0.00000000008000 I 14.6590000000 0.0000000000E+00 I 14.6590000000 0.0000000000E+00 

3.0 16.0000000000 16.0000000000 0.00000000008000 I 16.0000000000 0.0000000000E+00 I 16.0000000000 O.OOOOOOOOOOE+OO 



TABLE 4.5 

PROBLEM: F-XA~+2XA4+3XA3; Y(O}-t ; h-o.1 
_ . . - - --- - -- . ,)IIi_:ZX'/O''f'r ' 

X VeX) 
a-314, b--113 a-718, b--718 a-1I2, b--11Z 

EXACT VeX) ERROR VeX) ERROR VeX) ERROR 

0.0 1.0000000000 1.0000000000 O.OOOOOOOOOOE+OO 1.0000000000 O.OOOOOOOOOOE+OO 1 .0000000000 O.OOOOOOOOOOE+OO 
0.1 1.0000791667 1.0000793S42 1.B749999997E~7 1.0000793542 1.8749999997E-07 1 .0000793542 1.8749999991£-07 
0.2 1.0013386667 1.0013390833 4.1666666672E~7 1.0013390833 4.1666666612E-07 1 .0013390833 4.1666666672E-07 i 

0.3 1.0071~ 1.0071691~ 6.87e0000004E~7 1.007169187~ 6. 87S0000004E-07 1.007169187~ 6.87~OOO4E-07 

0.4 1.0239786667 1.0239796667 9.9999999992E~7 1.0239796667 9.9999999992E-07 1.0239796667 9.9999999992E-07 ! 

0.5 1.0619791667 1.0619805208 1.3M1666666E..{)6 1 .061~208 1.3541666666E-06 1 .061980S208 1.3541666666E..{)6 i 

0.6 1.1360800000 1.1360800000 O.OOOOOOOOOOE+OO 1.1360800000 O.OOOOOOOOOOE+OO 1.1360800000 I O.OOOOOOOOOOE+OO I 

0.7 1.2669111667 1.2669111667 O.OOOOOOOOOOE+OO 1.2669111667 O.OOOOOOOOOOE+OO 1 .26691116OT I O.OOOOOOOOOOE+OO I 
0.8 1.4819626667 1.4819626667 O.OOOOOOOOOOE+OO 1.4819626667 O.OOOOOOOOOOE+OO 1.4819626667 I O.OOOOOOOOOOE+OO l 
0.9 1.81~ 1.816844~ O.OOOOOOOOOOE+OO 1 .81~ O.OOOOOOOOOOE+OO 1.81~ I O.OOOOOOOOOOE+OO I 

1.0 2.3166666667 2.3166666667 O.OOOOOOOOOOE+OO 2.3166666667 I O.OOOOOOOOOOE+OO 2.3166666667 i O.OOOOOOOOOOE+OO I 

1.1 3.0375391667 3.037S391667 O.OOOOOOOOOOE+OO 3.037~391667 O.OOOOOOOOOOE+OO 3.037~16OT I O.OOOOOOOOOOE+OO I 
1.2 4.0481920000 4.0481920000 O.OOOOOOOOOOE+OO 4.0481920000 O.OOOOOOOOOOE+OO 4.0481920000 O.OOOOOOOOOOE+OO 
1.3 ~.43171 ~1667 5.43171~1667 O.OOOOOOOOOOE+OO ~.43171 ~1667 O.OOOOOOOOOOE+OO 5.43171 ~1667 ! 0.0000000000800 I 

1.4 7.2fn 4186667 7.~74186661 O.OOOOOOOOOOE+OO 7.2874186667 O.OOOOOOOOOOE+OO 7.2874186667 O.OOOOOOOOOOe+oo i 

1.5 9.73281~ 9.732812~ O.OOOOOOOOOOE+OO 9.732812SOOO O.OOOOOOOOOOE+OO 9. 73281 ~ooo O.OOOOOOOOOOE+OO I 

1.6 12.9057066667 1 2.9~7066667 O.OOOOOOOOOOE+OO 12.~7066667 O.OOOOOOOOOOE+OO 12.90S7066667 O.OOOOOOOOooe+oo i 
1.7 16.9664311667 16.9664311667 O.OOOOOOOOOOE+OO 16.9664311667 O.OOOOOOOOOOE+OO 16.9664311667 O.OOOOOOOOOOE+OO ! 
1.8 22. 1001760000 22.1001760000 -7.1 OM273~76E-15 22.1001760000 O.OOOOOOOOOOE+OO 22.1001760000 O.OOOOOOOOOOE+OO I 

1.9 28.5194511667 28.519451167 O.OOOOOOOOOOE+OO 28.5194S1167 O.OOOOOOOOOOE+OO 28.5194S1167 o.OOOOOOOOOOE+OO 
20 36.4666666667 36A666666667 O.OOOOOOOOOOE+OO 36.4666666667 I O.OOOOOOOOOOE+OO 36.4666666667 O.OOOOOOOOOOE+OO 
2 1 46.216832SJOO 46.216832SOOO O.OOOOOOOOOOE+OQ 46.2168325000 O.OOOOOOOOOOE+OO 46.21~ O.OOOOOOOOOOE+OQ 

22 58.080378666T 58.0803786667 O.OOOOOOOOOOE+OO 58.0803786667 O.OOOOOOOOOOE+OO 58.0803786667 O.OOOOOOOOOOE+OO 
23 72.4060951667 72.40609S1667 O.OOOOOOOOOOE+OO 72.4060951667 O.OOOOOOOOOOE+OO 72.40609S1667 O.OOOOOOOOOOE+OO 

