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ABSTRACT

In this research, a mathematical model for the transmission dynamics of Lymphatic
Filariasis and Malaria co-infection in the presence of treatment was formulated, using
Bed net, insecticide and chemoprevention as control. It was assumed that the susceptible
individual and vector can get infected with Malaria, lymphatic filariasis and co-infection
when there is an interaction with any of the five infectious classes: acute stage or chronic
stage of Lymphatic filariasis, malaria, both Lymphatic filariasis and malaria co-infected
individuals and the infected vectors. The basic reproductive number was obtained using
the next generation matrix approach. The Jacobian stability technique and Castillo-
Chavez method were used to establish the Local and global stabilities of the Disease free
equilibrium state respectively. The stability analysis showed that the Lyphatic filariasis
and Malaria co-infection can be eradicated from the entire population when R¢ < 1 but
will continue to persevere within the population when R¢ > 1. The model was solved
analytically using Adomian decomposition method, the stability analysis was verified
with graphs using Maple 15. The result showed that use of bednet and insecticides have
significant impact on the Susceptible, infected malaria and the vector compartments, but
treatment have effect on the infected human compartments. It is therefore recommended
that every susceptible individual get and make use of bednet and insecticide always.
Those who are acutely and chronically infected with Filariasis should get early medical
attention.
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CHAPTER ONE
1.0 INTRODUCTION

1.1  Background to the Study

History has shown that the dream of eradicating some parasitic diseases like filariasis and
malaria has not been fully realized. Instead, these two old endemic debilitating parasitic
diseases are totally neglected most especially filariasis in some parts of developing
countries. Malaria and filariasis are the two vector-borne diseases that account for the
largest global burdens of mortality and morbidity, respectively. More than half the

world’s population is at risk of at least one of these diseases (Tersoo and Gweryina, 2014).

Lymphatic filariasis was derived from the latin word ‘filarial’ it is a vector borne disease
of Human caused by Wuchereria banerofti, Brugia and skin dwelling Onchocerca
volvulus (Ottesen, 1984). Among these three species, Wuchereria banerofti is the most
common and account for 90% infection globally (Anosike et al., 2005). Over 120 million
people are infected with filariasis, claiming over 40 million people with Africa accounting
for 40% of all the global cases (Lenhart et al., 2007). The lymph system maintains the
body fluid balance and carry a clear fluid called lymph (water) towards the heart that
helps the body get rid of toxins, waste and unwanted materials. People with long term
infections with filariasis are clinically asymptomatic and recurrent bacterial infections in

some lymphedema patients leads to elephantiasis (Dreyer et al., 2000).

Despite the increase on the literacy level of pathology of lymphatic filariasis and the
efforts made to treat this disease with diethylcarbamazine and albendazole, filariasis
continue to pose a major public health threat in tropical and sub-tropical regions. This is
because the disease is more prevalent in the region with higher incidence of poverty (Tan,

2003) and making it a disease of the poor and most often serves as an indicator of
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underdevelopment (WHO, 1993). It is also noted that areas with higher prevalence of
malaria and filariasis have poor environmental and settlement planning and other
activities that favour the breeding reservoirs for mosquito vectors (Haddix and Kestler,
2000). Coincidentally, both malaria and filariasis have feverish symptoms. In rural areas,
it is often hard to distinguish drug-resistant falciparium malaria and periodic fever due to

filariasis infection (Ojiako and Onyeze, 2009).

Malaria was first discovered centuries ago by the Chinese in 2700 BC (CDC, 2011).
However it was in the 1800’s when Ross made his ground breaking discoveries that led
to our understanding of the mechanism behind malaria infections. There are estimated
300-600 million clinical episodes of malaria and approximately 1-2 million results in
deaths worldwide of which 90% occur in tropical Sahara (Hay et al., 2004). Vector-borne
malaria disease like filariasis is transmitted to the humans through a bite from an infected
female Anopheles mosquito. The female Anopheles mosquito gets infected when it bites
a person carrying the malaria or filariasis parasite. Malaria is caused by the protozoan
parasite called plasmodium. There are four species of the plasmodium parasite namely
Plasmodium falciparium, Plasmodium vivax, Plasmodium ovale and Plasmodium
malairae; of the four species, Plasmodium falciparium is the most virulent, lethal and
responsible for the majority of morbidity and mortality due to malaria (Burke, 2010).
Apart from the four species mentioned above, simian malaria, Plasmodium inul,
Plasmodium knowlesi and Plasmodium cynomolgi are also known to cause the disease in
humans (Balbir et al., 2004). The malaria parasite passes through human blood then into
the liver where it develops. After completing its development, it goes back to the blood
stream and a person develops symptoms of malaria. The most clinical symptoms a patient
may experience after malaria infection include headache, aching muscles, stomachache,

