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ABSTRACT 

In this research work, we worked on an optimal control model for a polluted 

river with consideration of multiple effluents into some categorized River 

lengths termed Reach. The Hamiltonian forms and the maximum principles 

are employed to solve the model equations using both Matlab and Mathcad 

computing packages. Besides, graphical interpretations are plotted from the 

optimal solutions using Mathlab. This assisted us in interpreting the 

exponential solution outputs so obtained. We discover that the Biochemical 

Oxygen Demand (BOD) declines in magnitude and then reaches a minimum 

peak at some time equivalent to 0.15 of a second 

IX 



CHAPTER ONE 

INTRODUCTION 

1.1 River Pollution 

River pollution involves the release into lakes, streams, rivers, and oceans of 

substances that are dissolved or suspended in the water or deposited upon the bottom and 

accumulate to the extent that they interfere with the functioning of aquatic ecosystems. It 

may also include the release of energy in the form of radioactivity or heat as in the case of 

thermal pollution. A body of water has the capacity to absorb, break down, or recycle 

introduced materials. Under normal circumstances, inorganic substances are widely 

dispersed and have little or no effect on life within the bodies of water into which they are 

released; organic materials are broken down by bacteria or other organisms and converted 

into a form in which they are useful to aquatic life. But, if the capacity of a body of water 

to dissolve, disperse, or recycle is exceeded all additional substances or forms of energy 

become pollutants. Thus, thermal pollution which is usually caused by the discharge of 

water that has been used as a coolant in fossil-fueled or nuclear-power plants, can favour 

a diversity of aquatic life in waters that would otherwise be too cold. In a warmer body of 

water, however, the addition of heat changes its characteristics and may make it less 

suited to species that are considered desirable. Pollution may begin as water moves 

through the air, if the air is polluted. Soil erosion adds silt as a pollutant. The use of 

chemical fertilizers, pesticides, or other materials on watershed lands is an additional 

factor contributing to water pollution. The runoff from septic tanks and the outflow of 



manures from livestock feedlots along the watershed are sources of organic pollutants. 

Industries located along waterways downstream contribute a number of chemical 

pollutants, some of which are toxic if present in any concentration. Finally, cities and 

towns contribute their loads of sewage and other urban wastes. Thus, a community far 

upstream in a watershed may receive relatively clean water, whereas one farther 

downstream receives a partly diluted mixture of urban, industrial, and rural wastes. The 

cost of cleaning and purifying this water for community use may be high, and the process 

may be only partially effective. To add to the problem, the cities and towns in the lower, 

or downstream regions ·of the river basin contribute additional wastes that flow into 

estuaries, creating new pollution problems. 

The output of industries, agriculture and urban communities generally exceeds the 

biological capacities of aquatic systems, causing water to become choked with excess 

organic substances and organisms to be poisoned by toxic materials. When organic matter 

exceeds the capacity of those microorganisms in water that breaks it down and recycle it, 

the excess of nutrients in such matter encourages rapid growth of algae. When they die, 

the remains of the dead algae add further to the organic wastes already in the water; 

eventually, the water becomes deficient in oxygen. Anaerobic organisms (those that do 

not require oxygen to live) then attack the organic wastes, releasing gases such as 

methane and hydrogen sulfide which are harmful to the oxygen-requiring (aerobic) forms 

of life. The result is a foul-smelling, waste-filled body of water and this is a growing 

problem in freshwater lakes. The process by which a lake or any other body of water 

changes from a clean, clear condition - with a relatively low concentration of dissolved 

nutrients and a balanced aquatic community-to a nutrient-rich, algae-filled body and 
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hence to an oxygen-deficient, waste-filled condition IS known as accelerated 

eutrophication. 