24· 89.5841920000 89.5841920000 O.OOOOOOOOOOE+OO 89.5841920000 O.OOOOOOOOOOE+OO 89.5841920000 O.OOOOOOOOOOE+OO I 
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2.S 110.04947916frr 110.04S4791667 O.OOOOOOOOOOE+OO 110.0494191667 O.OOOOOOOOOOE+OO 110.0494791661 O.OOOOOOOOOOE+OO I 
2.6 134.2846666661 134.284666666'7 O.OOOOOOOOOOE+OO 134.2846666661 O.OOOOOOOOOOE+OO 134.2846666661 O.OOOOOOOOOOE+OO I 
2.7 1~ 162.823~ O.OOOOOOOOOOE+OO 162.823~ O.OOOOOOOOOOE+OO 162.8231845000 O.OOOOOOOOOOE+OO I 
2.8 196.2M1226661 196.2557226661 O.OOOOOOOOOOE+OO 196.2557226667 O.OOOOOOOOOOE+OO 196.2557226667 O.OOOOOOOOOOE+OO ! 
2.9 23S.227'89116frr 23S.2278911661 O.OOOOOOOOooE+OO 235.2278911661 0.0000000000800 235.2278911667 O.OOOOooOOOOE+OO , 

3.0 280.4500000000 280.4500000000 O.OOOOOOOOOOE+OO I 280.~OOOO O.OOOOOOOOOOE+OO 280.4500000000 I 0.0000000000800 ' 
-_.-
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4.3 ANALYSIS OF RESULTS 

In Tabte 4.1 the three Rchcmcs produced etTors. For schemes 1 and 3 Utete Is a steady 

growth in the enors as the step increases. For Ute first few steps (i.e. y(V) - y(O.8) ) 

scheme 3 is slightly more accurate. This trend is reversed between y(O.9) and y(1 .2) . 

Again scheme 3 is better for y (J. 2) - y (l.4) . 'nlereafler, accuracy alternates between the 

two schemes. Scheme 2 on the other hand does not show a steady rise in its ettor 8S the 

step increases. Rather, there is a fluctuation at each step. However, right front y(O.9), 

whenever it decreases, it shows more acclU'acy than the other two. 

In Table 4.2, we observe that an the three schemes do not exhibit any error (UP to tett 
decimal places). 

In Table 4.3, the three schemes exhibit errors. The behaviour here is si.mllar to that 

obtainedin Table 4.1. Notably, scheme 3 maintains a lead in accuracy betweenY(/.2) and 

y(2.1) . Fot other step values, accuracy cuts across the three schemes. 

TIle tlttee schemes are very accurate as shown in Table 4.4; there is no error at aU. This is 

understandable since the solution of the differential equation is a polyrtomtat of degree 

three. 

And lastly, aU the three schemes produce accurate tesuits in Table 4.S. Also, this is 

according to expectation since the solution of the differential equatiort is a potyttotttiat of 

degtee six and the schemes are each of order six. 
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CHAPTER FIVE 

ERROR ESTIMATION 

5.1 VARIABLE STEP SIZF~ 

When solving an initial value problem we can achieve better restilts by vatying the step 

size. Mathews (1992), stated tl1at one way to guarantee accuracy of art initial value 

ptobtem is to solve the problem twice using step sizes h and 112h and compare :lnswets at 

the mesh-points corresponding to the larger step sizes. 

l-towevet, changing the ~tep ",ize is not without its difficulties. Latnbert(1991) staed that 

predictor-corrector methods possess many advantages, notably the facility for ntonitorittg 

the local truncation en'or cheaply and efficiently. However, there is a balancing 

disadvantage, shared by al1 multistep methods, the diffi cut tie s encountered in 

impiementing a change in step size. 

Besides the difficulties involved in changing the step size. We need to kftow when to 

change the step size. Chapra and Canale (1998) out lined two crltetia that are typically 

used to decide whether a change in step size is warranted. Firs~ if the tocat trtlncatiott 

ertot estimated {see eqn (1.2» is greatet than some specif1ed crlterlort, the step size 18 

decreased. Second, the step size is chosen so that convergence crltetiott of the correctot is 

satisfied in two iterations. Tltis criterion is intended to account for the trade-off betweerl 

tlie tate of convergence and the totat number of steps in the calculation. For 8tttAllet 
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values of h, convergence wilt be more rapid but more steps are required. Fot latger h, 

convergence is slower but few steps result. 

We illustrate this by solving the differential equations 

(I) y ' = x + y ; y ( 0) = 1 

(u) y' = 4xy~; y(O) = 1 

at different step sizes . 

The differential equations are solved for the following step sizes: 0.025, O.OS and 0.1. 

The results obtained are as foltows : 
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Tabkr5.1 
PROBLEM: F-X+Y; Y(O"" ; h-C).02S 