loss of appetite, nausea, vomiting, back pain and increased sweating (Bupa, 2009).
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Individuals most vulnerable to malaria are children under the age of 5 years. This is
attributed to their weaker immunity. Aside from children, pregnant women are also
heavily affected, with resultant effects on maternal health and birth outcomes. Malaria
like filariasis has physiological impact to the body ranging from severe anemia, fits,
spleen enlargement, cerebral malaria, multi-organ failure or death. There is developing
geographical distribution of these diseases in large areas of Africa, Asia and the Americas.
Historically, there is evidence that efforts to control malaria have in adversely resulted in
the interruption of transmission of lymphatic filariasis in some areas, such as Solomon
Islands (Webber, 1977). The dangers of malaria and filariasis can be controlled or treated
by the effective scaling up coverage of insecticide treated mosquito nets or combination
of drugs known as artemisinin-based combination therapies as well as implementing
indoor residual spraying (ACTs) (Whitty et al., 2007). Moreso, the Global Programme to
Eliminate Lymphatic Filariasis (GPELF) is currently targeting elimination of the disease
through annual mass drug administration (MDA) of abendazole with either
diethylcarbamazine (DEC) or invermectin. This has been widely acclaimed to be one of
the successful public health programmes and is expected to block transmission of
filariasis in endemic countries by 2020 (WHO, 2005). Whilst there is enormous and
abundant literature on the mathematical models for communicable diseases, there is
growing interest in the dynamics of co-infection of HIV and malaria (Chunky, 2012),
malaria and TB (Expeditho et al., 2009), malaria and meningitis (Lawi et al., 2011), still
no or very little literature is available on the mathematical models on filariasis and malaria
co-infection, due to the little work done in modeling of lymphatic filariasis (Bhunu and

Mushayabasa, 2012) as compared to malaria.

1.2 Statement of the Research Problem



Statistics has showed that the dream of eradicating some parasitic disease like lymphatic
filariasis and malaria has not been fully achieved; instead this two old disease have been
neglected or totally ignored especially lymphatic filariasis (also known as elephantiasis).
Lymphatic filariasis and malaria are two vector borne diseases that account for the largest
morbidity and mortality rate globally. It is in light of this that the present study sought to
develop and analyse a mathematical model for the transmission of Lymphatic filariasis

and malaria co-infection.

1.3 Motivation of the study

Nigeria is said to be the most lymphatic filariasis (elephantiasis) endemic country. It also
accounted for 94% of all malaria cases and death in the world (CDC, 2019). In view of
the above, the Author is motivated by the need to provide valuable information that will
help policy makers in the fight against lymphatic filariasis and malaria co infection in

Nigeria and the world at large.

1.4 Justification of the Study

Lymphatic filariasis and Malaria are two vector born disease that account for the largest
global burden of morbidity and mortality respectively. Filariasis is a leading cause of
permanent and long term disability, loss of work, productivity, they cause direct or
indirect economic loss and functional impairment (CDC, 2010). Government and health
workers will find the research useful for both short and long term planning in the fight
against the co infection of lymphatic filariasis and malaria. The Thesis may also help
mathematicians and research scientists to further develop models to help public health
professionals to make better strategies for controlling and eradicating the disease. Hence

this justifies the study.

1.5  Scope and Limitation of the Study



This work covers the formulation and analysis of mathematical model for the
transmission dynamics of lymphatic filariasis and Malaria co infection through mosquito

bite.
1.6 Aimand Objectives

The aim of this work is to develop and analyse a mathematical model for the transmission

dynamics of Lymphatic filariasis and malaria co-infection
The objectives are to:

i. formulate a mathematical model of Lymphatic and Malaria co-infection;

ii. investigate the positivity and feasible region of the model’s solution;

iii. obtain the disease free equilibrium state of the model;

iv. compute the effective reproduction number of the model,

v. obtain the conditions for local and global stability of the disease-free equilibrium
(DFE) state;

vi. solve the model equations using Adomian Decomposition Method.

vii. carry out the numerical simulation of the model using Maple 15 software and

Nigeria demographic data.

