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Abstract 

It has been observed that col/apses of structures are based on the way they 

are constructed and the Impacted force on them. It is therefore necessary to 

study the design of their structural materials and the maximum external 

force the structure can withstand on it which forms the basis of this 

research work. For more approximate results, finite element method is used 

as a piecewise approximating which reduces error in the numerical results 

to the governing equation. The dynamic response of a flat plate subjected to 

moving foad which impact some forces on it at any instance of time is 

considered. 



Literature review 

If a load is acting on solid and structure, then is a function of both time and 

space are involved which is called moving loads. 

Inglis, Fryba steele and Timosheko Young (1994), have solved by analytic 

method the dynamic responses of a unifonn bean subjected to moving load. 

The dynamic Analysis of Elastic Bean on visco elastic foundation subject to 

oscillation constant and variable magnitude load was investigated by 

Aiyesimi Y. M (1989) The bean under the action of a variable travelling 

transverse load by Oni S.T. (1997). Theory and problems of finite element 

analysis by Buchana G.R. (1995). Finite element method for engineers by 

Huebner K. Hill (1975). A simplified green element analysis of static and 

dynamic foundation by Oniyekwe 0.0 (2002). In this reach the Dynamic 

response of a flat plate under a moving load is investigated at instant time. In 

which we assume that the plate is thin and the deformation small, also the 

load is always keeping contact with the plate and impact force at any instant 

time. 
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CHAPTER ONE: INTRODUCTION 

1.0 INTRODUCT10N 

By the experience of the collapsed or Ttlcoma Narrow bridge in USA 

1I1 1940, a bridge in Noma in Nigeria in 200S,throbbing of the deck of a 

passenger ship, damage of constructec; roc-ld~ in l'ligcria with high traffic, the 

frequently earth quake occurrences in populate countries of the world it was 

observed that these problems as different course '. 

In over coming all these type or problems, it is necessary to study the 

dynamic components of the structures involve in the construction of any 

above. Before a bridge is designs the result of this research will be useful, in 

the analysis of loads expected to pass through it to avoid its collapse or 

crack as what happens in Nigeria bridges and roads. 

fn this research work we shall study the response of a flat plate under a 

moving load . The load shall be assumed to be impacting some forces on the 

plate at any instant of time. 

1.1 Di ffe renlia l Equation 

I. 1.1 Tntroduction: Differential equations havc their Orlgll1 In mcchanics. 

The alln of mechanics is to explain and predict thL: Illotion of bodies. 

Newton's laws of motion led to the study of different:qi equation, whose 

solution can be used to predict the position of a body at some later time. 

L 
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Di [ferential equation has been closely Clssoeiatec\ with the rise of physical 

sc ience in previous centuries and tlley (He It\lW bcir,g Ll sed as models for real 

world problem in variety 01' other di scipl ines. Scientists, engineers, and 

economists working on a wide variety or problems, find it use rul to set up 

mathematical models of the systems, which they are investigating. These 

model s often yield an equation that con1ains some derivatives of unknown 

functions. Such equation is referred to as (l differential equation. 

Example of such models incl udes the free 1 ~1I1 of a body, the absorption of 

drugs into the body tissues, thc decay of r;ldiollctivc substances clc. 

These differential equations basicaily l~tll into two classes ' ordinary 

differential equation and partial differentiaJ equation depending on the 

number of independent variable present in the differential equation. 

1 . .1.2 Linear and Non-Linear: If it does no! occur any where the product of 

the dependent vClriable y(/) with itsel r or Clny of its derivatives in the 

equation then thc equation, is said to be linear otherwise it is non-linear. 

1/1 

L(y) = I .f~. (/ ).1'(1") (/ ) = ,.(/), ./;. (/ ) .... .. ... (I . I .2.0 ) 
1" - 11 

is a know runction and its or order p. 

For non-linear d.e the general equation is written as F(/,y,y' ... ,y(I/I .. I), y(I/I»)= 0 

or 

y(III )(/) = F&, y,y' ... ,y(III- IJ) ..... .. (1.1.2.1) ol"order m 

While solving, m arbitrary constant are in vo lved which are to be determined. 

2 



II' III c\)!1ditions arc, prescribed at one puillt thcll the differential equation 

together thesc conditions is called Initial Value Problem (IVP) and the 

condition is initial condition, expressed as 

If prescribed at more than one point these are called boundary condition. 

Then differentiZlI equation of thc system together with its Boundary 

condition is called Boundary Value Problem (8 VP). 

1.1.3 Classification of Differential Equation: Differential equations are 

classified into two classes ordinary and partial differential equations based 

on the number of independent variables involve in the differential equation. 

It is the ordinary differential equation if one independent is involved and 

parti(lj differential equation ir Illore til <ln one independcnt variable IS 

involved. 

1.2 Ordinary Differential Equation: The gencral rorm of writing O.D.E is 

L(y) = r .... (1.2.0) were L is the differential operator and r is the function of 

independent vuriable. It is llsed to describc any physical substances that 

involve one independent variable such 8S sp ring 11l8SS system, resistor 

c(]pacity inductance circuits, bcnding or bC<1IllS, chcmical reaction s and so 

on. 

..., 

..l 



The order of any dirrcrential equation is the order or its highest derivative 

and like wise the degree is the degree or its highest order. 

1.3 Pal1i al Oi !Terential Equation (POE): Quantities that may be evaluated 

at a specific location in space at a given time require rhore that one 

independent variable, for their specification. The DilTerential Equation to be 

so lved to determine these quantities ,llllOllg thL' partial derivative with 

respect to these independent variables arc referred to as Partial Oi fferential 

Eq uation 

Mathematically physical system can be modeled e.g. 

aJ , , 

[ 1 
-u (hi a-u all all 

L II =A-, +28--+(' - , = D-+ E-+ II(x.)') . ...... (1.3.0) ax- cJx (~y ay ~)I ax 

is <l second order PDE where x, ya re independent variables and its solution 

is of the form II = lI(X, y) ...... .. .. ( 1.3. I) 

I !' all -Oil 
D- + !!--+ II (x.y) = 0 

~J' ax 

Then it is said to be homogeneous and i r 

all _ au 
D-+E-+ II(x. y)* o ay ax 

It is non-homogeneous. 

1.3.1 Methods of Solving Partial Oi !Terential Equation: There are two 

methods offinding so lution to a PO E.. AIl ,ti / 'i c<l 1 cillc! Numericallllethoc!s. 

1.3.2 Analytical Methods: 1 hese are methods that give the exact solution to 

the Partial Di ffcrential Equation. 

"7" 
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1.3.3 Numeric81 Methods: Thesc are l1\clhocl s Ihat give the appro~il1latc 

solution numcrically to the partial c1ilTercntial equal;on. 

1.4 Analytical Methods 

1.4.0 Method of General Solution: In thi s I11cthod wc first lind thc general 

solution andthcn the particular solution which satisfies the boundary nnd the 

initial condition. 

1.4.1 Separation of Variables: 111 this Il H.:t hu I il is assu!l1cd that a solution 

can be expresscd as a product of unknown function cach or which depcnds 

only on one of the independent varinbles. The sllccess of the method hinges 

on being able to write the rcsulting equation so Ih~1t one side depends on the 

rcmaining variables, each sidc must be a constant. 8y rcpetition orthis 

unknown functions can tben be determined. Supcr position of these solutions 

can then be used to find the actual solution. The mcthod often makes used of 

Fouri er series, I"Ollrier integral, Bcssel series and Legendre series. 

As an illustration of the use or scparaliol l or variable, consider hcat in a slab 

of thicl ness L. the governing equation for tClllper8ture, denoted by u is 

t >0, a < x <L ... (IA.I.O) 

i If we let the boundaries be kept at the same temperature, say zero, then the 

boundary conclitions are homogeneous 

( / (O.f) - U(L.!) = O. t >0 and U (x.O) = I(x) .. , (IA.I.I) 

5 



Usin g, separation of v<lriables 

U==X(x)T(t) 
,\ ./1 1" _, _' _ = _ = -A. where A is rC'll. Thi s leads to two nrdin,HY 

.\' A-T 

Di!rcrcnli~lI cql l ~\l ion .\''' = -l and 
x 

The genera l so luli ons is 

T = e- I ,dr ... r = AsinA..\ = O+/3coSAy 

r 
/J 

-A 

1 he boundary conditions for x are x(O)= x( 1 ,)=0 

Consequently 8 =0 and the Eigen value co nd iti on is si n A.L = 0 

WI ' I ' nl( 
l lC 1 gives A" = - ,11 = 1.2.3. ... 

/, 

The eigcn fun ctions arc 

\
' . Ill( , " = SIIl - X_" = 1.2,3 .... 

L 

and the corresponding time factor is 

Hence the fi nal solution is of the form 

[ ' l r 11.4 - . IITr 
U = ~ ,(/ C.\I' (--) kl SIIl --

L..-" n " / , L 
... ( 1.4.1.2) 

Now the initial condition impl ies that 

, '" 
I f '() " , !l llX X = ~(j SI Il -

o 0-1 11 L 

For (J pair of sine, the following identiti es hold 

·'i:·7- -

/' I 6 



" f .'~ '. ';", 

I . III if\' I O,III -:t 1l 

J 
11m . 1 I 

sill Slll - (x =lli -
/, / . ' ,, 111 - 11 

II "-

Multiplying b0th sides by sill n~' and illte gJ~ll ing from () to I, we get 

'") I . - J . . .' 11 1'[\ J . - I ' .... (/ = - 1(.\)S IIl - CI.\.II- . - .. ) ... 
0

/
, I 

• II ' 

Thus the so lution is complctely determined ~IS 

I r ( l' 1 if 2 117lX. II Jr.y 17 ';' - . Il l[ 
U(x,/) = i )- If( x)si n - .- dxl slIl - cxp - - kr slIl - kr 

" , I L II L /, l \ I. ) L 
... (IA.I.3) 

IA.2 Lapl ace Transformation method : The POE is written In its Laplace 

transform and associated with the boundary condition which is first obtained 

with respect to one of the independent v0 ri ~lblc . We then so lve the resulting 

eq uat ion fo r Ihe J.aplace transform or 11ll' required sn lution v"hich is then 

round by taking the inverse Laplace tnll1Sll)\'ll1. In C<lses where Laplace 

in version is di fficult the complex inversion rormu la can be used. 