- - - ---- ---- - - - - -, - --- - -:.1 --

x VeX) 
a-314, 1>--113 aa718, b--718 a-112. b=-112 

EXACT VeX) I ERROR Y(X) ERROR Y(X) ERROR 

0.000 1 .0000000000 1.0000000000 0.0000000000800 1.0000000000 O.OOOOOOOOOOE+OO 1.0000000000 0.0000000000800 
0.025 1.0256302410 1.0256302409 1 1.63441 03848E·1 0 1.0256302409 1.6344103848E·10 1.0256302409 1.6344103848E-10 
0.050 1.0525421928 1.0525421924 3.3515723530E-10 1.0525421924 3.3515723530E-10 1.0525421924 3.3515723530E-10 
0.075 1.0807683018 1.0807683013 5.1546211743E-10 1.0807683013 5.1 546211743E-10 1.0807683013 5. 154621 1743E-10 
0.100 1.1103418362 1.1103418354 7.0468186841E-10 1.1103418354 7.0468186841E-10 1 .1103418354 7.0488186841 E-1 0 
0.125 1.1 412969061 1.1 412969052 9.031511 0945E-1 0 1.1412989052 9.0315110945E-10 1.1412969052 9.0315110945E-10 
0.150 1 .1 736684855 1.1736684847 ! 7. 0727868007E-1 0 1 .1736884848 8. 4134588185E-1 0 1 .1 736684853 1.3301 093560E-1 0 
0.1 75 1 .2074924332 1.2074924324 1 8.0280049275E-10 1.2074924319 1.3404957144E-09 1.2074924326 6.0152571812E-10 
0.200 1.2428055163 1.2428055156 I 7.4779227255E-10 1.2428055154 8. 8858076452E-1 0 1.2428055155 1 8.0948359127E-10 
0.225 1.2796454324 1.2796454314 I 9.9448893565E-10 1.2796454308 1.6036167949E-09 1.2796454310 1 1.3939003285E-09 
0.250 1 .3180508334 1.3180508323 : 1.0040872627E-09 1 1.3180508325 8.6085516493E-10 1.3180508318 I 1.6214580789E-09 
0.275 1 .3580613497 1.3580613480 I 1.744364874BE-09 I 1.3580613479 1.8313204286E-09 1 .3580813476 I 21 823367558E-09 
0.300 1.3997176152 1.3997176131 ! 2 0937105383E-09 1.3997176140 1 1.1907346220E-09 1.3997176137 1 .4902723500E-09 
0.325 1.4430612920 1 1.4430612894 I 2 5764828049E-09 11.4430612897 2.2941610833E-09 1.4430612899 2 0546602197E-09 
0.350 1 .4881350972 1.4881350945 ' 2 7247257783E-09 1.4881350952 2.00819361 14E-09 1 .4881350949 2.2958019930E-09 
0.375 1.5349828292 I 1.5349828261 , 3.0922526761 E-09 1 .5349828261 3.0906810444E-09 1.5349828262 29913076460E-09 
0.400 1 .5836493953 1.5836493924 I 2.91 05067245E-09 1 .5836493923 3.0296334330E-09 1.5836493920 1 3.2484624322E-09 
0.425 1.6341808393 1.6341808361 ; 3.2041238551E-09 1 .6341808353 4.0510317323E-09 1.6341808354 3.9258201134E-09 
0.450 1.6866243710 1.6866243676 I 3.4072462629E-09 1.6866243671 3.8324965423E-09 1 .6866243677 3.273m9154E-09 
0.475 1.7410283950 1.7410283910 1 3.9970164956E-09 1.7410283901 4.8974888589E-09 1.7410283910 3.9548710973E-09 
0.500 1.7974425414 1.7974425371 4.3418475482E-09 1.7974425371 4. 2533885303E-09 1.7974425372 4.2407823919E-09 
0.525 1.8559176968 1.8559176915 5.2119892846E-09 11.8559176912 5.5134881265E-09 1.8559176917 5.0689934472E-09 
0.550 1.9165060357 1.9165060302 5.5264810506E-09 1.9165060312 4.5380679214E-09 1.9165060304 5.3643831599E-09 
0.575 1 .9792610538 1.9792610478 5.9796116947E-09 1.9792610478 6.0640519273E-09 1.9792610476 6.1849814159E-09 ! 

0.600 20442376008 20442375947 6.0848579508E-09 20442375957 5.1093445030E-09 2.0442375952 5.5866129500E-09 i 

0.625 2. 1114919149 2.1 114919083 1 6.54 ?544J28E?!=-09 2 1114919080 6.8483516635E-09 2.1114919085 6.4087339879E-09 I 
- -- ------ -----

85 



0.650 2.. 1810816580 2.1810816515 6.5717373765E-09 2.1810816519 6.1755551783E-09 2.1810816513 6.7539187576E-09 
0.675 2..2530659519 2..2530659447 7.2741750401 E-09 2.2530659439 8.0199571428E-09 2.2530659442 7.7406663301 E-09 
0.700 2..3275054149 2..3275054071 7.8188149288E-09 2.3275054074 7. 5454757997E-09 2.3275054068 8.0920763423E-09 
0.725 2..4044621999 2.. 4044621912 8.7183877895E-09 2.4044621905 9.4417611507E-09 2.4044621909 9.0811247411E-09 
0.750 2..4840000332 2..4840000240 9.2106202665E-09 2.4840000244 8.8172193990E-09 2.4840000247 8.5534326288E-09 
0.775 2.5661842544 2..5681842442 I 1.0147866103E-08 2.5661842435 1.0817498897E-08 2.5661842448 9.5456194060E-09 
0.800 26510818570 2..6510818466 I 1.0395917016E-08 2.6510818472 9.7591952297E-09 2.6510818470 9.9681605192E-09 : 
0.825 2.. 7387615307 2..7387615197 I 1.0939306794E-08 2.7387615187 1. 1978946279E-08 1 2.7387615195 1.11 44269951 E-08 I 
0.850 2.8292937039 2..8292936926 1.1 216884310E-08 2.8292936933 1.0526848282E-08 2.8292936923 1 . 157130524 7E-08 I 
0.875 2.9227505879 2.9227505759 I 1. 20330851 95E-08 2.9227505749 1.3055946546E-08 I 2.9227505752 1.2761312007E·08 I 
0.900 3.0192062223 3.0192062099 i 1.2457582521 E-08 3.01 92062108 1.1517409249E-D8 I 3.0192062100 I 1.2325368726E·08 i 
0.925 3.1187365207 3.1187365071 : 1.3640498064E-08 3.11 87365064 1.4364123224E-08 j 3.11 87365072 : 1.3522273079E-08 I 
0.950 3.2214193186 3.2214193042 I 1.4459711650E-08 j 3.2214193056 1.30034201 18E-08 3.22141 93046 : 1.4044601 038E·08 I 