1.7 Definition of terms

Mathematical Model: Any description of a system using mathematical concepts and

languages is called a mathematical model.

Acute stage infection: An infection that is brief, intense or short term.
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Chronic stage infection: An infection often low intensity but lasts for a long term.

Population: A collection of people of similar characteristic in the same region or

geographical area, in a given time.

Susceptible Individual: A person who is free from lymphatic filariasis and malaria but

may be infected if exposed to the disease.

Epidemiology: the study of the occurrence and distribution of health related states or
events in specified population, including the study of the determinant influencing such

state and application of this knowledge to control the health problems.
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CHAPTER TWO

2.0 LITERATURE REVIEW

2.1 Mathematical Model of Lymphatic Filariasis and Malaria Co-Infection

The earliest mathematical model describing the lymphatic Filariasis (LF) dynamics was
proposed by S. Subramainian in 1998 where he focused on the prediction and control
strategies using LYMFASIM simulation program (Subramainian et al., 1998). Since then,
a few other researchers have contributed to formulate mathematical models to study the

prevention, control and transmission dynamics of LF.

Hiroyuki et al. (2002) formulated a mathematical model for the transmission of LF and
its applications. They constructed a stochastic transmission model for LF caused by
Wuchereria, analyzed its prevalence using computed simulations, aimed at evaluating the

effect of vector control in the context of Pondicherry (india).

Supriatna et al. (2009) formulated a mathematical model to investigate long term effects
of the LF medical treatment in Indonesia. In formulating their model the population was
divided into five (5) components, namely: the Susceptible human Sy, Infected carrier A,
Infected chronic K, Susceptible mosquito Sy, Infected mosquito Iy, they analyzed the model
to find a condition for the existence and stability of the endemic equilibrium, which shows
that it exists and stable if the basic reproductive number is greater than one. They also
showed that if the level of screening is sufficiently large, the current medical treatment

strategy will be able to reduce the long term level of incidence.

Bhunu and Mushayabasa (2012) developed a mathematical model for the transmission
dynamics of Lymphatic filariasis with treatment for those displaying elephantiasis
symptoms, they determined the reproductive number and equilibria for the model and

analysis of the reproductive number suggested that treatment will somehow contributes
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to a reduction in Lymphatic Filariasis (LF) cases but it didn’t show the magnitude of the

reduction.

Other researchers such as Swaminathan et al. (2008); Norman (2000), formulated
mathematical model for Lymphatic filariasis. Oguntolu (2019) developed a mathematical
model to study the transmission dynamics of LF which improved on other previous
studies of LF. The model had compartments for those undergoing treatment since the
treatment would take six years before recovery for chronic cases, class of susceptible
individuals taking drug, vector control using bed net and insecticides, drugs
administration to both infected class with symptoms and without symptoms. The

existence and uniqueness of the model was found, stabilities analyses were also obtained.

Li-Ming et al. (2013) modeled a deterministic model with variable human population for
the transmission dynamics of malaria disease, which allows transmission by the recovered
humans. The model revealed the presence of the phenomenon of backward bifurcation,
where a stable disease-free equilibrium coexists with one or more stable endemic
equilibria when the associated reproduction number is less than unity. This phenomenon
may arise due to the reinfection of host individuals who recovered from the disease. The
model in an asymptotical constant population is also investigated. This results in a model
with mass action incidence. A complete global analysis of the model with mass action
incidence was given, which revealed that the global dynamics of malaria disease with

reinfection is completely determined by the associated reproduction number.

Traore et al. (2017) formulated a mathematical model of non-autonomous ordinary
differential equations describing the dynamics of malaria transmission with age structure
for the vector population. The biting rate of mosquitoes was considered as a positive
periodic function which depends on climatic factors. The basic reproduction ratio of the

model was obtained and they showed that it was the threshold parameter between the

Xiv



extinction and the persistence of the disease. Thus, by applying the theorem of
comparison and the theory of uniform persistence, they proved that if the basic
reproduction ratio is less than 1, then the disease-free equilibrium is globally
asymptotically stable and if it is greater than 1, then there exists at least one positive

periodic solution.