1.2 Statement of the Problem 

Consider the model stated by Singh et al. (1978) for a single reach with an effluent: 

Find the optimal control trajectory ~ml for the river system: 

~[ZI]=[-1.32 0 ][ZI]+[0.1]~ml+[0.9Zo 5.35] 
dt ql - 0.32 -1.2 ql 0 0.9qo 1.9 

with Zo = 10, qo = 0 and the cost function to be minimized is 

.. 
J = J{CZI - 4.06)2 + 2(q - 8)2 + ~m12 ~l 

o 

1.3 Aim and Objectives 

Aim: The aim of this project is to compute the optimal control value for a river polluted 

by an industry. 

Objectives: 

The objectives of this research are: 

1) To compute the optimal Biochemical Oxygen Demand (BOD) of reach of a river 

from an industrial effluent. 

2) To compute the optimal dissolved Oxygen (BO) in a reach with effluents of river 

3) To obtain the co-states of the adjoined objective functional with the continuous 

constraint equations 
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4) To simulate graphically and interpret the numerical outputs obtained In (2) 

through (4) 

1. 4 Methodology 

The methods we shall use to fulfill the aim and objectives listed in section (1.3) are: 

a) The Hamiltonian form 

b) The maximum principle 

1.5 Scope of Study 

River pollution control can be studied for both continuous and discrete objective 

functional. The scope of this study is limited to the optimization of problems involving 

continuous functionals. We will exam the river pollution control model developed by­

Beck (1974) using the method of computational analysis. 

1.6 Significance of Study 

This study has some importance in many ways. These include: 

(1) Determining the minimum control for a polluted river 

(2) Preservation of aquatic lives in rivers 

(3) Improvement of water quality in urban and industrialized communities 
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CHAPTER TWO 

LITERATURE REVIEW 

2.1 Models Of Pollution Control 

Water pollution has been a crucial problem in many countries of the world as well 

as a subject of growing public concern which has attracted researchers attention from 

all over the world. 

Thousands of mathematical models have been developed on this subject with 

different purposes in mind. Mathematical modeling has become an important 

instrument for the solution of water management problems. The application of 

mathematical models for this purpose dates back to the initial studies of oxygen 

depletion due to organic waste pollution. Since then, models have been constantly 

refined and updated to meet new and emerging problems of surface, acute and chronic 

toxicity, etc. 

Mathematical models are used extensively in research on the transport of pollution 

self purification of river water as well as in the design and assessment of water quality 

management measures. Water contamination as investigated by (Katsuhia, 1972) is 

caused by pollutant discharges from point sources into rivers or streams (e. g factories 

and sewage-treatment plants) and surface runoff into streams or leaching into 

groundwater from non-point sources (e. g. cropland and urban storm-water). Sources are 

generally easier to identify, monitor and regulate than non-point sources. Water 

contamination may occur in surface waters or groundwater or both, depending on 

solubility of the pollutant, soil permeability, etc. 
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Stock pollutants include heavy metals which may be bio-accumulate in the food 

chain. Surface water can assimilate various pollutants which ground water cannot. 

According to (Katsuhia, 1972), technology standard specifies the method of 

pollution control used to reduce pollutant loadings. Water pollution policy is almost 

entirely based on "command-and-control" standards. There are three basic types of 

standard. An ambient standard specifies minimum dissolved oxygen (DO) levels or 

maximum pollutant concentrations at receptor points. 

River pollution control as a large scale problem, is not that much a problem in 

Nigeria rural areas as it is in the urban areas such as Lagos where there are industries and 

lagoons all over the territory. Hence this study has the urban pollution as the target. 

River water quality models seek to describe the spatial and temporal changes of 

constituents of concern. Over the past seven decades components or state variables 

have been gradually incorporate into models following the evolution of water quality 

models characters among others oxygen household, nutrients and so on. 