0.975 3.3273344220 3.3273344064 1.5560150057E-08 3.3273344059 1.61 13308021 E-OS 3.3273344065 ! 1.5446845580E.08 I 

1.000 3.4365636569 3.436563640§ ; t61143387~2E-_Q? 1 ~.43t)56;3~420_ _ 1 . 4888128952E ·08 : 3.4365636409 I 1.59737481 02E ·08 
----
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Table 5.2 
PROBlEM:' F-X+Y; Y(O)-1 ; h-o.OS 

.. --- --- - -- - --, - -_ .. -- --

X VeX) 
a-314, 1)&.1 J3 a-718, 1>--718 a"112, b--112 

EXACT VeX) ERROR VeX) ERROR VeX) ERROR 

0.000 1 .0000000000 1.0000000000 0.0000000000E+00 1.0000000000 O. OQ()()()QOOJ()E+OO 1 .0000000000 0.0000000000800 
0.050 1 .0525421928 1.0525421875 5.2520483518E-09 1.0525421875 5.2520483518E-OO 1.0525421875 5.2520483518E-09 
0.100 1.1103418362 1.1 103418251 1.1042652792E-08 1.1103418251 1 .1 042652792E-08 1.1103418251 1 .1 042852792E-08 
0.1 50 1 .1738884855 1 .1 736884680 1.7413232412E-08 1 .1736884680 1.7413232412E-08 1 .1736684680 1.7413232412E-08 
0.200 1.2428055163 1.2428054919 1 24408037147E-08 1.2428054919 2.4408037147E-08 1.2428054919 1 2. 4408037147E-08 
0.250 1 .3180508334 1.3180508013 3.2074329859E-08 1 1.3180508013 3.2074329859E-08 1.3180508013 3.2074329859E-08 

, 0.300 1 .3997176152 1.3997175884 I 28768430971E-08 I 1.3997175819 I 3.3214656359E-08 1 1.3997176059 9.2968024390E-09 
0.350 1.4881350972 1.4881350537 4.3462413890E-08 I 1. 4881350348 6.2373089138E-08 I 1.4881350609 3.6328872577E-08 
0.400 1.5838493953 1.5836493492 4.6089604577E-08 1 .5836493456 4.9857913559E-08 1 .5836493494 4.5835412577E-08 
0.450 1 .6886243710 1.6866243021 6.8930033681 E-08 1 .6888242752 9.5778061260E-08 I 1.6866242882 I 8.2740877261 E-08 
0.500 1.7974425414 1.7974424632 7.8151945138E-08 I 1.7974424760 6.5411750239E-08 1 1.7974424467 9.4701267273E-08 
0.550 1.9165060357 1.9165059188 I 1.1696528812E-07 · 1.9165059030 1 1.3276968325E-07 : 1.9165059030 1 1.3268584009E-07 

0.600 2.0442376008 2.044237 d622 1 1.3856508430E-07 : 2.0442375024 9.8418945882E-08 I 2.0442374820 I 1.1875140782E-07 
0.650 2.1810816580 2.1 810814814 I 1.7664024377E-07 I 2.1810814766 1.8144730074E-07 I 2.1 810814980 1.6007333992E-07 
0.700 2.3275054149 2.3275052212 1.9374384719E-07 : 2.3275052593 1.5564801092E-07 2.3275052385 1 .7639426364E-07 
0.750 24840000332 2.4839998014 I 2.3179548325E-07 I 2.4839997856 2.4764942053E-07 2.4839998031 2.3010148897E-07 

0.800 26510818570 2.6510816142 2.4279325972E-07 I 2.6510816288 2.2818528977E-07 2.6510816073 2.4965090217E-07 
0.850 28292937039 28292934215 I 28232080629E-07 12.8292933739 3 . 299625~..,54E-07 2.8292933971 3.0672107387E-07 

0.900 1 3.0192062223 3.0192059141 3.0816896945E-07 I 3.0192059210 3.01329773S8E-07 3.0192059200 3.0233813630E-07 
0.950 3.2214193186 3.2214189543 3.6437282702E-07 I 3.2214188986 4.2202707728E -07 3.2214189539 3.6475590681 E-07 

1.000 1 3.4365636569 3.4365632566 4.oo28160386E-07 3.4365632873 3.6961057681.E-Q7 I 3.4365632645 3.9239484639E-07 
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Table 5.3 
PROBLEM: F-X+Y; Y(O"" ; h-o.1 

. . - .. _. .. . . ·r~·t:M1· . 
X VeX) 

a-3i4, b--1J3 a-718, b--718 a-1/2, 1>=-112 
EXACT VeX) ERROR VeX) ERROR VeX) ERROR 

0.000 1.0000000000 1.0000000000 I 0.0000000000E+00 1.0000000000 0.0000000000E+OO 1. OOOOOOOOOO 0.0000000000E+00 
0.100 1.1103418362 1.1103416667 1.8948462878E-07 1.1103416667 1 .6948462878E-07 1.1103416887 I 1. 6948462878E-07 
0.200 1.2428055163 1.2428051417 3.74t31895075E-07 1.2428051417 3.7461895075E-07 1.2428051417 3.7401895075E-07 
0.300 1.3997176152 1.3997169941 6.2102693121 E-07 1.3997169941 6.2102693121 E-07 1.3997169941 I 6.2102693121 E-07 

0.400 1.5836493953 1.5836484802 ! 9.1512116951 E-07 1.5836484802 9.1 512116951 E-07 I 1.5836484802 I 9.1512116951 E-07 
0.500 1.797442"..A 14 1 . 7974412772 I 1.2642065803E-06 1.7974412772 1.2642065803E-06 1 1.7974412772J 1.2642065803E-06 : 
0.600 20442376008 2.0442361876 ; 1.4132161703E-06 I 2.0442380367 1.5640399451E-06 1 2.0442368893 1 7.1 145714031E-07 
0.700 2.3275054149 2.3275025204 I 2.8945628872E-06 I 2.3275017844 3.6305474218E-06 2.3275027970 I 2.6179097690E-06 