Olumuyiwa and Hammed (2019) formulated a malaria mathematical model by
incorporating four control strategies: insecticide-treated bednets control, infected humans
treatment control, sterile mosquitoes technique control and use of control on pregnant
women and newborn births. It also explains the various stages of the disease jointly in
humans and mosquitoes as well as the treatment of both asymptomatic and infectious
humans. Preventive measures were developed to control the spread of disease. Forward-
backward fourth-order Runge-Kutta method (Sweep method) was used to see the spread
of disease and how to eradicate the disease. This was based on the fact that these measures

are deployed adequately using control tools and without control tools respectively.

Hannah et al. (2013) developed a modeling framework incorporating the specifics of
malaria-LF co-infection to investigate how the transmission of each infection is altered
for a range of possible interaction scenarios. They found out that a control strategy that
reduces LF transmission via mass drug administration, for example could potentially
increase malaria prevalence. Their work illustrated the potential perverse effects of
targeting just one infection and emphasises the need to take into account co-endemic
diseases when designing control programmes. The developed modelling framework can

provide the basis for exploring the mix of options for joint control of these infections.

Oluwatayo and Valery (2019) formulated a mathematical nonlinear model system of
equations describing the dynamics of the co-interaction between malaria and filariasis

epidemic affecting the susceptible host population of pregnant women in the tropics was
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formulated. The basic reproduction number Ro of the co-epidemic model was obtained,
and it was shown that it was the threshold parameter between the extinction and
persistence of the co-epidemic disease. If Ro < 1, then the disease-free steady state is both
locally and globally asymptotically stable resulting in the disease dying out of the host.
Also, if Ro > 1, the disease lingers on. The center manifold theory was used to show that
the unique endemic equilibrium was locally asymptotically stable. However, variations
in the parameter values involved in the model build up would bring about appropriate

control measures to curtail the spread of the co-epidemic disease.

Gweryina and Tersoo (2014) formulated and analyzed a deterministic model for malaria-
filariasis co-infection with chemoprevention and treatment. They proved that the disease-
free equilibrium was globally asymptotically stable. They also showed that the bifurcation
analysis of the endemic state was subcritical. Furthermore, results from numerical
simulation suggests that high chemotherapy and treatment hold great promise for helping
to stem the tide of new malaria and filariasis infections. The model was divided into eight
(8) compartment of six (6) Human compartment and two vector compartment. The

following differential equations were formed.
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Considering all the cited literature above, a new mathematical model and lymphatic
filariasis and Malaria co infection dynamics incorporating relevant features is formulated
using a system of ordinary differential equations. It is hoped that the results of this
research work will be found useful and eventually be added to the existing literature. The

model is an improvement on the literatures cited above as it considers:

I The class undergoing treatment since the treatment will take six years for
Lymphatic filariasis

ii. Chemoprevention Class consisting of susceptible individual taking drugs

iii. Acute and chronic stage of Lymphatic filariasis infected individuals

iv. Vector control (using bed-net and insecticide)

V. Drug administration to both the infected class showing symptoms and not showing
symptoms of Lymphatic filariasis, Malaria infected inviduals and lymphatic and

Malaria co infection
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2.2 Effective Reproduction Number (Rc)

One of the most useful threshold parameters used in the study of stability of equilibria is
the effective reproduction number Rc. According to Diekmann and Heesterbeek (2000),
Murray (2002), the basic reproduction number Ro is defined as the average number of
infected people generated by single infectious person in an entirely susceptible

population.

If Re < 1, then on average, an infected individual produces less than one new infected
individual during its entire period of infectiousness and the disease can be controlled.
Thus, the disease free equilibrium is locally asymptotically stable. Conversely, if R¢> 1,
then each infected individual produces, on average more than one new infection (i.e.
epidemic occurs). Hence, the disease free equilibrium is unstable and disease invasion is
possible. Rc = 1 is a threshold below which the generation of secondary cases is

insufficient to maintain the infection with human community (Diekmann et al.,1990).