The complexity covers a broad range from the simple Streeter - Phelps model (Streeter 

Phelps. 1925). 
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Water quality changes in rivers due to physical transport and exchanges processes 

(such as advection and diffusion/dispersion, the description of which requires one way 

or another application of a hydraulic models as an input and biological , chemical, 

biochemical and physical conversion processes. The above process is governed by a 

set of well known extended transport equations. (Somlyody and Van Straten 1986) 

where C - dimensional mars concentration vector for the n state variables: t-time, x, y, 

z - spatial Co-ordinates; u, v and w - corresponding velocity components; C x ' c y ' c: -

turbulent diffusion coefficient for the direction x, y, and z respectively: r - n-

dimensional vector of rates of change of state variables due to biological, chemical, 

and other conversion processes as a function of concentrations, c, and model 

parameters, p. 

The above equation is a well know partial differential equation which offers not 

only the basic governing equation of water quantity models, but also specifies a useful 

framework and the main model elements. These include: 

.;' The hydrodynamic model for deriving velocity components u, v, and w, and 

turbulent diffusion co-efficient c x' £ y and c: 

.;' The transport (or advection - diffusion) equation (describing the behaviour 

of so-called conservation substances) and if solution. 
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../ The converSIOn of sub-model r( c, p). it has much less solid theoretical 

ground than hydrodynamics and, thus, for a development an adequate 

combination of theoretical and empirical knowledge is needed . 

../ For the latter purpose, methodologies such as calibration, validation, 

identification, sensitivity and uncertainty analysis are required. (Back, 1987) . 

../ The 'model designed on the basis of the above steps and elements should be 

implemented on a computer, which raises a number of software and 

hardware issues. 

2.2 HYDRO DYNAMICS AND HYDRAULICS 

Here flow of water in a river is described by the continuity and momentum equations. 

The latter is known as Navier-Stokes or Reynoids equation. The actual form of a 

hydrodynamic model depends on assumption made on characterizing turbulence. 

Methods vary from the use of eddy viscosity as known parameters to the application 

of the so-called K- & theory (Bedford et al: 1988 or Rodi, 1993) 

The hydrodynamic equations are generally solved by efficient finite difference 

methods. (Mahmood and Yevjevich, 1975). 

2.3 WATER QUALITY MANAGEMENT MODELS 

A number of water quality management models have been developed in the past for 

the allocation of assimilative capacity of a river system. Model results help in setting 

the amount of waste that can be disposed into the river from various points and non­

point sources without violating the water quality standards, the intended purpose of 
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these models is to provide economic and technologically feasible solutions acceptable 

to both the pollution control agency and the dischargers. Water quality management 

problems have been addressed as multiple objective optimization problems by many 

researchers such as Cohon 1978; Loucks et al. 1981; Loucks 1983; Bum and Mebean 

1985. General methods of solution include the weighting method and the constraint 

method. Although these methods provide acceptable solutions, they are characterized 

by the difficulty of assigning unknown relative weights and setting upper bounds in 

the problem formulation, Loucks (1983). This results in an improper accounting of the 

aspirations of the various groups such as the pollution control agency and the 

dischargers. 

Water quality management problems are characterized by vanous types of 

uncertainties at different stages of the decision-making process to arrive at the optimal 

allocation of the assimilative capacity of the river system. The type of uncertainty that 

has received much attention is that due to randomness associated with various 

components of water quality system. Two major components considered for 

randomness are river flow and effluent flow (Lohani and Thanh 1978, 1979; Bum and 

McBean 1985, 1986; Fugiwara et al. 1986, 1987; 1988; Ellis 1987; Cardwell and Ellis 

1993). Another type of uncertainty prominent in the management of water quality 

systems is the uncertainty due to vagueness associated with describing the goals 

related to water quality and pollutant abatement. Desirable and permissible water 

quality criteria and minimal pollutant treatment levels are set up depending on the 

environmental objectives. 
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The model uses the concepts of fuzzy set theory (Zadeh 1965). Fuzzy decision 

making (Bellman and Zadeh 1970), fuzzy mathematical programm ing (Zimmermann 

1978, 1985), and fuzzy resource allocation (Kindler 1992). 