We now as an example by using Laplace tr<lllslorlll in so lving POE 

consider the concentration c(x,t) of a eli ITcrence surface of a given substance 

rc a~ c 
governed by - = k - J O<x<L, t>O nr nx-

. . .................... ( IA.2 .0) 

subject to the boundary conditions 
;'( . 
• {() . !) = ().c(l .. f) = ('II and the initial 

( I 

condition c(x, 0) =0 O<x<L 

7 



Taking the I,ap lace transform with respect to t and L1SlIlg the initial 

()c -
condition we oct from the LHS - = sc :;:, UX 

, ,-a-c (j- c 
From the RI-IS we get -, = - , 

()x - ux-

therefore, the rDE becomes 

()~ c s ~ c 
--J = .- = () () < x < /, 
i\-- Ii 

the boundary conditions are 

(i~ 
- (O.s) = 0 ax 

at the left end and 

y 

~(L. s ) = fe - "c( L.I)Jf = ~ 
o S 

at the right end. Thus the PDE has heen rcdLlcccil0 ODE the so luti on is 

c cosh h~' (/.,' 
= ---r 

,\'cosh~,\' k I1 

Inverse transform is 

The final result is 

'J ' 1 c 4 / ( - 1)" n + 1 - I ff l 
- = 1- - I ~-co [(-I )7[\\] CXPl kf[( 11 + ") ) - ] J 
Co 7[,,:0 (_17 + 1) - l - r 

-' 8 

... ( 1.4.2.1) 

I: 



1.5 Numeric11 mcthod: The nLlll1eric;ll Illetlw<.\s or solving <.iilTerential 

cquation arc ~llgorilhll1s which produce <1 se ri es o /" approx imatc so luti ons to 

thc diffcrenti,ll cquation at certain spaced points callcd grid, nodal, mct, or 

mesh points, ~llong thc co-ordinate of intcgral interva l. 

1.5.0 Singlc Step Methods: A sing lc stcp method for so lving the DE is one 

in which the. o lution is approximated by ca lculating the so lution or Cl related 

first order difference equation. Thu s a gcncral si ng le stcp meth od can be 

written in the rorm I ' = I ' hcl )(/. \' . h)." - 0.1.2 ... .. ,\ ' I ............. (1.5.0.1) 
. IIH ." III . 11 

wherc <I>(t,y,/J) is a function of thc argulllcilt t, y, h called incremcnt function 

]f ). can be obtained simlJly by evaluating the ri ght hand side of (1.5.0.1) 
1/+1 

it is ca lled explicit otherwise it is implicit 

1.5. j Tay lor Series Method: Lct LI S assLlme that thc Di fferential Equation 

The Solution ,1'(1) can be cxpanded in a T ,ly lnr series about any point I", 

( )
'. I I 

~(- ) " .(") (1 ) +~I \ .(I" I)(~ ) + ... + I 10 ) (I (I) . I 
p! jJ + I 

if/ =I" ,1 h = I",I- I" ... (1.5.1.1) 

l) 



1.5.2 Runge- Kulla Methods: This is the melhod Ilwt lIsed the I'dcall Value 

Theorem that is P' = /(I,)').y(IJ = y" I E(I II .h) satistie r(I",I) = r(l,,) I hy'(~,,) 

where .;, = I " -l (J" h. () < ()" < I. for 1 ~I order Illclhods. I:nr 21ld order melhod, 

k ~ = hl (I " + C ~ h. y" + (/ ~ I k I ) 

....... ... (1.5.2.0) 

I'd 3 order method 

Therefore , 

kl = h/(l/! -1- (" ,h, y" -1- La"k ,) C1 = O. i = 1. 2 .... \1 

,=1 

kl = hi (1
11
,.1',,) i = I 

III 

I' = \" -1- ~ 11" k 
.. 11 + 1 . II ~ " 

................. ( I .5.2. 1 ) 
, - I 

1.5.3 Implicit Runge-Kutta: Is defined wilh v slope by the following 

,. 
equations k, = hlU" +c,h.y+ LO,,k,) . .. ... ........ (\.5.3 .0) 

,=1 

10 



. ' /I f l . ' II ' L-..t t t , " , 
.......... \ .. ~ ... .. / 

, : 1 

,. 
Whcre c, = LlI" .i = 1.2 .... ," , 

/ 1 

and,o" .1 ~ i.j ~ \' "',.11." .... III , are arbitrary constants 

1.5 .4 Multi-stcp Methods: Thc :m:lhocl i .. c~dlcd Illulti-step Illethod if the 

vaiLle or y(/) at ,= ,"., uses the values or Ihe dependent variC:lblcs and its 

derivative atll10re than one mcsh points. Thi s is writtcn generally as 

If ¢ is indcpendent of Y:'+ I it IS explicit (Predictor) otherwise an implicit 

( corrector). 

1.5.5 Explicit Multi Step: By integrating the diflcrential equation y' = /(! .y) 

between the limit ' ,,_I and ' ,,+1 "vc gc t 

" , 
y(l "" ) =y(l ,, 1)+ f/(I ·y)d' ... . . .. . ( 1.5.4.0) 

) Intcgrating (1.5.4.0) by approximating /(1., \' ) by polynomial which 

. t i t f '( ) at 1<. I)OI'nts I I , We shall Lise thc Newton In erpo a e , / . .1' ,, ' " I·.... 1/ I I I . 

backward di ffercnce formula of degree (k-I) for this purpose 

If /(I.y) has k continuous derivatives thcn we h ;lVC 

II 



/ 1.. I\IJ-I , \1 - 1, - ,\1 - 1 J\I - I 1 ' --' , .... ' \1 - / J\I - I 1)· .. \1 - I ',, ) 'I' 
K- • " " h " " 2!1I - ",,- ,,-, - (k - I)!h ' -

tIl (!:) _ 
(t - I" )(1 -1" .. 1 ) ... (! - I" 1>1) ' - ........ .. .... . ...... ...... ..................... .... ... ( 1.).4 .1 ) 

k! 
where fCqC';) is the kill derivatives of ./ cVc]luated at sOllle ~ In an interval 

. . b" (/ . 1 ) contall1mg 1,1 ,,_1 wllnd.!" su stltutlng // = - _/_, in (1.5.4 .1) 
Ii 

'. '\7 ~ /" I - I . 

PI . I(!) = .!" + 11'\7/" + 11(11 + 1) -'-' + .... + //(11 1 1) .. (" i k - 2) -~+ 
2! tk - I)! 

111 ('l'( t: ) I-J [") ( ") u(II+I) ... (t-I" .I/') . kl '=' = L(- I)'" - '\7 111'/;,+ (- 1) - . II l pl'Cs) ....... (1.5.4.2) 
• 1/' 0 III f.. 

Substituting this in (1.5.4.0) and putting ell ::: lui" we obtain 

I - I 

= y(1 ) + II "" r ( 1)0<\11111' + r (" 
,,- 1 ~ 111 ." k .. .. ........ .......... (1.5.4.3) 

,,=() 

.................... .. ( 1.5.4.4) 

If remainder term T( I) is i anore we (Jet 
11/ b b 

I I 

. -; + II '\" r ( "\l III / . 
) 11+ 1-)11- 1 '--' III .11 ... .................. ( 1.5.4.5) 

III - I) 

Calculating few terms of TI~;!l we obtain 

1.5.5 Adal11s-Bashforth formulas (j=O) II' r ,~/" is \...v~t1l1ate then 

equation (1 .5.4.5) becomes 

- 1[7 f ' .!. nr. i. n2 r. 1. n31' .' + 2, 1 1 / ' 175 n5 f ' ] (I 550) y,,~ 1 - y" + 1 - . " + 1 v 1/ + 12 v . 1/ + S V . 1/ i~1J . 1/ + IiIiI v . 1/'" ....... • •• 

12 



1.5.6 Nystrom formulas (j= I) If f ,I,," is evaluate thell equa tion ( 1.5.4. S) 

becomes 
-, Ir?f ' I V ~ f' IV 1 f ' "' \/ If ' 11 \, ' / ' I IS) YI/,I -) 1/ I + I - , " + 1" , " + 1" , " -I 'III ," -I j< ' , " -1 . ' . . . ...... ( . . 6 ,() 

1.5.7 Impli cit Multi Step: As in expli cit mclhod we expressed -" 'H I in term of 

previous ly 

Impl icit multi Step method: 

, 
y (t'H I) = y (t ll .- I ) + hI ()III (j)V lll f " I + r , II (j) ....... ( 1.5.7.1) 

111 = 0 

I [I -II) If [I-II} were 7 ~·+ I (j)= h I12 J(- I ) k+ 1 / rl+I) ( ~) cI/I c'i", Ci ) = 1( - 1) "' /11 ...... .. (1. 5.7.2) 

replacing the difference operator \7 111 '/", 1 in terms of the function va lues 

k 

we obtain )'1/11 = Y l/' / + hL()",:,(.i)'/:, 111 11· .............. .... .... ( 1. 5.7.3) 
m= O 

l.5.8 Adams-Mou lton formulas (j=O) then eq uat ion (1.5.7.3) becomes 

) - J + h[ / ' - ..!. Vf' - -'- V2 f ' - J... 1 I' I') v'l f' 72 V5 f ' J (I 5 7 5) ) ,, +1 -) " . ,<, I 2 · 1/+1 12 . 1/+1 2,1 . '" I - 7 ~ 1) , 11 +1 -14iO . ," ,1' " .. . . . '. 

J .5.9 Milne-Simpson formulas (j= l) 

1.6 Finite Difference Method (FDM): Thi s is an approximated numerical 

method that gives a point wise so lution to the POE. This method improved 

as more points arc used. 