The next generation approach described by Van Den and Watmough (2002) is a widely
accepted method used to compute the basic reproduction number Ro. Other publications
by Castillo-Chavez et al. (2007) were devoted to the calculation of basic reproduction
number Ro for different models of various diseases. Using the approach described by Van
Den and Watmough, we obtained the effective reproduction number Rc which is the
largest eigenvalue (spectral radius p) of the next generation matrix FV =1 i.e. Re=p(FV 1)

as follows;

A (x) is the rate of transfer of individuals into compartment i by every means except the

epidemic.
V7 (x) . o .
' is the transfer of individuals out of compartment i.
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Given the DFE, R¢ is calculated thus:

oF,
F=21(E
()

— aV|

V=0
8xj

(E) 1<ij<m

(22)

(2.3)

With F being non-negative and V, a non-singular M-matrix.

Thus Re = p(FV~1)

2.3 Global Stability of Disease Free Equilibrium

In global stability of equilibrium, the restrictions on initial conditions are removed and

the global asymptotic stability property requires that for all initial conditions, solutions

approach the equilibrium. Several techniques including Castillo- Chavez’ global stability

theorem have been used to determine the global stability of disease free equilibrium.

2.4 Castillo-Chavez global stability theorem

Consider a model system written in the form

dX
2 =F(X,Z

H_6(x.2) 00

(2.4)

(2.5)

Where X e R™denotes (its component), the number of uninfected individuals and

Z e R"denotes (its component) the number of infected individuals including those
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undergoing treatment, etc; E° :(NO,O) denotes the disease free equilibrium of the

system.
Assume the conditions Hi and Hz below;

(H,) for %—)t( =F(X,0), X" is globally asymptotically stable (GAS) (2.6)

(H,)=G(X,2)=AZ-G(X.,Z),G(X,2)>0 . (X,Z)el

for (2.7)

Where A= Z_S(X O) is an M- matrix (the off diagonal elements of A are non-negative)

and I is the region where the model makes biological sense. If the model equations

satisfy the two conditions (2.6) and (2.7) then the disease free equilibrium E° :(NO,O)

is globally asymptotically stable.
2.5  Adomian Decomposition Method

At the beginning of the 1980, George Adomian developed a very powerful method called

Adomian decomposition method for solving linear and nonlinear functional equations.

The Adomian decomposition (ADM) involves separating the equation under
consideration into linear and nonlinear parts. The linear operator representing the linear
part of the equation is inverted and the linear operator is then applied to the equation. Any
given conditions are taken into consideration. The nonlinear part is decomposed into a
series of what is known as Adomian Polynomials. The method generates a solution in the
form of a series whose terms are obtained by a recursive relationship using the Adomian

Polynomials. A brief outline of the method is given as follows;

Consider a differential equation in general form
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G(y)=9 (2.8)
This can be written in operator form as
Ly+Ry+Ny=g (2.9)

Where L is a linear operator acting on y which is easily invertible, R is a linear operator
for remainder of the linear part, and N is a nonlinear operator representing the nonlinear

term in G. For convenience, L is usually taken as the highest derivative.
Applying the inverse operator L™ on both sides of equation (2.9) gives

L'Ly=L"'g—-L'Ry—L*Ny (2.10)

L™ is the integration since G is taken as a nonlinear differential operator and L is linear.

That is, L™ is an nth integral of y for nth order differential equation, where neZ.

Equation (2.10) becomes
_ 11 1
y(t)=f(t)-L'Ry—L"Ny (2.11)

where f (t) is the function obtained by integrating g and applying the initial or boundary

conditions.

The unknown function is assumed to be an infinite series of the form

(2.12)

Yo =f(t) (2.13)

XXi



And the remaining terms are obtained by a recursive relationship. This relationship is
found by decomposing the nonlinear terms into a series of what is called Adomian

polynomial, P, (Biazar and Babalion, 2005).

The nonlinear term is written as

Ny(t)=Y P,

n-0 (2.14)

In order to obtain P, a grouping parameter, A is introduced. The following series are

established

y(2)=> 2"y,
n=0

(2.15)
Ny(t)=> 2A"P,
n=0 (216)
Substituting equation (2.12), (2.13), (2.14) into equation (2.11) gives
y(t) =Yo— L_lz Ryn _L_lz I:)n
n=0 n=0 (217)
Where P, can be obtain from
l n
n: 40 (2.18)
The recursive relation is obtained to be
Yo=f(t) (2.19)

Yoo = —L_li Ry, —L_li P,
n=0 n=0 (220)
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The Adomian decomposition method (ADM) produces series that is absolutely and

uniformly convergent (El-Kalla, 2008).
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CHAPTER THREE
3.0 MATERIAL AND METHODS
3.1  Development of the Model

A mathematical model provides a framework within which we can communicate an
understanding of the spread of disease in human population, both in space and time. In
this chapter we developed and analyzed a mathematical model to study the transmission

dynamics of Lymphatic filariasis and malaria co-infection.