0.800 2.6510818570 I 2.6510783589 I 3.4980860688E-06 ! 2.6510783329 3.5240506189E-06 : 2..6510785490 I 3.3079643345E-06 
0.900 3.0192062223 3.0192004614 I 5.7608878645E-06 I 3.0191990040 7.2183356430E-06 ! 3.0191999381 6.2842580402E-06 

1.000 3.4385~691 3. 4365566462 I 7.0107547572E-06 I 3.4365575986 6.0583367980E-06 I 3. 4365562683 1. 3885805181 E-06 
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Table 5.4 
PROBLEM: F-4Xy1Q; Y(Ol-1 ; h-o.~ 

----- - .. .. ...... • .. -I .. - - I 

X VeX) 
a-3#4, b--1'13 a=118, b--118 a=-112. 1>--112 

EXACT VeX) ERROR VeX) ERROR VeX) ERROR 
0.000 1.0000000000 1.0000000000 O.OOOOOOOOOOE+OO 1. OOOOOOOOOO 0.0000000000E+00 1.0000000000 0.0000000000800 
0.025 1.oo12503Q06 1.0012503906 20351498264E-11 1.0012503906 2.0351498264E-11 1 .0012503906 2.0351498264E-11 

0.050 1.0050062500 1.0050062499 8.1 405993058E-11 1.0050062499 8.1 405993058E-11 1.0050062499 8.1 405993058E-11 
0.075 1.0112816406 1.0112816404 1 1.8317392048E-1 0 1.01 12816404 1. 8317392048E-1 0 1 .0112816404 1.8317392048E-1 0 
0.1 00 1.0201000000 1.0200999997 I 3.2569902331 E-1 0 1 .0200999997 3.2569902331 E-1 0 1.0200999997 3.2569902331 E·1 0 
0.125 1.0314941406 1.0314941401 I 5.091 0187177E-1 0 1.0314941401 5.0910187177E-10 1.0314941401 5.091 0187177E-1 0 
0 .1 50 1.0455062500 I 1.0455062496 I 4.1 165915121 E-1 0 1.0455062495 I 5. 0838444.-"65 E·1 0 1.0455062500 7.6525452641 E-12 

0.175 1 .0621878906 1.0621878903 I 3.0035240961 E-1 0 1.0621878899 8.9673733449E-10 1.0621878908 3.0355051805E·11 

0.200 1 .0816000000 1.0815999998 1.8467649632E-10 1 .0815999995 4.8287262911 E-10 I 1.0815999999 8.977241 1727E·11 

0.225 1 .1 038128906 1.1 038128906 I 7.1 298300597E-11 1 .1038128900 i 5. 7808624554E-1 0 1 .1 038128904 1.9458634704E·1 0 

0.250 1 .1289062500 I 1.1289062500 I 3.3200775462E-11 1.1 289062498 ! 2.3782487091 E-1 0 1 .1 289062497 3.3400215926E·10 

0.275 1.1569691408 1 .1 569691405 I 1. 43991 26336E-1 0 1 .1569691404 2. 7307534012E-1 0 I 1.1 569691401 S.21 52904217E-10 

0.300 1 .1 881000000 1.1 880999997 I 2 8629054682E-10 1.1 881000000 I 4.6387560459E-11 I 1.1 881000000 1.9996448941 E-11 

0.325 1 .2224066406 1.2224066402 ! 3.9329806079E-10 I 1.2224066405 I 7.6712858288E-11 1 .2224066406 4. n1 4499019E-11 

0.350 1.2600062500 1.2600062495 I 4.6034820400E-10 1.2600062499 7.0558003884E-11 1 .2600062499 1.0211 409496E-10 

0.375 1 .3010253900 1.3010253901 I 4.93681 09600E-1 O! 1.3010253904 1.8320833739E-10 1 .3010253904 2. 1536283867E-1 0 

0.400 1.3456000000 1.3455999997 I 2. 6849344970E-1 0 1 .3455999997 2. 9356828080E-1 0 1 .3455999997 3.4892226889E-1 0 

0.425 1.3938753906 1.3938753905 1 1.4164180939E-10 I 1.3938753901 S.0455617462E-10 1 .3938753901 5.4387561 121 E-1 0 

0.450 1.4460062500 1.4460062499 i 8.6533oo2985E-11 1 .4460062495 5.1620197006E-10 1.4480082500 3.9394043583E-11 