13 



For various values of rl,r1 we. obtain 

( ) ( n In' ) /1. 1 _ a1 /III I ' I' II " I) ' I t r I I' a V,+~V, " ", - [I r " ", WliC1ISC8 ('(I LilC ,IC llr l)le r 10rmU ;1. ' or 

r l = O·r ~= () 

(b) (\-' In' /111_;")1 I 
v , + ~ V , )""' - fl ur( I --;j 1) 1111 f'o' 

I " ", I ,1'1 

1.7 Finite Element Method (FI~ M) : This is approximated Ilumeri ca l 

method that gives a piece wise solution [0 Ihe PDI ~ , which is an improved of 

FDM (see fig 1.7.1). The Illdhods used ill lilltiing the parc.lIncters ill\ 'olve in 

FDM are as follows. 

1.7. J Weighted Residual Methods: The <lpprox imating methods which 

provide analytical approximation. These <Ire methods which gives <lIla lytical 

procedure of ob taining solutions in form or I'ullctions which (Ire close some 

sense to the exact solution of BVI) or IVI >' 

Somc few we ll known methods are leasl sqli ;1I'l: IllethocL ParI i [ion methods, 

Galerkin solution. Moment method and collocltion 

CI . I' I~ . t. i1D ix .. {Ii t 'd 1.7.1.1 Least square: lose welg ltlng UIlCtlOIl to ()e II', = . 0 pravi e 
a 

N simultaneous equation for the dcterlllill<l!i()1l nfparameters (fIJ' 2 "'(/1I 

1.7.1.2 Parti tion method: When the domclin R is divided into N non-

overlapping sub domain N, = j = 1.2 ... N and wcightcd Residu81 me chosen as 

II' = f I. rE 1<, then the DE is sat islied 011 till' ;Ivc ri:l ge ill caci: orti!c N sub , l O,X 120 N, 

16 



1.6.3 Multilevcl explicit difference schemc: The gencral thrce levcl scheme 

in which sevcn points are involve and can bc written as 

l . . 1 I. " • " ) /11 I 
(I + T; )11;:/+1 = 1+ '2 r, + r( 1- y/ )ch-- JL/ ", - (r, - ry, ( \ II ", ...... (1.6.3.1) 

where r;.aml.y;are mbitrary parailleters. The trullcation error is givell by 

r ;;, = (\7, -I-r;V,' )II(x", J")- r():.(I-- y;V, )II(X,,, .I,, ) where 1/( ,\' ", .1,,) satisfies 

(1 .6.1.1) 

1.6.4 Two level implicit differences: Thc gencral two Icvel implicit 

difference scheme involving six points is obtained as 

For various valucs of 0', 'YI we get the followillg ullconditionally slnble 

methods 

(a) '\1,11:,:+1 = ra~ II ::,!I for 0'=0, 'YI=O which is l .acsoncll [ormula 

(b) '\1,11::/+1 =~(~ (II :,:+I + v::,) for a=O, YI =Y::! callcd Crank-Ncoson formula. 

1.6.5 M,ultilevel implicit difference schcnlc: The thrce level di ffere11 ce 

scheme base upon nine points 

arbitrary which can be simplificd and wriucil as 

l(l+f,)+[O'(I+2f, )-f(l-y, +Y2 )]a ~ k:,+ ' = 

[(I + 21',) + [0'(1 + 2 r, ) + rCy, - 2y~ )]a: k,', -h + «(T[I - [IY ~ )() ~ ]U:/:,I 
.. . (1.6.5.1) 

-
( 

,::,' ... 15 
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I 
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The basic idca of FDM is to replacc thc dcrivativcs by finite eli frcrence 

operator. An important fcature of FOM is it approximates POE by set of 

algebraic equations. This makes it ve ry suitable ror application in computer. 

With FDM wc can treat somc fairly c1i!Ticult problem in practical problem. 

See fig 1.6. 1. 

1.6.1 Difference methods: These are difference equation obtained from a 

gIven DE which are them solve directly indirectly. The scheme can be 

formed depending 011 the level which is either explicit or implicit. 

Example of differcnce schemes are these: 

Consider the heat flow equation 

AU 02 11 
-=-? , ........ (1.6.1.1) 
Of ox-

Were t and x arc time and space co-ordinate respectively, In the region 

91 = [0 ~ x ~ b HI ~ 0] For A = (f + I11h,r = 17k . 

(the quantities hand k are mesh size In space and time respectively) the 

difference approximation at nodal point (Ill, n) can be written as 

( , )" , 11+ 1 _ 2 /I • _ k a- II _ I :) 2 . _ ] 
G("V')"/II . -ra "/II wete r- %2' ax 2 - 11 (,11('\11/.111) f-()( II ) ...... (\.6.1.2) 

II/ 

1.6.2 Two level explicit difference scheme: Choosiilg C;(\1,) = \1, then 

(1.6. J.I) becomes \1,,,::,+1 = [OX
2

,,::, which is known as the Schmidt formula. 

14 



domain R, . Thc required equ(llion ror Pmtilion melhod becomcs 

I r. [x.a]dx = 0 . ./ = 1.2 ... . N 
Ii, 

1.7.1.3 Galcrkin Method : 1 f the weighting function is chosen to be 

I = 01ll(x ,0) . = I 2 N 
II , • .1. " .. 

()u , 
where l\I(x.o) is the approximated solution of the 

problem. fiji , (x)r. lx. uJdx = 0 
/1, 

1.7 .1 .4 Momcnt Mcthod: Thc weighting I"unction is choscn to be II" , = /' , (x) 

Where P ,(xl arc polynomial s equal II', (.\")1."1 \".old\" = 0 
, .. , 

I I 
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Fig.'1.6.1 Finite Difference Method 

Fig. 1.7.1 Finite Element Method 



CHAPTER TWO: MATHEMATICAL FORMULAT10N 

2.1 DeformCltion of plClte theory (Vibrcltinn or plates). Frolll fig 2.1 let the 

plate be of uni larm thickness l', which is Slllelll COlllpClre to the dimensions of 

the plate, on x - y plane at middle plane or Lhe plaLe. Assume LhaL the 

deflection in the z-direction is small compare wiLh Lhe thickness and middle 

plane is normal and remain normal even lIner denection on middle surface 

during vibration. 

If the strains in thin layer of a typical elc;~:ciil ::i-..:- ~onsidered at the distance 

z from Lhe middle surface the rollowing :Ir( tile strtlins rcpresentCllion: 

, 
(. - )1 ' 

t =-:::-,. 
x ch' -

........ (2.1.0) 

Where w denotes the deflection of the plate In z direction e, ,e"Jr" are 

normal strains and shear strain in the thill layer. The corresponding stresses 

by the relationship are known as: 

t' ( ) C ( ) c a2
11' 

rr - - - P +ve (J' =-- f +l'f' T :=---- ....... (2.1.1) 
v\,- " .I' , " ,. , . " " " , (I ) a a ' 1-)'- " I - v-' -II x~ 

The pOLential encrgy accumulated in the ~ h<td ed l<tyer or the elemcnt during 

deformation wi \I be: 

............ , (2,1.2) 

u = ~ Hf(fI ,. (J'" + f,. (T" + r" ' ." }Ixdvdz .. .. .......... (2.1.3) 



... (2.1.4) 

Since L,={ (thickness) 

.. . (2.1. 5) 

is the llexural ri gidity of the plate. According to Smith[7] 

2.2 Boundary Condition: The boundary condition for rectangular or 

square plate is of three cases simply supported edges, elamped edges and the 

free edges. See fig. 2.2.1 
.' 

2.2.1 Simply Supported Edge: Two conditions Illust be ·sa tisfied that is the 

displacement \1 ' = () and the movcmcnt with the consigning direction or the 

edge is zero. 

\ r 20 
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........... (2.2. I .0) 

and since D;I:. 0 far edge x=eonstanl 

..... ... ....... ... (2.2.1.1) 

Similarly for edge y = constant 

.......... (2.2.1.2) 

Since w=O and along the edge x=constant it follows that al l,I' = 0. It is 
a.c 

possible to replace the boundary condition above with [II' = 0, al l;' = 0] 
ar 

- /I 

. . . .. (2.2.1.3 ) 

Similarly for edge y=col1stant the boundary cond ition can be replaced by 

2.2.2 Clamped Edge (fixed edge): The two conditions that must be satisfied 

are that the displacement w must be zero and the slope of the line 

perpendicular to the edge must be zero, i.e. for edge y, 

ow 
IV = 0, -=0 For edge y=constant 

qy 

all' 
II' = 0, .. - = () I;or edge x=constant 

ax 
... . . . (2 .2.2.0) 

~.--.--- 7 
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2.2.3 Free edge: For x = constant th e two conditions to be sati s fied are 

al,,/ 
that the moment Mx must be zero and thJt the quantity V = 0 - __ ':1 on that 

.1 _ I (~\ ' 

edge must be zero. 

aM aM 
Where Q, = __ " --' 

ry ax .. .... (2.2.3.0) \ 

Since Iv!.". =-JlI 'I'V, = aM , _2
aM" 

. ax C!)' 

By the condition of free edge Mx = 0, \Ii. = 0 

For free edge y 

Tn order to analyze the displacements and th e stresses in a rectangulm plate 

the di ffe rential cquJtion 

D( 8 ,111' a4
111 J ()'I lil ) = u I I 

~ + 4 + - 1) is so vee ..... ... (2 .2.3.1 ) 
ax ay D'i -ay 

The above deformation is the so-called Kirchhoff-Love plate theory if the 

load moves and keeps contact with the plate impacting force on it, at any 

instant of times according to Smith[Tj ldlti 'Ni;iiGl·:lf8J. 

/' r 22 
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2.3 Finite Element Method (FEM): i"hl.~ ilnit<.; clcment method is a 

numerical technique for obtaining appro;\ill18te solutio ns Lo difkrcntial 

equation used in wide variety of engineering problems. It is elillicult to 

ohtain exact so lution to some dilTerenti<l1 cquations so it becomes necessary 

to usc approximate so lution rath er than the exact which is a close so lution. 

FEM is a piece wise approximation to the equation. 

The basic premise of FEM is that a solution region can be replaced by 

assemblage or all the discretized element so luti ons. These elements can be 

put in variety of ways to represent complex shllpes which are 18ter put 

together. Figure (1.6. 1) and (1.7.1) shows the FDM and FEM. 