The model incorporates relevant features such as chemoprevention, vector control (using
bed net and insecticide), the recovery class, and the infected classes of LF with symptoms

and without symptoms.

The human population of size N, (t)is subdivided based on Lymphatic filariasis and
malaria status into the following subpopulations: Susceptible human (Sh (t))
chemoprevention class (V, (t)), infected human (1, (t)) not showing sign of Lymphatic
filariasis, infected human (Ihcl (t)) showing sign of Lymphatic filariasis, infected human
with malaria symptoms(lm(t)), infected human with Lymphatic filariasis and malaria
symptoms (1, (t)), Recovered human (T, (t))from (1., (t), Iq(t),1,(t).1,(t)).

Thus, the total human population is given by:
Ny (1) =S, (£)+ 1w (£)+ g (0)+ 1, (1) + 1, () +T, (1) (3.1)

The mosquito population is divided into the following subgroups: non-carrier vector

(mosquitoes) (S, (t))and carrier vector (mosquitoes) (1, (t)), so the total mosquito

population is given by

XXiv



N, (t)=S, (t)+1,(t) (3.2)
The mosquitoes and Human beings are recruited into their corresponding susceptible
populations at rate A, and A, respectively. Mosquito experiences natural death rate A,

and death by insecticide at a rate ¢, which is proportional to the number in each mosquito

class. Similarly human beings experience natural death rate at the rate £, and death rate

due to malaria at rate J,,,which is proportional to the number in each human class.

The mosquito ingests microfilarias or malaria parasite or both when it bites a human who
is infected with filariasis or malaria or both. This filariasis could be at the acute stage or
chronic stage in the human at the rate.

(Ihal + Ith + Im + IIm)
A = B0, N (3.3)
h

where,

B, is the probability that a bite by susceptible mosquito on an infected human will
transfer infections to the mosquito and o, is the average number of bites given to humans
by each mosquito per unit time.

For filariasis infection, upon getting infected, the susceptible mosquitoes entered the
infected class 1,(t). Microfilariae passes through mosquito gut into hemocoel and

develop into filariform juvenites. filariform juveniles escapes from mosquito’s proboscis

when the insect is feeding and penetrates wound structure of a human being at rates.

po,1-0)1, and p.o,1-6)1, (3.4)
N N

\ \
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Similarly, humans get infected with malaria when there is a bite from infected mosquitoes

at the rate of

ﬁ|mO'V(1—9)|V ﬂmo-v(l_e)lv and ﬂmo-vlv (3 5)
N ’ N, N, '

\

W is the rate of co-infection.

v

Effective biting interaction between Shand Iy or Vyand Iy result in the movement of
individual from Sht0 Ihal, Ihai t0 Incl, Shto Im, Shto lim, Or Vhto Im while a similar interaction

between lhal, Ihel, Im, im and Sy leads to the flow of individuals of Sy into I..

The schematic representation of the model is given below in Figure 3.1
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Figure 3.1 Schematic Diagram of the Model

Based on the model development described in section 3.1 and the schematic diagram in

Figure 3.1 the following model equations are derived.
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ds,

= Ay 0y (1=0)( B+ o, + ) 220

dt N,
th:Z_S (gt + Ny — P 1V,

dt 1~ h h 2 h m Vv NV
dl

hal = po, v(l ‘9) — po, v(l ‘9) i (/uh+7’-l+p)|hal
dIhcl IthaI
T:ﬂlav(l_g)N—v lar = (0 +71) L
dc:g1 = p.o,(1—- N, —(r2+5m+,uh)|m+,8mav%
dl,,

dt ﬂlm (l 0) (2-3+5 +/’lh)llm
dT,

dth :TZIm+Tl(IhaI + Ihcl)"'TsIlm_(al"‘ﬂh)Th
ds, _ . je (lha.+|hc.+l|m+lm)8v_( +5,)5
dt - \% h~v Nh /’lv \% \%
dIV - (Ihal+|hcl+llm+|m) _

dt _IBh v Nh Sv (/’lv+5v)lv

and summing (3.6) to (3.12) and (3.13) - (3.14) gives

dN
d_th:Ah = 4N,

N,
dt

Table 3.1 Definition of variable/Parameter of the model

=A,-kN,

XXViii

—(z‘l +,uh)Sh + o, T, +a,V,

(3.6)