Figure 2.1 is a schematic diagram of a part of a stream (as can be deduced from 

Tamura (1974» into which sources (industries and municipalities) discharge polluting 

effluents. The pollutants consist of various materials, but for simplicity of exposition we 

assume that their impact on the quality of the river is measured in terms of a single 

quantity, namely the biochemical oxygen demand (BOD) which they place 

on the dissolved oxygen (DO) in the stream. Since the DO in the stream is used to 

breakdown chemically the pollutants into harmless substances, the quality of the stream 

improves with the amount of (DO) and decreases with increasing BOD. It is a well­

advertised fact that if the DO drops below a certain concentration, then life in the river is 

seriously threatened; Therefore, it is important to treat the effluents before they are 

discharged into the stream in order to reduce the BOD to concentration levels which can 

be safely absorbed by the DO in the stream. In this example, we are concerned with 

ending the optimal balance between costs of waste treatment and costs of high BOD in 

the stream. 

We at once derive the equations which govern the evolution in terms of BOD and 

DO in the areas of the river as outlined by (Katsuhisa, 1972). 

The fluctuations of BOD and DO will be cyclical with a period of 24 hours. Hence, 

it is enough to study the problem over a 24-hour period. 
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We divide this period into T intervals, t = 1; ........ ; T . During interval t and in an area i, 

let 

Zj (t) = concentration of BOD measured in mg/liter, 

qj (t) = concentration of DO measured in mg/liter, 

Sj (t) = concentration of BOD of effluent discharge in mg/liter, and 

mj (t) = amount of effluent discharge in liters. 

The principle of concentration of mass gives us equations (2.1) and (2.2) as in (Beck, 

1974) which'are derived from figure 2.1 as shown immediately below: 

Direction of flow 

o i -I i + 1 N N+I 

, 

: ..................... . Zj Zj + 1 
1.0 

1-1t j -I 

(1-1ti) Si 

Given 

Figure 2.1 Schematic of river with affluent discharge 

2.1 

( I) - (I) n ( 2 (I) - (I» + qi-\(t)Z;-I(t) - If/,q;(t) + a z (/) - n V q, 1+ - q; + fJ; qu. q; , , ." , 
, v; v, 

2.2 

V 1 = I, ......... ,T and i = I, ... ...... ,N 

Here v; is the volume of water in iin liters, If/; is the volume of water which flows from 

II 



area i to area i + 1 in each period in liters, a ; is the rate of decay of BOD per interval. 

This decay occurs by combination of BOD per interval. 

2.4 The Optimal Control Problem 

In the previous section, we surveyed the control of water pollution in a river. In this 

section as expunged by (Singh, et al. 1978, Waziri and Adeboye 2007), we review some 

computational methods that would be applicable in obtaining the optimal control of a 

polluted river in the next chapter. 
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CHAPTER THREE 

RIVER POLLUTION CONTROL MODEL 

3.1 Single Reach Pollution Control Model 

Considering a reach ofa river (figure 3.1) as a stretched portion ofa river of some 

convenient length which receives one major controlled effluent discharge from a sewage 

treatment facility. Beck (1974) developed a second order state space equation, which 

describes the BOD and DO relationship at some average point in the reach as shown 

hereunder. The figure depicts a single reach and an effluent from a sewage station. Each 

reach is thought of as ari ideal stirred tank reactor, as shown in figure 3.2 hence the 

parameters and variables are uniform throughout the stretch of the reach. Then, from the 

mass balance considerations, we have the following equations: 

BOD· .. = -kz. + Q,-I z . - Q, + Q" z + '7;Q" 
• Z, II I v: I - I . I V 

DO: 

-+ 
~RF.ACH 

I ~ I 

1/ 
EFFLUENT. 