2.3 .2 History of the Method: The mcthocl I~rst appeared in 1960 when 

Clough uscd it in the paper presented on pl:1Ilc elasticity paper, but it idea 

date back on two you asked a applied l11athel11atician, physicist, or an 

engineer about the origination of the method. Each has some j usti fication for 

the claims. 

The applied mathematician arc interested on boundary value problem, 

physicist on solving continuum problems and engineer searching for way in 

which to find the stiffness influence codlicients of shall type of Structure 
.' 

reinforced by ribs and spars. 

2.3.3 How the Method Works: The problem is discretized into finite 

number of elements by dividing the solution region into elements. Then 

" 



express th unknown field variable in terl11S or assumed approximating 

function within each element called interpolation function, which are 

defined in term of the values or the licit! v<lriablcs at specified points called 

Ilodal or nodes points. With finite elemel\t rl:prcscn\<ltion or problem, nodal 

values of the field variables becomes the ncw unknown. Once these 

unknown are found, the intcrpolation fUllction dcfine the field variable 

throughout the assemblage of elements. Finite element method has the 

ability to formulate solutions for individual elements. Before adding them 

together to represents the entire problem. 

The process is in six steps 

(a) Discretize the continuulll 

(b) Select intcrpolation 

(c) Find the elcments properties 

(d) Assemble the elements properties to obtain the system equation 

(e) Solve the equation 

Cf) Make additional computation if desired sce Kenneth. 

2.3.4 Applications: The application o. Fe~l (.; .. on he dividcd in to three 

categories depending on the problem, to so l \lC . They LIre 

(a) Equilibrium problem 

(b) Eigen valuc problem of solid and fluidlllcchanics 

(e) Multitude of time dependent or prop<lga tion. 

/ 

/ . 



(a) Equilibrium prpblem (Time independcnt problem) in solid mechanics 

problem to find the displacement distribution or stress or temperature 

distribution lor a given mechanical or thermal loading. This could sometime 

be finding pressure velocity, temperature and concentration. 

(b) Eigen Value Problem: These is problems whose solution ortell requIre 

the determination of natural frequcncies c.g. problem involving both solid 

and nuid. 

Multitude of time-dependent or propagation problem of continuum 

mechanics. In this category time dimension is added to the problem of the 
/ 

first two categories. 

But in the mere fact this method (FEM) can be used to solve particular 

problem does not mean it is the most practical solution techniques. 

The range ofFEM application extends to ,tI! engineering disciplines. 

2.4 Finite Elemcnt methods: we dividc thc domain R into M finite clements 

with piecewise approximate solutions as 11 ' = " I I ) + ,,1 21 + .. . + u (") + .. . + ,, (III) were 

,, ( I ) , ,, ( 2) , ... /f (III) me approximate so lutions of each clement 

The function 1/ 1, ' 1 is express as ,, ( .. ) = N (")¢ I'" where N ld is the shape function 
.' 

and ¢(") is the column vector which depends on the nodal valucs of the 

function u or its derivatives. 

"'""-p ::L ~7 
/ J 25 '. 



The nodal par81lleters ¢ Illay be determined by using anyone of the Illcthod 

used to determine the nodal parameters such as least square finite clement, 

Galerkin finite clement e. t. e 

2.5 Choice or Method: The num erical method gives the approximate 

so lution to PDE. Becomes of its piecewise <lpproximation to the POE, FEM 

is used to find the solution to the governing equation. 

The cubic Ilcrmite Polynomial will be lIsl'd as (he interpolation function, 

since the plate is assumes to be of rectangu lar shape see Kenneth. 

; 

," 
I 

·---.i 
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Fig. 2.1.1 
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w=o 

x 

w=o 

x 

w= o 

w= o 

aMy = D(a2 l~ + v a2~) 
ay ax 

Fig. 2.2.1 Free Edge Boundary Condition 

w= o 
aw 
- =0 
By 

w=o 
Ow = 0 
ax 

w= o 
ow =0 
ax 

aw 
- = 0 oy 

Fig. 2.2.2 Fixed Edge Boundary Condition 
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a ~ a" a~ • ,I ( ) , 11' 11' 11 ' Smce \1 Iii x,)'J =-4 +- , + 2 ) ) 
ax ~1 ' aX - ~I ' -

......... (3.1.4) 

Then (3.1.3a) becomes: 

[ 
a" [N] + ~~] + 2 rJ I [N t]{U '= e 
a ·1 :l ,I a 2::l 2 ,j I) 
~. uy x uy 

.. ,. (3. I .5) 

Multiple by the weight function [N)' and integrate both x.y axes 

: 

f{[ ]1' ()4 [N] [ ]1' ()" [N] []'" ()'I [N] ]{ ff/l [ ]1' N -4- + N -4-+ 2 N ' 1 2 u, fd\"(6 '= - N (Ady .. (3.1.6) ax ay ux ~)l /) 

I' a4 [N] 
f ITN] -~- d\"dy , Jl ax ..... ......... (3.1.7) 

/ 

using integration by part we have (twice) 

• [ ] [ ]1' 1 [ ] r r}' N aN a· N 
= IT N] -1- (6; - ff--.- .-l (/X((I ' 

Jl ox' ax ax 

I a' [N] a[N y a' [N] ffC/ [N]' a2 [N] . = nN ] --, dy- f--'-l-t,(V+ 1 ·- l- (/.H(J ' ......... (3.1.8) aX' ax ax ax ax 

Similarly 
.' 

Also 



............ (3.1.10) 

\ , 

By applying boundary condition or deformation which are 

11' =0,-= 0 , 11' = 0,-= 0 [ Oll' ] [ all' 1 
OX /1 oy /I 

Equation (3.1.6) becomes / 

Let 

Jf
ci [N]' ()~ [N] Jfu1 [N]l ()~ [NJ D~ [N] I' a2 [N] 

[M] = J '-J- dxdy+ 1 '-1- dr(fl' + 2 If ) · -1- dxdy. .. (3.1 . 12) ux- ox- oy ay ac oy 

(3.1.6) becomes: 

............ (3. l. 13) 

Using Cubic Hermitian polynomial as the interpolation function since the 

plate is assume to be a rectangular plate then 

[N]= [N, (.r. y). N1(x,y) .... . N11(X.y)J And 

c 

> 31 
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Such that 

Where {I(.Y) = ,,.' - 3(fX 2 + 2x ' , {lev) = h' - 311/ "2y' 

(' ) ' 2 • () ' ,. R x = a -x - 2ax + 3,y " R y = h - ,I ' - 2 /'.1 '- L P " 

A= _ I 
(oh ) 1 

, 

, . . ......... (3. I. 17) 

; 



8
2 
N~ 81 N. () 1 N, 

-J- = - 6AQ(x)I1(Y). -,_) = -2 /1hQ(.\')/I(Y). __ ,' = 6AaR(x)n(y) 
8y oy ()\'_ 

0
1 

N 7 ( ) ( ) 8
2 

N X ( ) ( ) rJ : N,) ( ) ( ) 
-J- = - 6AS x 11 Y ,-,-' = -2/l /),)' x () y ' --, = 6//(([' x 11 y 
0;- 8y ~r 

8
2
N 02N 82N 

_J_IO = 6/JS(x )n(y),-,_II = -2AhS(x )n(y). -,'2 = -(i / /aT(x )O(y) ... (J. I . 19) 
8y oy cJy 

Where 

lII(x) = 2.r - (f n(y ) =2y - h lII(x) =2i1 - } I' 1II(.\') = 2h - 3\ , o(x ) = u - Jx 
I . 

o(y) = h - J.l' 
.............. (3 . 1.20) 



Q(Y)I1(X) 
H(JI ),;(x)b 

I 
~ (2 (Y)llI (.r)a 
_1 

S(y )11(.r) 
T(y )11 (X )h 
I 

- ~ R(y )111 (X )u 
~ S(y)n(x) x 6A 
- T(y)n(x)b 

- ~ S(y )0 (x)a 
.J 

- Q(y)n(x) 
- R(Y )11 (x )b 
I 
~ Q(y})(x)a 
_1 

Therefore equati on (3.1.12) becomcs: 

integral values of each element in the matri x. 

Therefore 

{u,}= ~ [Mlr[NI] 

Where 

[N I ]= ff[ N]' II.W(JI 

x 6/1 

............... (3. 1.22) 

........ .... ...... (3.1.23) 

The effect of moving point loael can be felt on .\' - oxis,Y - ((xis or both 

For the loaellTlovi ng along x - ax is parallel to ." - a.ris equation 3.1.2 becomes 

...... " (3. 1.24) 

For the loaelmovingalong y-axisparall ei tox - ox;sequ::ttion 3.1.2 becomes 

.. : .. " (3 .1.25) 

34 
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CHAPTER THREE: PROBLEM SOLUTION 

We assume th8t the flat plate is thin (lnd Liclorl1lnlion is small, also the load 

is always keeping contact with the plate and impact force at any instant of 

time. Based on the above the plate is of the type so-called Kirchhoff-Love 

plate theory. Therefore the governing equation subjected to the concentrated 

moving load with magnitude P, mass III and I' is the mass of the plate per 

unit area and is given by: 

Taking thickness t to be constant, (3.1.1) becomes according Oni[4J 

DV4 w(x, y) = jJ()(x - (xu + xcosfJt))C5(y - (Yo + x sin PI)) ... . ..... (3.1 .2) 

The effect of the moving load is felt at the points [( '\" 0 + X cos Ill), (y" + X sin fJt)] 

Aiyesimi[l] 

At the points x = Xo + Xcos (JI and y = Yo + x sin I II equation (3.1.2) becomes 

............ .. (3.1.3) 

Let 11' = [N ](U,} where [N] is a shape function and lu,} IS the nodal 

displacement vector of the plate element. 

" ( ) p .. . V 11' X.)' = D . . . . . . (3.1.3a) 

, 
, Where D = [;r - J with [; = young ' s Modulus, and v = Poisson ratio of the 

12(1 - 11 - ) 

plate materi al respectively and r is the thickness or the plate. 