3.7)

(3.8)

3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)



Variable

Description

Sh(t)

Vi (t)

B

ﬂlm

Hy
H,

A class of susceptible Human

A class of susceptible individuals taking drugs (chemoprevention) at time

(t)

A class of infected acute stage of LF (not showing sign of Lymphatic
filariasis) at time (t)

A class of infected-chronic stage of LF at time (t)

A class of malaria infected human at time (t)

A class of Lymphatic filariasis and malaria co-infected humans at time t
Recovered human population at time t

Susceptible mosquitoes at time t

Infected mosquitoes at time t

The infectivity of an infection malaria, Lymphatic filariasis and co-
infection humans defined as the probability that a bite by a susceptible
mosquitoes on an infected human with transfer the infection to the
mosquito

The infectivity of the mosquito, define as the probability that a bite by an
infected mosquito on a susceptible human will transfer malaria infection
to the Human

The infectivity of the mosquito, defined as the probability that a bite by
an infected mosquito on a susceptible human will transfer Lymphatic
filariasis infection to the Human

The infectivity of the mosquito, defined as the probability that a bite by
an infected mosquito on a susceptible human will transfer Lymphatic
filariasis infection to the Human

The main biting rate of mosquitoes, define as the average number of bites
given to humans by each mosquito per unit time

Recruitment rate of the human population
Recruitment rate of the mosquito population

Proportion of the susceptible population using mosquito net and
insecticide
Natural death rate for the human population

Natural death rate for the mosquito population
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a,

Death rate due to malaria infection
Rate of progression of human from |, (t) to |y (t)
Mosquitoes death rate due to the use of insecticide

Treatment rate for Lymphatic filariasis infected individuals
Treatment rate for malaria infected individuals

Treatment rate for Lymphatic filariasis and malaria co-infected
individuals

Progression rate at which malaria, Lymphatic filariasis and co-infected
Lymphatic filariasis maleness full recovered human after treatment move
to susceptible class

Rate at which the treatment immunity wanes off

The assumptions below were considered in constructing the model

1. Recruitment into the susceptible population is at constant rate.

2. There is no vertical transmission of the diseases.

3. Treatment of Lymphatic filariasis is taking to be for 8years.

Let

K, = (4t +71) (3.17)
k, = (1, +1,) (3.18)
Ky =(tt, +7,+ p) (3.19)
k,=(7,+6,+ 1) (3.20)
ks = (75 + Sy + 14) (3.21)

ke =(ct, + 14,) (3.22)
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k? :(/le+5v)

Thus, the equation (3.6) — (3.14) becomes

ds, LS,
=M ~a,(1-0)(B, +ﬁ,+ﬂ|m) NSl e,
dv, LV

Bt — i, (1-0) %~ o, (1-0) S,
dl 1 1
ﬁ:ﬂlav(l_e)vl\l—:aﬂ_plhal_kllhc
dlm = mo-v(l_e)ﬁ_kéllm_}_ mO-VM

dt I\Iv NV
dl,,

dt IBIm V(l 8) v 5I|m
%:%Im +Tl(|ha+|hC)+T3I|m_k6Th

t

b + 1 + 1+ 1

ds, =Av—ﬂth( hal ™ Thet T 1 )Sv_k7sv
dt N,
dl (Ihl+|hl+ll+|)

V — O. a ¢ m T S _k I
dt ﬂh \Y Nh v [

3.2 Basic Properties of the Model

3.2.1 Feasible region

XXXi

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)



Theorem 3.1: The system (3.24) — (3.32) has solutions, which are contained in the

feasible region {2
Proof:

Assuming there is no disease induced death

Let T' = (S, Vi, lhats Thats 1o T + Ty ) € R and

W= (SV, IV) € Rf be any solution of the system with non-negative initial conditions,

then adding the equation of the system (3.24) - (3.30) and (3.31) - (3.32) we have

ds,  dv, dl,,  dl, dl, dT,

dt dt dt dt dt dt
:Ah_ﬂh(sh’vh’Ihal"hcl"m’llm+Th) (3.33)
ddNth A, — N, (3.34)
dd% + 24, N, = A, (3.39)
IF = e' (3.36)