Fig3.1: An Effluent into a reach of a river 
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~ is the volume of water in reach i in million gallons 

Q£ is the flow rate of effluent in reach i in million gallons/day 

Zi' Zi_lare the concentration of BOD in reaches i and i - I in mg/litre 

qi' qi- I are the concentration of DO in reaches i and i -I in mg/litre 

kliis the BOD decay rate (day)"1 in reach i 

k2i is the DO reaction (day)"1 in reach i. 

QpQi-1 are the stream flow rates in reaches i and i - I in million gallons/day 

qi is the DO saturation level for the ilh reach (mg/litre) 

7Ji is the removal of DO due to bottom sludge requirements (mg/litre(day)"l) 
V, 

mi is the concentration of BOD in the effluent in mg/litre 

Z j _1 mjQ" 

V, 
q j- I 

z, ~: , 
k1z, , 

V, ~ qH---+ , , ;.-. , 
7J, ----+' 

, 
mjqj : qj , q-q, 2 

V, 
Zj, qpQ, Fig: 3.2(a) Fig: 3.2(b) 

Figure 3.2: An ideal stirring tank reactor model for a reach of a river 

(Beck 1974) found that for a section of the river CAM, the following values for the 

coefficients in the set of equations (3.l) and (3.2), are appropriate: 

kli = 0.32day-l, k2\i = O.2day-l, ~ = O.lmg /litre day-I, q;' = I Omg /litre 
, 

Q£ = 0.1 and Q = 0.9 
V V 

Thus, for the i'hreach, equations (3.1) and (3.2) can be rewritten as: 
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d [Zi] [-1.32 ° ][Zi] [0.1] [0.9Z,_I] 
dt qi = - 0.31 -1.2 qi + 0 mi + 0.9q, _, + 1.9 

3.3 

With stipulated initial conditions, this single reach problem is solvable using the Riccati 

equation. 

3.2 Multiple Emuent Inputs to a System of Reaches Model 

The model in section (3.1) is based on a single reach of a river which has only one 

effluent input. Here in this section, we consider the one with multiple effluents inputs. 

Here it is assumed that there is a system of reaches each of which has the properties of 

the one in section (3.2). This model is credited to Tamura (1974) who assumed that each 

reach was separated from the next by a distributed delay. This model is able to account 

for the dispersion of pollutants which actually occur in rivers . In this model , for 

j = 1,2, ....... ,s, a fraction a j of BOD and DO in the i-I '" reach at time (t - 8,) arrives in the 

i'" reach at time t, that is, the transport delays are distributed in time between 81 and 8, . 

Thus Zi_i' q/-l are given by: 

'" 
z/-I(t) = Iajzi_l(t - 8j ) 3.4 

j=l 

'" qi-l(t) = Ia j qi_l(t-8j ) 3.5 
j=1 

• 
Iaj = 1; mean of a j = 80 ; 81 < 82 < ... ..... < 8, 
j=1 

The state equations for a three reach system with distributed delays could be written as: 

3.6 

3.7 
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s 

Z2 = 0.9I a jz l (I - r) -1.32z2 + 0.lm2 + 4.19 
j=1 

s 

(h = 0.9Iajql(1 - ' j ) -1.32z2 -1.29Q2 + 1.9 
j=1 

s 

Z3 = 0.9Iajz2 (t - ,) -1.32z3 + 0.lm3 + 4.19 
j=1 

s 

(13 = 0.9IajQ2(t - ' j ) -1.32zJ - 1.29Q3 + 1.9 
j=1 

3.8 

3.9 

3.10 

3.11 

As in (Beck 1974) model, (Tamura 1974) gIves the following values for 

S, " a, etc for each of the distributed delays : 

1 
S = 3, 'I = 0; 'T2 = -day; '3 = 1 day, Zo = 0; Qo = 10; a l = O. IS , a2 = 0.7 and a3 = O.IS 

2 

The described by the system (3.6)-(3.11) is normally of infinite dimension in the state 

space. By expanding the delay terms in a Taylor series and taking the first two terms, we 

can obtain a good finite dimensional approximation. Take for instance equation (3.8) can 

be rewritten as: 