;> 29 



For a variable moving load along y-ax is keeping x-ax is constant 

DV~ H{X .. \1) = p;.'OS(tJt cY(y - (Yo + XSil1/JI )) ........ . (3.1.26) 

For a circular moving load equation 3.1.2 becomes 

DV411:(x, y ) = P()"(x - (xo - (x + xcos,!3t »(Y(y - (YII + X,')'injJl)) ..... (3. I .27) 

For a variable circular moving load equation 3. 1.2 becomes 

DV41V(X,y)= p('osmtc5(x-(xo + %Cos,!3I))(Y(y -()'o + %Sil1,!3t)) .... (3.1.28) 

Sec Aiyesimill J 

Solving (3 .1.24 ), (3.1.25), (3.1.26),(3 . 1. 27), (3 .1 .20) we have 

.......... (3.1.27) 

[M']{U , } = ~ [N(YII + xsin,BI)], HN(x) ]"/.,I· .. .. . ..... (3.1.28) 

[M']{U, } = ~ [N (xo + % cos pI)]' [N(yo + X sill IJ!)), ...... (3.1.30) 

[M ']{U,} = ~;cosrvl[N(Yft+xsin(JI)]'[N(.\'fI+ XC()S/JI]' ...... (3.\.31) 

Since [N] = [Q(x )Q(y), Q(x )Q(y)h,-R(x )Q(y)o. Q(x)s(y),-Q(x )T(y)h, 

- R(x )S'(Y)C1, S(x)S(y ),-S(x )r(Y)h, T(x)S(y)a, S(x )Q(y), S(x)R(y)b. T(x )Q(y )0] 

...... ...... ... (3.1.32) 

/ I ~5 - , 

\ 

/ , 



Then equations (3.1.27), (3.1.28), (3.1.29). (3.1.30), (3.1.31) becomcs 

[M']{U,} ~ ~ [tV;] ". (3./.32) 

[J1/f']{U, J == ~ [N;] 

Where [Nn,[N;],[N;], [Nna nd [N~ l are: 

Q(xo + zC 'os(3l) f Q(y )cly 

Q(xn + XC'os(3l)b f R(y )(0; 

R(xo + xC 'OS(31 )0 f Q(Y)C01 

Q(xo + I( 'osfJ1) Js(y )(01 

- Q(xo + XC 'osfJl XJ J r(y )dy 

'" (3.1.33) 

'" (3.1.33) 

'" (3.1.34) 

". (3./.35) 

Q(I 'O + ZSil7fJl) f Q(x)d.'\ 
N(I 'o + x .)'iIl/JI)h IQ(x)dx 

O(r + y,)'in fJt)a IQ(x )dx - . I) /1,' 

SCI II) + XSill/}I) IQ(x)dr 

- T(II + XSin(JI)b JQ(x )dx . 0 - R(xo + xC'osfJ1)u I r(Y)d)' 
'1 ~ S(Xo + xCos{:k) JS(y}Jy 

- 8(xo + xCos{Jl)b J T(y )cly 

r(xo + xC()s{Jr)a JS(y)dY 
s (Xo + x( 'O.l'(3t) J Q(y )(01 

S(xo + xCosfJl yJ JR(y)dY 
r(xo + XC 'osfJI)O f Q(y )C0; 

- S(Yo + XSil1!}I)a J N(x)dr 
[N; J ~ S(y" + XoI'in{J!) fS(x}dx 

- r(l'lI + x.'iinfJ1)b fs(x )clx 

S()'o + XSinfJI)a fr(x)dx 

Q(YII + x·C,'in{JI) J.<"(x)dx 

R(.I'o + XSillfJf)h fS(x)dx J 
i ~C) 'IJ + XSil1(1I)O fT(x)dx 

t 

/ 



[N~] = 

Q(yo + XSin{3f) f Q(X)c/X 

R(Yn + x,)'in{3f)h fQ(x)dx 

Q(yo + XSin(Jf)a fQ(x)dx 

s(Yn + x.'-;in{3f) f Q(x )d\ 
- r(yo + XSin(Jf)b f Q(x )dx 

- S(Yo + x,\'in(Jf)o f R(x)dx , [, 

( " )f ((lsmf. N.I ] = 
S Yo + X,\II7(Jf S(x)dx 

- r(yo + XSin(Jf)b fS(x)dx 

s()lo + XSill{3f)O fT(x)dx 

Q(yo + XSin{3f) fS(x)dx 

R(yo + x5;in{3f)h fS(x)dx 

Q(yo + X5,'il1 {3f)O f r(x )dx 

Q(yo + X.c.,'il/{3f)Q(Xo -/- xcos{3t) 

R(yo + x,')'in(Jf)bQ(xo -/- xcos(Jf) 

Q(yo + XSi /1 (Jf )aQexo + X cos {3t) 

S(Yo + XS'il1{3f)Q(Xo + xcos(Jt) 

- T(yo + x,')'in(Jf)bQ(xo + xcos(Jt) 

- S(Yo + XSill(Jf )a/?(xo + X eos (JI) 

S(Yo + xSin(Jf)S(.\'o + xeos/Jf) 

- T(yo + x,<i'in(Jf)hS(xo + xcos(J1) 

S(Yu + xSin(Jf)a1'( xo + Xeos(Jf) 

Q(yo -/- X,')'il1(Jf)S(Xo + xcos fJt) 

R(yo -/- XSil1{3f)hS(xo + xcosfJt) 

Q(yo + xSin(Jf)a1'exo -/- XCOS(Jf) 

cos (of 

Uel 'o + xSilljJf )rJ(Xn + X COS IJI) 

I?(y" + XSil1fJf )hQ(xo + X COS fJt) 

Q(YIl + XSin{3f)oQ(Xo + x cos{3f) 

S(Vo + XSin(Jf)Qexo + x cos (Jt) 

- TClio + XSin{3f )hQ(xo + X COS jJf) 

- S(I IO + xSinlJf )aR(xo + X COS jJf) 

,<i'(llo + X8il/(Jf ).\'exo + X C(lS Pf) 

- rCl lo + XSill(Jf )1I8(xo + X COS Il f) 

s Cl lo -/- XSil1! Jf)oT( xo + XC OS(Jf) 

~!(YII -/- X,<"ill(Jf ).\'(xo + X COS fJf) 

N(yo + XSin(Jf )hS(xo + X COS Ill) 

U(vll -/- xSinIJf)oT( xo + x cos {31) 

The evaluation of [HY ®[/I], [/-II]" ®[/-II]anci [1-1)' ®[/I I]are as in appendix 

A, B, C before the integration is performed and the boundary of the plate 

used. 

We then obtainecl [1'] and substitutecl in kTlll S ()I' [/I/'] 

~~: r~ 37 
.' --.. I 

j 



Such that (3.1.22), (3.1.33), (3.1.34), (3.1.3 5), (3 .1.36), and (3.1.37) 

bccomes: 

... (3.1.38) 

... (3.1.39) 

{u,} = ~ [T JI [N; ] ... (3.1.40) 

fU ) = £ [T]-' [N: ] t , f D .' ... (3.1.41) 

... (3.1.42) 

{u,}= ~[" l'[N ; ] ... (3.1.43) 

Respectively 

38 

I 
I 

I 
-' 1 



.. , .--........ - - " __ r,",_ -- - -...,.- -- -- ... 

CHAPTER FOUR NUMERICAL SIMUTIONS 

One element is used to cover the entire domain of the rectangular plate this 

is assumed to be unit plate. 

With these the limit of our integral values will be from 0 to 1 on both axes. 

Each element in appendix A,B,C where evaluated by a software math 

Computer Aided Design, also to other matrices involves. Attached are 

printed out results for each matrices. 

The constants involve are then varied to investigate their effect to the I. 

system. The boundary condition of the edge plate also IS used before 
/ 

variation takes place. 

. ... 

_ _ _ .J 



Zero to eleven are numbers of columns and rows of matrices A, Band C 

Were matrices z, xT,'and ware numerical results for A,B, and C 

0 1 2 3 4 5 6 7 8 9 10 11 

0 4. 457 0.629 -0 .314 1.543 -1.371 0.314 -1 .5<13 1.371 -0.771 -4.457 -0.629 -2.229 -- - r---
1 0.629 0.114 0.314 0.371 -0.286 0.057 -0.371 0.286 -0.186 -0.629 0.171 -0.314 

2 0. 314 -0.314 1.486 -0.771 0.686 -0.21 0.771 -0.686 -0.257 2.229 0.314 0.743 

3 '1.543 0.371 -0 .771 4.457 -1 .629 0.186 -4.457 1.629 -2.229 -1 .543 -0.371 -0.771 

4 -1.371 -0.286 0.636 -1 .629 0.914 -0.143 1.629 0.914 0.814 1.371 0.286 0.686 
Z= 5 0.314 0.057 -0.21 0.186 -0.143 0.038 -0.186 0.143 -0.062 -0.057 -0.057 -0.105 I , 

6 -1 .543 -0371 0.771 -4.457 1.629 -0.186 4.457 -1.629 2.229 1.543 0.371 0.771 

7 1.371 0.286 -0.686 1.629 -0.914 0.143 0.371 0.914 -0.814 -1 .371 -0.286 -0.686 

8 -0.771 -2.229 0.257 2'.229 -0.814 -0.062 -2.229 -0.814 1.486 0.771 0.186 0.514 

9 -4.457 -0.629 2.229 -1 .543 1.371 -0.314 1.5.43 -1.371 0.771 4.457 0.629 2.229 

10 -0.629 -0.114 0.314 -0 .371 0.286 -0.057 0.371 -0.286 0.186 0.629 0.114 0.314 

11 -2.229 -0.314 0.743 -0.771 0.686 -0.105 0.771 -0.686 0.514 2.229 0.314 1.486 

I " 