0.475 1.5021566406 1.5021566405 1 9.5354391050E-1 1 1 .5021588399 7.5383987941 E-10 1.5021566406 7.4282580087E-1 1 

0.500 1 .5625000000 1.5624999999 1 1.3898837796E-1 0 1.5624999995 5.41 03344027E-1 0 1.5624999999 1.2135048522E-10 

0.525 1.6272191406 1.6272191402 1 4.0003356183E-1 0 1 .6272191399 7. 1493921894E-1 0 1 .6272191404 2 4873441068E-10 

0.550 1 .6965062500 1.696S062495 4. 9682546965E-1 0 1 .8965062496 3. 5438008084E-1 0 1.6965062496 3.665661 1 OBOE-1 0 

0.575 1.7705628906 1.7705628901 5.01 05875005E-1 0 1 .7705628902 4. 4523473797E-1 0 1.7705628900 5.76480641 00E-1 0 

0.600 1 .8496000000 1.8495999996 1 4.3895220792E-1 0 1 .8495999999 1. 3850431912E-1 0 1.8495999999 6.5727867593E-11 

0.625 1 .9338378906 1.9338378903 1 3.6491254483E-10 1 .9338378904 2.2090063112E-10 1.9338378905 1.1013190360E-10 
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0.650 2.0235062500 2.0235062499 1 1.2600631649E-10 2.0235062499 1.0314726850E-10 2.0235062499 1. 4754688362E-1 0 
0.675 2.1188441406 21188441405 1 1.1092593510E-10 2.1188441403 2 7660584934E-1 0 2. 1188441403 2. 8845859035E-1 0 
0.700 2.2201000000 22200999998 I 1 . 8834489524E-1 0 2.2200999997 29177638083E-10 2.2200999998 3.9314995703E-10 
0.725 2.3275316406 23275316403 ! 3. 1444491455E·1 0 2.3275316400 5. 8494453725E-1 0 23275316400 6.1923088879E·10 
0.750 2.4414062500 24414062496 1 4.1468385881E-10 2.4414062495 5.4127857751E·10 2.4414062499 9.9004804355E-11 
0.775 2.5620003906 2.5620003900 I 6.2894534025E-10 2.5620003897 8.831 8286018E·1 0 2.5620003905 1.553548401 OE-1 0 

0.800 2.6896000000 2.6895999994 · 5.7819526944E-10 2.6895999994 6.32511 82070E-1 0 2.6895999998 1 . 8078916142E-1 0 
0.825 2.8245003906 2.8245003902 1 4.6143089349E-10 2.8245003897 9.2154839475E-10 2.8245003903 3.4027 491935E-1 0 
0.850 2. 9670062500 2.9670082497 ' 3.3175773240E-10 2.9670062495 4. 9299053728E-1 0 2.9670062496 4.2686654211 E-1 0 
0.875 3.1174316406 3.1174316404 . 2.7299185135E-10 3.1174316399 6.9852079676E-10 3.1174316400 6. 7194871889E-1 0 
0.900 3.2761000000 3.2760999999 ' 1.4078205268E-10 3.2760999997 2.6432500633E-10 1 3.2760999999 I 1. 3930279152E·1 0 
0.925 3.4433441406 3.4433441403 , 2.9252422706E-10 3.4433441402 4.6148018740E-10 I 3.4433441404 2.1 002266593E-1 0 
0.950 3.61.95062500 3.6195062495 4.61 55701483E-10 I 3.6195062498 1.7144019537E-10 1 3.6195062498 I 2.2117463416E-10 

0.975 3.8049378906 3.8049378900 6.0038907179E-10 3.8049378902 4. 7277781690E-1 0 3.8049378902 I 4.0194381 157E-10 

1.000 4.0000000000 3.9999999994 6.2954885749E-10 I 3.9999999997 ! 3.1 400571032E-10 ! 3.9999999995 I 4.6787995700E-10 
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Tabte 5.5 
PROBLEM: F-4xy1.12; Y(O)-1 ; h-o.OS 

. . -. --- - -- . . . 

X VeX) 
a-3#4, b--1/3 a=718, b--718 a-112, b&-112 

EXACT VeX) I ERROR VeX) ERROR VeX) ERROR 
0.000 1.0000000000 1.0000000000 I 0.0000000000800 1.0000000000 0.0000000000&00 1 .0000000000 O.OOooOOOOOOE+OO 
0.050 1 . ()()5(X)625oo 1.0050062487 I 1.3037011470E-09 1.0050062487 1.3037011470E-09 1.0050062487 1.3037011470E-09 
0.100 1.0201000000 1.0200999948 L 5.2153888051 E-09 1.0200999948 5.2153668051 E.Q9 1 .0200999948 5.2153688051 E-09 
0.150 1.0455062500 1.0455062383 I 1.1 744571093E-08 1 .0455062383 1.1 744571093E-08 1 1.0455062383 1 .1744571 093E-08 
0.200 1.0816000000 1.0815999791 i 20932845457E-08 1 .0815999791 2. 0932845457E-08 1.0815999791 I 2.0932845457E-08 
0.250 1.1289082500 1.1289062171 I 3.2886015910E-08 1.1 289062171 3.2886015910E-08 1 1.1289062171 3.2886015910E·08 
0.300 1.1881000000 1.1880999726 I 2.7398315172E-08 1 .1880999665 3.3531799337E-08 I 1.1880999981 1.8995824913E·09 
0.350 1.2600062500 1 .2600062290 20981690607E-08 I 1.2600062041 4.5937669890E-08 I 1.2600062462 I 3.7961904731 E-09 
0.400 1.3450000000 1 .3455999857 1.4307481422E-08 1 .3455999677 3.2348600509E-08 1.3455999927 I 7.3400165945E-09 
0.450 1.4480062500 1.4480062423 ' 7.6804342886E-09 I 1. 4460062094 4.0591534578E-08 1 .4460062353 1.4729287567E-08 
0.500 1 .5625000000 1.5624999985 I 1.4723042785E-09 I 1. 5624999800 1.9974369936E-08 i 1.5624999769 2.3108848168E·08 
0.550 1 .6985062500 1 . 6965062372 ~ 1. 2838119900E-08 I 1.6965062259 2.4078415262E-08 I 1.6965062138 3.6202221887E-08 

i 0.600 1.84geoOOO00 1.8495999780 I 2.2035101299E-08 1 .8495999913 8.7307061580E-09 I 1.8495999950 I 4.9689079518E·09 

0.650 2.0235062500 2.0235062204 ' 2.9585494055E-08 I 2.0235062356 1. 4415782790E-08 I 2.0235062418 I 8.1 638242833E·09 
0.700 2.2201000000 2.2200999655 I 3.4454226139E-08 2.2200999900 1.0031971254E-08 I 2.2200999894 1.0601280298E·08 
0.750 24414062500 2.4414082121 3.7923221896E-08 24414062264 2.3643248248E-08 I 2.4414062298 2.0174736992E-08 