Z2 = 0.9(O.ISz1 (I) + 0.7zl(t - O.S) + O.ISzl(t -I) - 1.32z2 + 0.lm2 + 4.19 

Here, we have 2 delays so it is necessary to introduce four additional states. Let these be 

-o.ss [0 0.2S 2 ]-1 zl(s)e =ZI(S) 1+ .Ss+-s + ... .... . 
2 

Taking only the first three terms: 

ZI (t) = Z4 (t) + 0,SZ4 (t) + 0.12S24 (I) 

Let 3.12 

then 3.13 
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Similarly for the other delay, we let: 

then 

Thus, we can rewrite equations 3.8 as 

Z2 = O.135z, + O.63z4 + O.135z6 - 1.32z2 + O.lm2 + 4.19 

3.14 

3.15 

3.16 

3.17 

In the same way, we can introduce 4 more additional variables for each of the delays in 

equations (3.9)-(3.11). 

This makes the overall system of order 22. Solving this large problem of order 22 is not 

feasible using the current single PC with little processor. Even using Pentium 4 is 

practically impossible. In view of this difficulty, we consider the simple problems for our 

data analysis involving one and two reaches. 
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CHAPTER FOUR 

NUMERICAL COMPUTATION OF THE RIVER POLLUTION CONTROL 

4. 1 Statement of Problem 

We consider the model for the one reach with one effluent problem posed but not 

solved in Singh et al (1978): 

Find the optimal control trajectory t1ml for the river system: 

~[ZI] = [-1.32 ° ][ZI] + [O.I]t1ml + [0 .9Z0 5.35] 
dt ql - 0.32 -\'2 ql ° 0.9qo 1.9 

4.1 

with Zo = 10, qo = ° and the cost function to be minimized is 

s 

J = f{(ZI -4.06)2 + 2(q _8)2 + t1m~ ~t 4.2 
o 

with initial conditions 

4.3 

ZI(O) and ql(O) which are the concentrations immediately upstream from area 1 are 

assumed known. 

This problem is solvable using the Maximum principle: 

a) The Hamiltonian form is: 

H = Ilzl - 4.06112 + 211q - 811
2 
+ t1m~ + ,,1,[ - 1.32z1 + O.lt1ml + 0.9zo + 5.35] + 4.4 

~[-3.2zt -1.2q + 0.9qo + \.9] 

b) The maximum principle conditions are; 

1. 

11. 

8H = 2t1ml + 0.1,,1, = 0, this implies that t1ml = 0.05,,1, 
8(t1ml) 

8H . 
- = -A, = -2(zl - 4.06) + 1.32,,1, + 1.32~ 
8z1 

18 
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8H . 
- = ~ = -4(q-8) + 1.2~ 
8q 

8H = (h = - 3.2z, -1.2q + 0.9qo + 1.9 
8~ 

c) Rearranging group b(ii) and with consideration of equation (4.5), we have: 

2', = -1.32z, + 0.005,.1, + 0.9zo + 5.35 

~ = -2z, + 1.32,.1, + 1.32~ + 8.12 

~ = -4q + 1.2~ + 32 

4.7 

4.8 

4.9 

4.10 

4.11 

4.12 

4.13 

Solving this system of first order differential equations by rewriting the equations in 

canonical form: 

2', -1.32 0 0.005 0 z, 0.9zo + 5.35 

iI, -3.2 -1.2 0 0 q, 0.9% + 1.9 
4.14 = + 

A, -2 0 1.32 1.32 A, 8.12 

~ -3.2 - 1.2 0 0 ~ 32 

Solving the canonical system using 

64.4021 62.4642 -20.3986 -72.2514 

x = 62.4642 67.9971 -14.3726 -75.3770 

-20.3986 -14.3726 11.1645 18.6559 

-72.2514 -75.3770 18.6559 85.1208 

-20.2686 
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L = -3.0182 

-0.0699 

-1.6739 

G = (10.1988 4.3257 -5.5018 -7.0888) 