0 1 2. 3 4 5 6 7 a 9 10 11 

0 2.88 0.24 -2.64 -2.88 0.24 0.22 2.88 -0.24 0.24 -2.88 -0.24 -0.24 

1 2.64 0.32 -0..293 -0.24 -048 -0.027 0.24 048 0.02 -2.64 -0.32 -0.22 

2 -0.24 -{).02 0.32 0.24 -0.24 -0.027 -0.24 0.02 0.08 0.24 0.02 -0.08 

3 -2.88 -0.24 -2.64 2..88 -{)24 -0 ?~ -2.88 0.24 -0.24 2.88 0.24 0.24 

T 
x = 

~ -0.24 -008 -0.22 -2.64 0.72 -0.073 2.64 -0.72 0.22 -0.24 0.08 '0.02 

5 0.24 0.02 -0.32 -0.24 0.02 0.027 024 -0.02 -0.08 0.24 -0.02 0.08 

6 2.88 0.24 -0.24 -2.88 0.24 0.02 2.88 -0.24 0.08 -2.88 -0.24 -2.64 

7 -0.24 0.08 0.02 2.64 -0.72 .667·10 -3 -2.64 0.72 -2.42 0.24 -0.08 0.22 

8 0.24 0.02 0.48 -0.24 0.02 -0.04 0.24 -0.02 -0.72 -0.24 -0.02 -0.72 

9 -2.88 0 0.48 0 -{)24 0 -2.88 0 0 2.88 0 2.64 

10 -2.64 -0.32 0.22 0.24 048 -0.027 -0.24 0.48 -0.22 2.64 0.32 2.42 

11 -0.24 0.02 -0.48 0.24 -0.02 0.04 0.02 -0.02 -0.72 -0.2.4 0.02 0.72 



0 1 ' 2 3 4 5 6 7 B 9 10 11 

0 4.457 2.229 -0 .629 -4.457 2.229 0.629 -1.543 0.771 1.371 1.543 0.771 1.371 

1 2.229 1.486 -0 .629 -2.229 0.743 0.314 -0.771 0.257 0.686 0.771 0.514 0.686 

2 -0 .629 -0.314- 0.114 0.629 -0.314 -0.114 0.371 -0.186 0.286 -0 .371 -0 .186 -0.286 

3 4.457 0.743 -0 .943 4.457 -2.229 -0 .629 1.543 -0.771 1 .371 -1 .543 0.771 -1 .371 

4 2.229 1.486 -0 .314 -2.229 1.486 0.314 -0 .771 0.514 -0 .686 0.771 0.257 0.686 

W= 5 0.629 0.314 -0.114 -0.629 0.314 0.114 -0.371 0.186 -0 .286 0.371 0 .186 0.286 

6 -1 .543 -0 .771 0.371 1.543 -0 .771 -0 .371 4.457 -2 .229 1.629 -4.457 -2 .229 -0 .543 

7 0.771 0.514 -0 .186 -0 .771 4.629 0.186 -2.229 1.486 -0 .814 2.229 0.743 0.814 

8 1.371 0.686 0.286 -1 .371 -0 .686 -0 .286 1.629 -0 .814 0.914 -1 .629 -0 .814 -0 .914 

9 1.543 -0.771 -0 .371 -1 .543 0.771 -0.286 -4.457 2.229 -1 .629 4.457 2.229 1.629 

10 0.771 0.514 -0.186 0.771 0.257 0.186 -2.229 0.743 -0 .814 2.229 1.486 0.814 j 

11 1.371 0.686 -0 .286 -1 .371 0.686 -0 .286 -1 .629 0.814 -0 .914 1.629 0.814 0.914 
, 

0 1 2 3 4 5 6 7 8 9 10 11 
0 11 .794 3097 -3. 583 -5.794 1.097 1.163 -0.206 1.903 0.84 -5.794 -0.097 -1097 
1 5.497 1.92 -0. 60B -2 .097 -0.023 0.345 -0.903 1023 0.52 -2A97 0.366 0.151 
2 -1 .183 -0.649 1.92 0.097 0.131 -0.35 0.903 -0.851 0.109 2097 0.149 0.377 
3 3.12 0.874 -4. 354 11 .794 -4.097 -0 .663 -5.794 1.097 -1 .097 -0.206 0.64 -1 .903 
4 0.617 112 O. 

:l+z+\\'= 5 1.183 0.391 -0. 
-6.497 3.12 0.098 3.497 0.709 0.349 1.903 0.623 1.351 -, 
-0.683 0.191 0.179 -0.317 0.309 -0.428 0.554 0.109 0.261 

151 

644 
6 -0.206 -0.903 O. 903 -5 .794 1.097 -0 .537 11.794 -4.097 3.937 -5.794 -2.097 -2.411 
7 1.903 0.88 -0. 851 3.497 2.994 0.335 -4.497 3.12 -4.049 1.097 0.377 0.349 
8 0.84 -1.523 1. 023 0.617 -1.48 -0.388 -0.36 -1.649 1.68 -1 .097 -0.649 -1 .12 
9 -5.794 -1 .4 2. 337 -3.0B6 1.903 -0.6 -5.794 0.B57 -0.857 11 .794 2.857 6.497 
10 -2.49 7 0.08 O. 349 0.64 1.023 0.102 -2.097 0.937 -0.849 5.497 1.92 3.549 
11 -1.097 0.391 -0. 023 -1 .903 1.351 -0.35 -0.837 0.109 -1.12 3.6 17 1.149 3.12 

Sum of matrices A B an d C 

! 

.. 
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The matrix after the boundary condition of the plate 

0 1 2 3 4 5 6 7 8 9 10 11 

0 1 0 0 0 0 0 0 0 0 0 0 0 

1 0 1 0 0 0 0 0 0 0 0 0 0 

2 0 0 0.253 1.075 0 -2.209 -1.635 0.313 -0 .183 0 0.248 0.277 

3 0 0 0.187 7.83 ' 0 -1 .326 -10.345 1.983 -2.089 0 0.631 2.12 

4 0 0 0 0 1 0 0 0 0 (I 0 0 

T= 5 0 0 -0 .144 -0.998 0 0.126 0.941 -0 .264 0.194 0 -0.142 -0.197 

6 0 0 -1 .568 -10.776 0 1.297 10.169 -1.951 2.06 0 -0 .542 -0 .242 

7 0 0 0.317 2.18 0 -0.258 -1.852 0.399 -0 .415 0 0.037 0.061 

8 0 0 -0.299 0.539 0 0.25 -0.436 -0.374 0.087 0 -0.296 -0.405 
) 

9 0 0 0 0 0 0 0 0 0 1 0 0 
10 0 0 0.253 0.698 0 -0.402 -1.542 0.295 -0 .313 0 0.234 0.318 

11 0 0 0.317 2.183 0 -0075 i -2061 0.394 -0.42 0 0.571 0\427 
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DEFLECTION FOR VARIATION IN FLEXURAL RIGIDITY(POINT LOAD) 
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DEFLECTION FOR VARIATION IN FLEXURAL RIGIDITY 
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DEFLECTION FOR VARI ATION IN LOAD (VARIABLE MOVING LOAD) 
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DEFLECTION FOR VARIATION IN FLEXURAL RIGIDITY 
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DEFLECTION FOR VARIATION IN LOAD (CIRCURAL LOAD) 
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DEFLECTION FOR VARIATION IN (B) VARIABLE MOVING LOAD 
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DEFLECTION FOR VARIATION IN (8) CIRCULAR LOAD 
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CHAPTER FIVE 

5.1 Discussion of Results 

From Figures 1, 3, 5, and 8 we have shown the displacement against 

distance for various values of p (load) with 4.8 X 108 N. It can be observed 

that an increase in p leads to increase in the deflection. Also the 

displacement is sinusoidal with a maximum value at x = 10.8, 8.5, lO.5, and 

10.5. The peak is at x = 8.5, 10.5, 8.5, and 8.5 

In figures 2, 4, 6, and 9 we have shown the displacement against distance for I. 

various values of. D flexural rigidity keeping p load constant. It can be 

observed that increase in D leads to decrease in deflection, which is also of 

sinusoidal with a maximum value at x = 10.8, 8.5, 6.5, and 10.5, the peak is 

at x = 8.510.5, 8.5, and 8.5 were p = 20000. 

In fig 7, we have showed the displacement against distance for various 

variational radii X it can be observe that the graph is almost linear at the point 

X = 0 deflection increases as radii increases with maximum point at 6.8 peak 

at 8.5 also sinusoidal. 

In fig lOwe have shown the effect of variational angle on moving loads, the 

graph is sinusoidal. The deflection is higher at ~=1t , and lower at ~=1t/4 with 

the same maximum and peak points at 8.5 and 10.5 respectively. 

. \ 



In fig 11 and 12 we look at the effect of variational angle of variable load, it 

was observed that the graph are anti symmetric in shape for some angle e.g 

11:/4 and 11: it is linear at ~=311:/2 

5.2 Conlusion 

In this research work we have studied the deflection of a plate subjected to 

the moving load using finite element method. 

The system was interpolated in to a shape function by the used of cubic 

hermirtian interpolating polynomial. This is then solved by Galerkin' s \ 

procedure, multiplying through with weight residual function. The integral is 

then taken within the interval of plate dimension. This gives us the solution . 

to the mass matrix of the problem. The nodal displacement is then 

determined after considering the natural boundary condition of the plate, by 

mUltiplying through with its inverse. 

The magnitude of moving load, flexural rigidity of plate material, variational 

is then analyzed by plotting the graph of nodal displacement against the 

distance of deflection. It was also observed that the displacement increases 

for increase in load d d .f.'.' 
. an ecreases lor lllcreases flexural rigidity for any type 

of load. The variational angle also effect the d' I 
. . ISP acement, well effect of 

vanatlOnal radii is only felt when the 1 d' . 
i oa IS mOvlllg along y direction for X 

between zero and one. For load m' I '. 
. . ovmg a ong x dIrectIOn and circular load 
It IS felt for X from one d' 

upwar . It IS also observed that '. 
, vanatlOnal angle of 



vari~ble loads affect the deflection and higher at n lower at 2n on both 

moving and circular 'variable loads. 

5.3 Recommendation 

With the above observation it is therefore recommended that the flexural 

rigidity of plate shall be proportional to the highest expected load passing 

through the plate. The radii should be proportional also, variational angle at 

nl2 is more sweet able for all problems. This reduces the problem of the 

plate collapse or crack. These ideas can be used in the construction of I, 

bridges and roads. ' 

For further research the effect of eccencity, natural frequency variation of 

height of the plate i.e. on uniform can be considered. This will improve the 

result of this research work and structural reliability of the plate if applied in 

the construction. 