0.800 2.6896000000 2. 6895999751 2.4851178004E-08 2.6895999759 2.4123242959E-08 I 2.6895999734 2.6642562823E-08 
0.850 2.9670062500 29670062317 ' 1.8281956393E-08 I 2.9670062034 4. 6556068778E-08 2.9670062078 4.2215482221 E-08 

0.900 3.2761000000 3.2760999847 I 1.5270871234E-08 3.2760999602 3.9776271610E-08 3.2760999903 9.7339403204E-09 
0.950 3.6195062500 3.6195062328 1 1.7174432987E-08 I 3.6195061843 6.5707651320E-08 3.6195062351 1.4947320270E·08 

1.000 4.0000000000 3.9999999799 I 2.011717 4149E-08 3.9999999556 4.4362432838E-08 3.9999999843 1.5671610232E-08 
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Table 5.6 
PROBLEM: F-..Xy1J2; y(o)-t ; h-o.1 

- ~ -. ----- ---- --- - --

X y X} 
a-314, ba-113 a-718, ba-7J8 I a=-lI2. b--112 

EXACT VeX) ERROR VeX} ERROR I VeX) ERROR 

0.000 1.0000000000 1.0000000000 0.0000000000800 1 .0000000000 0.0000000000800 I 1.0000000000 0.0000000000E+00 
0.100 1.0201000000 1.0200999163 8.3740235413E-08 1 .0200999163 8.3740235413E-08 I 1.0200999163 8.3740235413E-08 
0.200 1.0816000000 1 .08159ge645 3.3550094458E-07 1 .0815996645 3.3550094458E·07 I 1.0815996645 3.3550094458E·07 
0.300 I 1.1881000000 1.1880992364 I 7.6362208823E-07 I 1.1880992364 7. 6362208823E-07 I 1. 1880992364 7. 6382208823E·07 
0.400 I 1.3456000000 1 .3455986013 I 1. 3986813359E-06 1.3455986013 1.3986813359E·06 I 1.345598601 3 1.3986813359E·06 
0.500 1.5625000000 1.5624976976 I 2.3024470428E-06 I 1.5624976976 2.3024470428E-06 I 1.5624976976 I 2.3024470428E·06 
0.600 1.8496000000 1.8495978929 I 2.1071298080E-06 I 1.8495975424 2.4576180864E·06 I 1.8495995447 I 4.5533008630E·07 
0.700 2.2201000000 2.2200981516 I 1.8483568627E-06 I 2.2200964953 3.5048751483E-06 I 2.2200993118 I 6.8822349020E·07 

0.800 2. 6896000000 2.6895984215 I 1.5784759917E-06 I 2.6895972208 2.7791784922E-06 I 2.6895991149 I 8.8509088902E·07 
0.900 3.2761000000 3.2760986987 i 1.3012728237E·06 i 3.2760963052 3.6947909670E-C6 I 3.2760984239 i 1.5761 347201 E·06 
1.000 I 4.0000000000 3.9999990162 ! 9 .~383!06826E-07J 3.9999975811 I 2.41 89371315E·06 ! 3.9999979918 ; 2.0081629217E·06 
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Fot the differentiat equation y = x + y ; }{o) = 1, ming schemel (a = ~, b = -~) 88 

an example, the ettot for h = 0.1 at x = 1 (Table 5.3) is 7.0107547572.1o-~. This error is 

reduced to 4.0028160386*10-7 when h = 0.05 (Table 5.2); and this is furthet teduced to 

1.6114338752+10-8 when h =0. 025 (Table 5.1). 

The same trend is ttoticed for the other two schemes as well u itt the sotutiort for 

We show the errors at various step lengths.in the following tabies. They help to cottflrm 

the ob~etvatiotl earHet on made on the rate of convergence as h dectelise!l. 
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Table S.7 
"RoBleM: F-X+Y; Y(O)'"'1 
SCHEME 1 a-314, b=--1I3 

X h-o.1 
0.05 
0.10 1.6948462878E-07 
0.15 
0.20 3.7461895075E-07 
0.25 
0.30 6.2102693121 E-07 
0.35 
0.40 9.1512116951 E-07 
0.45 
0.50 1.2642065803E-06 

Table S.8 
PROBLEM: F=X+Y; Y(O)=1 
scHEME 2 a=718, b=-718 

X h=O.1 
0.05 
0.10 1.6948462878E-07 
0.15 
0.20 3.7461895075E-07 
0.25 
0.30 6.2102693121 E-07 
0.35 
0.40 9.1512116951 E-07 
0.45 
0.50 1.2642065803E-06 

Table 5.9 
P~oBlEM: F=X+Y ; Y(O)=1 
SCHEME 3 a=1I2. b=-112 

X h=O.1 
0.05 
0.10 1.6948462878E-07 

ERROR 
h=O.OS 

5.2520483518E-09 
1.1042652792E-08 
1.7413232412E-08 
2.4408037147E-08 
3.2074329859E-08 
2.8768430971 E-08 
4.3462413890E-08 
4.6089604577E-08 
6.8930033681 E-08 
7.81519451 38E-08 

ERROR 
h=O.OS 

5.2520483518E-09 
1.1042652792E·08 
1.7413232412E-08 
2.4408037147E-08 
3.2074329859E-08 
3.3214656359E-08 
6.2373089138E-08 
4.9657913559E-08 
9.5778061260E-08 
6.5411750239E-08 