The values for x matrix are the eigenvectors, L denote the roots of the canonical equation 

4.14 The Gain is that gain of the canonical form which represents -R-'B7 p(t ;P
f

,t
f

) of the 

optimal control as derived in equation (2.70). We are now to compute the BOD, the DO 

and the co-states of our problem statement: 

z, 64.4021 62.4642 - 20.3986 - 72.2514 

q, 62.4642 e-20.26861 +k 67.9971 e -30 '82f +k -14.3726 e - 00699f +k -75.3770 e - L6739f 

~ =k, -20.3986 2 - 14.3726 3 11.1645 4 18.6559 

~ -72.2514 -75.3770 18.6559 85 .1208 

( 4.15) 

The optimal control &n, is defined as: 

which implies that: 

4.16 

Solving the above problem in (4.15) for &n, is not feasible. We therefore employ the use 

of mathcad to compute it. This yields: 
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G := (10.1988 4.3257 -5.5018 -7.0888) 

64.4021 62.4642 -20.3986 -72 .2514 

62 .4642 67 .9971 -14.3726 -75.3770 
X := 

-20.3986 -14.3726 11.1645 18.6559 

-72.2514 -75.3770 18.6559 85.1208 

LlM1 := G·X 

LlM1 = (l.551 x 10
3 

1.545 x 10
3 

-463 .886 -1.769 x 10
3

) 4.18 

The numerical values to equation explicitly define the optimal control to our statement of 

the problem. Now, invoking the initial conditions from equation (4.3), and with 

~ = 5.94mg/l and ~ = 6mg/lwhen can compute the BOD, DO and co-states in this order: 

ZI (0) = 64.4021kl + 62.4642k2 - 20.3986k3 - 72.2514k4 = 10 

ql(O) = 62.4642kl + 67.9971k2 -14.3726k) -75 .3770k4 = 7 

~(O) = -20.3986kl -14.3726k2 + I I. 1645k) + 18.6559k4 = 5.94 

~(O) = -72.2514kl -75.3770k2 + 18.6559k) + 85.1208k4 = 6 

Solving equations (4.18)-(4.22) simultaneously using software package yields: 

[ 64.~2 62 .4642 

62 .4642 67 .9971 

M:= -20 .3986 -14.372 

-72 .2514 -75.3770 

s om := Is olve(M • v) 

(

199 .722 J 
62 .191 

som = 
110.576 

200 .433 

-20.3986 -722514J 
-14.372 -75.3770 

11.1645 18 .6559 

18 .6559 85 .1208 
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From the computational algorithm, 

kJ = ]99.722, k2 = 62.]91, k3 = 110.576 and k4 = 200.433 4.23 

From the set of equations (4.23) and considering the system of equation (4.15), we have 

the BOD, DO and the co-states as follows: 

zJ(I) = ] 2860e-20.2686t + 12480e-30 J82t _4074e-00699t _14430e-16739t 4.24 

qJ(t) = 3885e-202686t + 422ge-J0182t - 893.80ge-006991 - 4088e-16D91 4.25 

~ (I) = _2256e-2026861 _158ge-30 J82t + I 235e-0 6991 + 2063e-16D91 4.26 

~ (t) = -I 4480e-20.2686t - 1511 Oe-30 J82t + 373ge-0 6991 + 17060e-167J91 4.27 

The next step is to have the visual representation graphically of equations (4.24)-(4.27); 

these demonstrated in the figures below: 

200L~--------~----~--~----~--~--~ 

-4000 / 

~~ooo~--~~--~-----+-----+-----r----~--~ o 

·i-8000~--· ~ /~--~-----+-----r-----r----~----; 
~-1000l~-+I--+-----~--~~--~-----+-----+----, 
:0 I ~ 

~-1200l~4---~----~-----r-----+-----+-----;----~ 
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b
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Figure 4.1: Plot of BOD versus Time 

Figure 4.1 depicts the graphical representation of the Biochemical Oxygen Dissolved in a 
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River with one reach and one effluent. It is curious to note that the BOD activities at first 

declines in magnitude and then reaches a minimum peak at some time equivalent to 0.15 . 