~ 
! 
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36m(y)" -12bm(y)n(y) 36am(y)" -36m(y)Z -12bm(y)o(y) 36am(y)Z _36a' m(y)Z -12am(y)o(y) 36am(y)' -36m(y)' - 36am(y)' 
Q(xi Q(xi Q(x)R(x) Q(X)2 Q(X)2 Q(x)R(x) R(x)S(x) S(y) Q(x) Q(x)T(x) Q(x)S(x) 12bn(y)m(y)Q Q(x)T(x) 

(x)S(x) 

- 4 b i n(y)Z 12abn(y)m(y) 12bm(y) 4bzn(y) -12am(y)o(l') 12bm(y) 4 b - n(y)" - 12bm(y) 4 b I n(y)1 12abn(y )m(y )Q( x 
12bm(y)n( Q(X)2 Q(x)R(x) n(y)Q(x)2 o(y)Q(xi Q(x)R(x) n(l')Q(x) Q(x)S(x) 12abn(y)m(y n(y)Q(x) Q(x)S(x) )T(x) 

y) Sex) )Q(x)T(x) Sex) 
Q(X)2 --

-36am(y)z 12abn(y)m(y) 36a2m(y)2 36am(y)" 12abm(y) -36 a"m(y)" 36am(y)" -12abn(y)o(y) -36a"m(y)" 36am(y)" 12abm(y) 36aZm(y)" 
Q(x)R(x) Q(x)R(x) R(X)2 Q(x)R(x) o(l') Q(x)R(x) R(X)2 R(x)S(x) S(l') R(x) R(x)T(x) R(x)S(x) n(y)R(x) R(x)T(x) 

Sex) 
-36m(l')" 12bn(l')m(l') 36a"m(l')" 36m(y)" 12bm(y) -36 am(l')" 36m(l')" 12bm(y)o(y) _36a1m(y)l. 36m(l')1 12bm(y) 36am(y)z 

Q(X)2 Q(X)2 R(x)Q(x) Q(xi o(y) Q(xi Q(x)R(x) R(x)S(x) Sex) Q(x) Q(x)T(x) Q(x)S(x) n(l')Q(x) 
Sex} Q(x)T(x) 

- 4b"n(l')o(y) 12abm(l')o(l') 12bm(y) 4bzo(y)' -12abm(l') - 12bm(y) 4 b 20(l')2 - 12bm(y)o(y) 4 b 1 n(y)o(l') 12abo(l')rn(l')Q(x 
12bm(y)o( Q(x? R(x)Q(x) o(l')Q(xi Q(X)2 o(l') o(y)Q(x)S(x I Q(x)S(x) 12abrn(y)o(y Sex) Q(x Q(x)S(x) )T(x) 
y) Q(X)2 Q(x) R(x) ) 

i T(x) Q(x) 
-36am(y)z -12abn(y)m(y) _36a2m(y)z -36m(l')" -12abrn(y) 36a"m(y)' -36rn(y)" I -12abrn(y)o(y) 36a m(y)" -36am(y)" -12abm(y) -36aZm(yy 
Q(x)R(x) '.)(x)R(x) R(X)2 Q(x)R(x) o(y) Q(x)R(x) R(X)2 R(x)S(x) R(x) Sex) R(x)T(x) R(x)S(x) n(y)R(x) R(x)T(x) 

Sex) 
-36m(y)Z 12bn(y)m(y) 36am(l')z 36m(l')" 12bo(y) m(l') -36am(l')" 36m(y)" 12bm(y)o(y) -36am(l')" 36m(y)" 12bm(y) 36am(y)" 
Q(x)S(x) Q(x)S(x) R(x)S(x) Q(x)S(x) Q(x)S(x) S(x)R(x) S(X)2 sex? S(x)T(x) S(x)S(x) n(y)S(x) S(x)T(x) 

Sex) 
- 4b1n(y)o(y) 12abrn(y)o(l') 12bm(y)o(y) 4b2o(y)' -12abm(l')o(y) 12bm(l')o(l') 4 b" o(y)" -12abm(y) 12bm(y)o(y) 4 b Z n(y)o(l') 12abo(y)m(y)S(x) 

12bm(l')o( Q(x)S(x) R(x)S(x) Q(x)S(x) Q(x)S(x) R(x)S(x) S(x/ S(X)2 o(l') S(x)T(x) Sex? S(x)S(x) T(x) 
y) 

Sfy) Q(x) 
36am(l')1 -1 2abn(y)m(y) -36a-m(l')" -36am(y)z -12abm(y) 36a1m(y)Z -36 arn(y)Z -12abm(y)o(y) 36a2m(y)2 -36am(y)z -12abm(y) -36 a" m(y)' 
Q(x)T(x) Q(x)T(x) R(x)T(x) . Q(x)T(x) o(y) Q(x)T(x) R(x)T(x) S(x)T(x) T(x) Sex) T(X)2 T(x)S(x) n(y)T(x) T(X)2 

Sex) 
-36m(y)2 12bn(y)m(y) 36am(y)" 36m(y)1 12bm(y) -36 am(y)' 36m(y)Z 12b -36am(y)' 36m(y)1 12bm(y) 36am(y)" 
Q(x)S(x) Q(x)S(x) R(x)S(x) Q(x)S(x) o(y) Q(x)S(x) R(x)S(x) S(X)2 m(y)o(y) S(x)T(x) S(X)2 n(y)S(x) S(x)T(x) 

Sex) Sex) Sex) 
- 4b-n(y) 12abmly)n(y) 12 bm(y )n(y) 4b-o(y)n(y) -12abm(y In(y) 12bm(y) 4b"n(y)o(y) -12abm(y) 12bm(y)n(y) 4b2n(y)Z 12abn(y)m(y)S(x) 

12bm(y)n( S(x)Q(x) R(x)S(x) Q(x)S(x) Q(x)S(x) R(x)S(x) S(X)2 S(X)2 n(y) S(x)T(x) S(X)2 Sex? T(x) 
y) 

Q(x)S(x) 
-36m(y)2 12abn(y)m(y) 36a1m(y)2 36am(y)" 12abm(y) -36a2m(y)- 36arn(y)2 12abm(y)o(y) ~36a"m(y)2 12am(y)" 12abm(y) 36 a" m(y)-

Q(x)T(x)a Q(x)T(y) R(x)T(x) Q(x)S(x) o(y) Q(x)T(x) R(x)T(x) SlX)Tlx) T(x) Sex) T(X)2 S(x)T(x) n(y)T(x) Tlx)2 
Sex) ---
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36m(x)m(y) 36bm(y)m(x) 12am(x)n(y) 36m(y)m(x) 36bm(y)m(y) - - - - -36m(y)m(x) -36bm(y)m(x) 12am(y)o(x) 
Q(x)Q(y) R(y)Q(x) Q(x)R(y) Q(x)S(y) Q(x)T(y) 12am(y)n(x) 36m(y)m(x) 36bm(Y)m(x) 12am(y)o(x) Q(x)Q(y)b Q(x)R(y) Q(x)Q(y) 

Q(x)R()) Q(x)S(y) Q(x)T(y) Q(x)S(y) 
- - -4abn(x)n(y) - - 4abn(y)n(x) 12bm(x)n(y) 12b' m(x)n(y) 4abn(y)o(x) 12bm(x)n(y) 12b' m(x )n(y) -4abo(x)n(y) 
12bn(y)m(x) 12b'm(y)m(x) Q(y)Q(x) 12bn(y)m(x) 12b' m(x)n(y) R(y)Q(x) Q(x)S(y) Q(x)T(Y) S(y)Q(x) Q(x)Q(y) Q(x)R(y) Q(x)Q(y) 
Q(x)Q(y) Q(x)R(y) Q(x)S(y) Q(x)T(y) 
- -36am(x)R(y) - -36m(x)S(y) - 12a' n(x)R(y) 36am(x)S(y) 36abm(x)T(y) - 36am(x)Q(y) 36abm(x)R(y) -
36am(x)m(y) m(y)R(x)b 12a2n(x)Q(y) m(y)Q(x) 36abm(x)T(y) m(y)R(x) m(y)R(x) m(y)R(x) 12a2o(x)S(y) m(y)R(x) m(y)R(x) 12a2o(x)Q(y) 
Q(x)R(x) m(y)R(x) m(y)R(x) m(y)R(x) m(y)R(x) 
-36m(x)m(y) -36bm(x)R(x) - -36n(x)S(y) -36bm(x)T(y) 12an(x)R(y) 36m(x)S(y) 36bm(x)T(y) 12ao(x)S(y) 36m(x)Q(y) 36bm(x)R(y) -
Q(x)Q(y) m(y)Q(x) 12an(x)Q(y) m(y)R(x) m(y)Q(x) m(y)Q(x) m(y)Q(x) m(y)Q(x) m(y)Q(x) m(y)Q(x) m(y)Q(x) 12ao(x)Q(y) 

m(y)Q(x) m(y)Q(x) 
·12m(x)o(y) - -4abn(x)R(y) - - 4abn(x)R(y) 12bm(x)S(y) 12b"m(x)T(y) 4abotx)S(y) 12bm(x)Q(y) I2b m(x)R(y) -
Q(y)Q(x) 12b2m(x)R(y) o(y)Q(x) 12bm(x)S(y) 12b2m(x)T(y) o(y)Q(x) o(y)Q(x) o(y)Q(x) o(y)Q(x) o(y)Q(x) o(y)Q(x) 4abo(x)Q(y) 

- ?6am(y)Q(y) 
o(y)Q(x) o(x)Q(y) o(y)Q(x) o(y)Q(x) 
36abm(x)R(y) 12a-n(x)R(y) 36am(x)S(y) 36abm(x)T(y) - - - - - - -

m(y)S(x) m(y)R(x) m(y)R(x) m(y)R(x) m(y)R(x) 12a1n(x)R(y) 36am(x)S(y) 36abm(x)T(y) 12a:o(x)S(y) 36abm(x)Q(y) 36abm(x)R(y) 12a2o(x)Q(y) 