ERROR 
h-O.oe 

5.2520483518E-09 
1.1042652792E-08 

0.15 - 1.7413232412E-08 
0.20 3.7461895075E-07 2.4408037147E-08 
0.25 3.2074329859E-08 
0.30 6.2102693121 E-07 9. 2968024390E-09 
0.35 3. 6328872577E-08 
0.40 9.1512116951 E-07 4.5835412577E-08 
0.45 8.2740877261 E-08 
0.50 1.2642065803E-06 9.4701267273E-08 
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h-o.02!S 
3.3515723530E-10 
7.0468186841E-10 
7.0727868007E-10 
7. 4779227255E-1 0 
1.0640872627E-09 
2.0937105383E-09 
2.7247257783E-09 
2.9105067245E-09 
3.4072462629E-OO 
4.3418475482E-OO 

h-O.02!S 
3.3515723530E-10 
7.0468186841 E-1 0 
8.4134588185E-10 
8. 8858076452E-10 
8.6085516493E-10 
1.1907346220E-09 
2.0081936114E-OO 
3.0296334330E-09 
3.8324965423E-09 
4.2533885303E-09 

h-O.02S 
3.3515723530E-10 
7.0468186841 E-1 0 
1.3301093560E-10 
8. 0948359127E-1 0 
1.6214580789E-09 
1.4902723500E-09 
2.2958019930E-09 
3. 2464624322E-09 
3.2737779154E-09 
4.2407823919E-09 



Table !5.10 
PROBLEM: F-4Xy1f2; Y(O)"1 
ScHEME 1 &=314 b--i/3 , 

ERROR 
X h-o.i h-o.O~ 

0.05 1.3037011470E-09 
0.10 8.3740235413E-08 5.2153868051E-09 
0.15 1.1744571093E-08 
0.20 3.3550094458E-07 2.0932845457E·08 
0.25 3.2886015910E-OS 
0.30 7.6362208823E-07 2.7398315172E-08 
0.35 2.0981890607E-OS 
0.40 1.3988813359E-06 1.4307481422E-OS 
0.45 7.68043428B8E-09 
0.50 2.3024470428E-06 1.4723042785E-09 

Table 5.11 
PROBLEM: F=4Xyll2 ; Y(O)=1 
SCHEME 2 a=7/8, b=·7/8 

rx- f--- ------
h=O.1 

0.05 
0.10 8.3740235413E-08 
0.15 
0.20 3. 3550094458E-07 
0.25 
0.30 7.6362208823E-07 
0.35 

0.40 1.3986813359E-06 
0.45 
0.50 2.3024470428E-06 

Table 5.12 
PROBLeM: F=4Xyll2 ; Y(O)""1 
scHEMe 3 a=1I2, b=-1/2 

X h=O.1 
0.05 
0.10 8.3740235413E·08 
0.15 
0.20 3. 3550094458E-07 
0.25 
0.30 7.6362208823E-07 
0.35 
0.40 1.3986813359E-08 
0.45 
0.50 2.3024470428E-06 

ERROR 
h-O.De 

1.3037011470E·09 
5.2153668051 E-09 
1.1744571093E-08 
2.0932845457E-08 
3.2886015910E-08 
3.3531799337E-08 
4.5937669890E-08 

3.2346600509E-08 
4.0591534578E-08 
1.9974369936E-08 

ERROR 
h=O.O!5 

1.3037011470E-09 
5.2153668051 E-09 
1.1744571093E·08 
2.0932845457E-08 
3.2886015910E-OS 
1.8995824913E-09 
3.7961904731 E-09 
7.3400165945E-09 
1.4729287567E-08 
2.3108848168E-08 
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h-o.02ts 
8.1405993058E-11 
3.2569902331E-10 
4.1185915121 E-10 
1.8467649632E·10 
3.3200775462E-11 
2. 8620054682E-1 0 
4.8034820400E-10 
2.6849344970E-10 
8.6533002985E-11 
1.3898637796E-10 

h-O.02ts 
8. 1405993058E-11 
3.2589902331 E-10 
5. 0838444565E-1 0 
4.6287262911E-10 
2.3782487091 E-1 0 
4.6387560459E-11 
7. 0558003884E·11 
2.9356828080E-1d 
5.16201 97000E-1 0 
5.4103344027E-10 

h=O.02ts 
8.1405993058E-11 
3.2569902331E-10 
7.6525452641 E-12 
8.9772411727E-11 
3.3400215926E·10 
1.9996448941 E-11 
1.0211409498E·10 
3. 4692226869E-1 0 
3.9394043583E-11 
1.2135048522E-10 



5.2 ttECOMMENDATIONS 

The main business of numerical analysis is to provide us with complltatiortal methods fot 

the study and solution of mathematical problems. However, most munerlcal methods give 

answers that are only approximations to the desired true solution. Consequently , a 

numerical result is seldom free of error. It is recommended that further work be done itt 

producing schemes with higher accuracies. 

Furthennore, suitable free parameters can be chosen 80 as to reduce the functional 

evahtatiott at each step of computation. 

5.3 SUMMARy 

Irt this work we have been able to drive a 6-step implicit linear multistep method of order 

eight. And by assigning suitabte values for tJle .free parameters we obtain the following 

three schemes: 

Scheme 1 (a = X, b = - xl 

_ 5/ 5/ _ - J [3401.( ill.( _ 1ill J, + 3848/, _ 1lll J, + ill.( + 3-401 /, ] 
YnH 16>'n+5 + 16Yn+1 YII - 1 1 1340 JII+6 + 31 S Jllt S 1260 11+4 29JS 11+3 1260 " +2 3"JII+1 11340" 

Schemej(a = ~, b = - X) : 

96 



We have also solved various differential equations using the three schemel. To Anist us 

in solving differential equations, a computer implementation program U8btg Microsoft 

Excel software package was used. 

5.4 CONCLUSION 

Since we have used the methods to solve various differential equations we cobc1ude that 

our 6-step implicit linear mUltistep methods are accurate 3S they ptoduce tesutts which 

are comparable with those produced by other similar methods. 
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