It then rises shapely in a monotonic increasing fashion within time 2; thereafter 

asymptotic increment is achieved. The explanation may be fetched in this manner; as the 

effluent reaches a reach, the decay activities falls in a negative direction for within a short 

period of time, after the attainment of this fall, the BOD activities increase significantly to 

a given peak. Upon reaching some peak (as identified at time t=2), the decay of the 

activities in the water maintain some stability in a positive monotonic increment. 
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Figure 4.2: Plot of 00 versus Time 

Figure 4.2 is the graphical representation of rate of rearation of the Dissolved Oxygen 

(DO) in the water. Like in BOD above a decline in the rearation is first observed and then 

increase within the negative belt of observations. 
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Figure 4.3: Plot of co-state 1 versus 

Figure 4.3 depicts the co-existence of the BOD and DO with the co-states. This 

cohabitation results to a raise and reaching some significant optimum; and then decline 

negatively in an asymptotic order. 
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Figure 4.4: Plot of co state 2 versus 

Figure 4.4 depicts the co-existence of the BOD and DO with the co-states. This co-

habitation results to a raise and reaching some significant optimum; and then decline 

negatively in an asymptotic order. 
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CHAPTER FIVE 

CONCLUSIONS AND RECOMMENDATION 

5.1 CONCLUSION 

This research is on the optimal river pollution control. The research visualized the 

reaches with many effluents of which Beck (1974) and Tamura (1974) river pollution 

models were studied. Beck's model was on a stretch of reach with an effluent from an 

industry flowing into the river. The computational processes were observed to be 

relatively simpler than that of Tamura's model which consists of many influents into 

many specified reaches. For instance, Tamura's model of three reaches and three effluents 

resulted in the formulation of a 22 by 22 matrix. The computation of this model resulted 

into an overflow; meaning that the computer space is inadequate. 

In view of the computational difficulty encountered, a one reach and one effluent 

modeled by Beck (1974) were chosen as the standard computational model. Hence, a 

problem posed but not solved by Singh and Titli (1978) was taken as our computational 

example and this itself is a major achievement. The outcome of the result for the optimal 

control is given by the numerical value 4.18. The Biological Oxygen Demand (BOD), the 

Dissolved Oxygen (DO) and co-states vectors were obtained using the Maximum 

principle. Tracking revelations were obtained and are systematically discussed under the 

graphical simulations as exhibited in figures (4.1)-(4.4). 

Research for the river pollution control should not be limited to the treatment of the 

effluents in the industrialized environment only. Government could tax other agencies 

that contribute to the pollution of the environment which further has adverse effects on 

the water pollution. Such taxes would help in checking reckless utility of those substances 

26 



that could contribute to the environmental and water pollution. Such taxes could also 

further enhance government revenue. 

5.2 RECOMMENDATION 

The study has been primarily on continuous computational river control pollution. 

The research can be extended to the discrete variables consideration. If this is done, the 

researcher suggests the following discrete computational river control pollution problem 

for further investigation: 

subject to the constraints 

x,(k + I) = 2x,(k) + x;(k) 
5.2 

x2 (k + 1) = x,(k) + x2 (k) + u,(k) + u2 (k) 

Apart from computing the optimal controls of the polluted reaches, the cost of controlling 

the rate of decay of BOD and DO could be considered for study in some extended area of 

the reaches per liter per interval. This decay occurs through the combination of BOD and 

DO. The increase in DO is due to various natural oxygen-producing biochemical 

reactions in the stream and the increase is proportional to (qs / q j ) where qs is the 

saturation level of DO in the stream. Finally, qi is the DO requirement in the bottom 

sludge. 
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