- -36m(x)Q(Y) 
m(y)R(x) m(y)R(x) m(y)R(x) m(y)R(x) m(y)R(x) m(y)R(x) m(y)R(x) 

-36bm(x)R(y) -12an(x)R(y) -36m(x)S(y) -36bm(x)T(y) 12an(x)R(y) 36m(x)S(yj 36bm(x)T(y) 12ao(x)S(y) 36m(x)Q(y) 36bm(x)R(y) -
11(y)S(X) m(y)S(x) m(y)S(x) m(y)S(x) m(y)S(x) m(y)S(x) m(y)S(x) m(y)S(x) m(y)S(x) m(y)S(x) m(y)S(x) 12ao(x)Q(y) 

m(y)S(x) 
-12m(x)o(y) - - - - 4abn(x)R(y) 12bm(x)S{j) 12b-m(x)T(y) 4abo(x)S(y) 12bm(x)Q(y) I2b' m(x)R(y) -
Q(y)S(x)b 12b2m(x)R(y) 4abn(x)Q(y) 12bm(x)S(y) 12b2m ~x)T(y) o(y)S(x) o(y)S(x) o(y)S(x) o(y)S(x) o(y)S(x) o(x)S(y) - 4abo(x)Q(y) 

o(y)S(x) o(y)S(x) o(v)S(x) o(y)S(x) o(y)S(x) 
36am(x)Q(y) 36abm(x)R(y) 12a-n(x)Q(y) 36am(x)S(y) 36abm(x)T(y) - - - - -36am(x)Q(y) - 12a-o(x)Q(y) 
m(y)T(x) m(y)T(x) m(y)T(x) m(y)T(x) m(y)T(x) 12a'n(x)R(y) 36am(x)S(y) 36abm(x)T(y) 12a2o(x)S(y) m(y)T(x) 36abm(x)R(y) m(y)T(x) 

m(y)T(x) m(y)T(x) m(y)T(x) m(y)T(x) m(y)T(x} 
-36m(x)Q(y) -36bm(x)R(y) 12an(x)Q(y) 36m(x)S(y) 36bm(x)T(y) 12an(x)R(y) 36m(x)S(y) -36bm(x)T(y) - -36m(x)Q(y) -36bm(x)R(y) 12ao(x)Q(y) 
m(y)S(x) m(v)S(x) m(y)S(x) m(y)S(x) m(y)S(x) m(y)S(x) m(y)S(x) m(y)S(x) 12ao(x)S(y) m(y)S(x) m(y)S(x) m(y)S(x) 

m(y)S(x) 
- - -4n(y)n(x) - - 4abn(x)R(y) 12bm(x)S(y) 12b2m(x)T(y) 4abo(x)S(y) 12bm(x)Q(y) 12b' m(x)R(y) -
12bm(x)Q(y) 12b2m(x)R(y) R(yOS(x)b 12bm(x)S(y) 12b2m(x)T(y) n(y)S(x) n(y)S(x) n(y)S(x) n(y)S(x) n(x)S(x) n(y)S(x) 4abo(x)Q(y) 
n(y)S(x) n(y)S(x) n(y)S(x) n (x)S(y) n(y)S(x) 
- - - - - 12a"n(x)R(y) 36am(x)S(y) 36abm(x)T(y) - 36am(x)Q(y) 36abm(x)R(y) -
36am(x)Q(y) 36abm(x)R(y) 12a2n(x)R(y) 36am(x)S(y) 36abm(x)T(y) m(y)T(x) m(y)T(x) m(y)T(x) 12a'o(x)S(y) m(y)T(x) m(y)T(x) 12a2o(x)Q(y) 
m(\,)T(x) m(\')T(x) m(v)T(x) m(y)T(x) m(y)R(x) m(y)T(x) m(y)T(x) 
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36m(x)2Q(yi 36bm(x)2Q(y/ 12am(x)n(x) 36m(x}2Q(y) 36bm(x)2Q(y) - I 2am(x)n(x) -36m(xiQ(y) 36bm(x)'Q(y) 12am(x)o(x) _36m(x)2Q(y)2 -36bm(x)2Q(y)' 12am(x)o(x) 
. R(Y) Q(y)R(y) Sty) iCY) Q(Y)R(Y) Sty) • T(~) o(Y)S'(y) R(y) O(y)2 

36bm(x)'Q(y)2 36b2m(xf 12abm(x)n(x) 36bm(xiR(y) 36b2m(x)2 - I 2abm(x)n(x) -36bm(x)R(y) -36b2m(x)' 12abm(x)o(x) -36bm(x)2Q(y) _36b2m(x)2 12abm(x)o(x) 
R(v) R(y)i O(Y)R(Y) Sty) R(y)TcY) R(yi sty) R(y)T(Y) R(y)S(y) RCY) R(y)2 R(Y)O(y) 

12am(x)n(x) 12abm(x)n(x) 4a2n(x)2Q(y)2 12am(x)n(x) 12abm(x)n(x) -4a2n(x/ - I 2am(x)n(y) - I 2abm(x)n(x) 4a2n(x)o(x) -1 2am(x)n(x) - I 2abm(x)n(x) 4a2n(x)o(x) 
O(y)R(y) O(Y)R(Y)' O(y)S"(y) Q(v)T(Y)' Q(y)R(y) O(Y)S(y)- O(V)T(~) " O(Y\S(y) 0(v)2 O(y)R(v) O(y)2 

36m(x)2Q(y) 36bm(x)2R(y)2 12an(x)m(x) 36m(x)2S(y)2 36bm(x)2S(y) - I 2am(x)n(x) -36m(x)2s(Yf -36bm(x)2 12am(x)o(x) -36m(x)2S(y) -36bm(x)2 12am(x)o(x) 
Sly) Sly) Q(y)S(y) T(y) S(y)R(y) T(y)S(Y) S(,,)2 O(y) Sly) R(y) S(y)Q(y) 

36bm(x)'Q(y) 36b2m(x)2 12abn(x)n(x) 36bm(x)2S(y) 36b2m(x)2 - I 2abm(x)n(x) -36bm(xiT(y) -36bm(x), 12abm(x)o(x) -36bm(x)2 -36b2m(x)2 12abm(x)o(x) 
T(y) R(Y)TCYl Q(y)T(y) T(y) T(y)2 Sly) T(y)2b2 Sly) T(y) TCy) OCY) T(y)R(y) Q(y)T(v) 

- I 2am(x)n(x) -12abm(x)n(y) 4a2m(x/Q(Y) - I 2am(x)n(x) - I 2abm(x)n(x) 4a2n(x)'R(y)2 12m(x)n(x) 12abm(x)n(x) -4a2n(x)o(x) 12m(x)n(x) 12abm(x)n(x) -4a2n(x)o(x) 
~(Y)R(Y) R(y)2 R(v) S(y)R(y) T(Y)R(Y) R(y)S(y) RCY)T(Y)' R(Y)S(Y) R(y)(jcy)a R(y)' R(y)O(y) 

- -36bm(x/R(y) -12am(x)n(x) -36m(xfS(y)2 -36bm(x)'T(y) 12am(x)n(x) 36'm(x)2S(yf 36bm(x)2S(y) -12am(x)o(x) 36m(x)' 36bm(x)2 - I 2am(x"'~(x) 
36bJn(X)2S(y)2 Sly) Q(y)S(y) Sly) R(y)S(y) T(y) S(y)2 S(y) Q(y) S(y)R(y) S(y)Q(~' ) 

1---_ Q(v) 
- ---

-36i 'm(x)2Q(y) -36m(x)2T(y) -12a2n(x)m(x) -36bm(x)2S(y) -36b2m(x/ 12abm(x)n(x) 36bm(x)2S(y) 36b2m(x)2 -12abm(x)o(x) 36bm(x)2T(y) 36b2m(xf -12abm(x . .-JCx) 
T(y) R(y)b2 T(y)Q(y) T(y) T(y)2 R(y)T(y) TCy) T(y)2 T(y) Sly) OCY) R(y)T(Y) T(y)QU 

1--, 

12am(x)o(x) 12abm(x)o(x) 4a2n(x)'o(x) 12am(x)o(x) 12abm(x)o(x) -4a2n(x/o(x) -12am(x)o(x) - I 2abm(x)o(x) 4a2o(x)2S(y)2 -12am(x)o(x) 12abm(x)o(x) 4a2o(xf SCy) 
O(Y)S(v) R(y)S(y) O(v)S(y) S(y)2 S(Y)T(Y) S(Y)R(Y) S(y)i T(v) Sly) S(Y)O(Y) S(y)R(y) O(y) 

-36m(x)'Q(y)' -36bm(x)2Q(y) - I 2am(x)n(x) -36m(x)2Q(y) -36bm(x)2Q(y) 12am(x)n(x) 36m(x)2S(y) 36bm(x)2 - I 2am(x)o(x) 36m(x)2Q(y)2 36b2m(xl -12am(x)o(x) 
R(y) Q(~,)2 Sly) TCY) R(y)Q(y) O(y) TCv) Q(v) S(v) 'o(v) R(y)Q();) Q(y)2 

" -36m(x)2Q(y) -36b2m(xi -12abm(x)n(x) -36m(x)2R(y) -36b2m(x)2 12abm(x)n(x) 36m(x)"S(y) 36b2m(xl - I 2abm(x)o(x) 36m(xiQ(Y) 36b2m(x)2 - I 2abm(x)o(x) 
R(v)b R(y)2 Q(y)R(y) S(y)b R(v)TcY) SCy)R(y) bR(y) T(Y)R(Y) S(v) Rev) R(Y)b R(y)i Q(y)R(y) 

" iim(x)o(x) 12abm(x)o(x) 4a2n(x)o(x) 12am(x)o(x) I2m(x)o(x) -4a2m(x)2o(x) -12am(x)o(x) - I 2abm(x)o(x) 4a2o(x)'S(y) -12am(x)o(x) -12abm(x)o(x) 4a2c(x)2 
Q(yla R(y)Q(y) Q(y)2 S(y)Q(y) Q(y)T(y)ab R(y)Q(y) S(y)Q(y) T(y) Q(y) Q(y) Q(y)2 Q(y)R(y) Q(y)2 
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