Multiplying equation (3.35) with its integrating factor, gives

th #t ﬂt t
h nt < Hn
ot e + N, e <A, e (3.37)

%( N,e“t) < A e

(3.38)
Integrating equation (3.38)

#t £t
N,e“' < [ A e“'dt+C (3.39)
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t
efuh

Dividing equation (3.39) by

N, (1) = 20 4 ce ot

Ay
Using the initial condition; t=0, N, (0)= N,
N, (0)—2n <c

Ay,

N, (1) < 2h +[Nh (0)_ A jeyht

h Ay
Taking the limitas t —o0

Ay
A

N, =

Ap

This implies that as t — oo, the total population of human approaches o,

Also
ds, dI,
it + ™ =AV—(,uV+5V)(SV+IV)

Recall K» = (44 +3,)

ddStv +%z,\v_k7(sv+lv)
d(';:v =A, —k,N,

dcll\tlv +k;N, = A,

IE — gkt

Multiplying equation (3.49) with its integrating factor, gives

dN,
dt

k.t kot k.t
e” +k,N,e" <A e”

XXXiii

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)



d

a Kt} < kyt
at (N )=Ace (3.52)
Integrating equation (3.52), gives
N, e"* < IAVe"7‘dt +C (3.53)
. . —kat
Diving equation (3.53) by €
Av —kst
N, (t) < . +Ce™* (3.54)
Using the initial condition
t=0, N,(0)=N,(0) (3.55)
N, (0)— 2+ <cC (3.56)
N, (1) < D +[Nv (0)— 2 je (3.57)
k7 k7
Taking the limit as t — oo (3.58)
N, <D (3.59)
k?

This implies that as t — oo, the total population of the vector approaches /I:V
7

Therefore, the considered region of the system (3.24) — (3.30) and (3.31) —(3.32) is

(Sh’vh’lhal’Ihcl’lm’llm’Th)eRZ:
(Sh’\/h1|hal’|hcl’Im’llm’Th)Sﬂ
 Ixuy- Hy,
Q=1>X¥V=1s 50V, >01,,>0,1_>0,1_ >01,_>0T, >0 (3.60)
(SV,IV)ER+2 SV+IVS%,SVZO,IVZO
7

Ast — oo, the vector field points to the interior of € of the total population of the human

and vector (Nh and Nv)approaches A, and Av respectively, where A, and tv are the
He Ky e 7
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upper bonds. Hence, the solutions of the model enter the region I' and  at any time t.
therefore, the solution of equation (3.24) to (3.32) is positively invariant and hence in the
feasible region Q, the model remains epidemiologically meaningful and mathematically
well posed. It suffices to consider the dynamics of the model (3.24) — (3.32) in Q

(Hethcote, 2000).

3.2.2 Positivity of the solutions

In this subsection, since the model consist of both human and vector classes we employed
the technique of Friedman and Lungu (2013) to demonstrate the equation (3.18 — 3.26) is

positively invariant and well posed. We consider the system (3.18 — 3.26) in matrix form.

S, ‘kl a, 0 0 0 0 o 0 0 Sh A, _:1|vsh
V, GO ?( o0 0 0 0 0 V. _ln\1l—vv LV,
. 0 0 -k 0O 0 0 0 0 0} ..
el | 01 Sy =@yl 1y
. 0 -+ 0 0 0 0 0 . ol
hel c 0o 00«00 0 0}™ o
LF 0 0 0 0 0 k0 0 0l e[ty WiralS | cey
b [ |00 5 6ok 0 0, 1,5,
T, 000 0 0 0 0 k-a 0} 0
S, 00 0 0 0 0 0 o -k 3 A,
| | 0
l, i
where
_O-v(l_e)(ﬂm—*_ﬂl_i_ﬂlm) ,8|O'v (1—9)
@, = N @, = N
n0y (1-0) _ﬁlmo-v(l_g) _ﬂhﬁv(|ha|+|hcl+lm+llm)
CU% - 7604 — ,(05 =
N, N, N,
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Which in compact form can be written as

dx;
dt
For X=(X1,x2,...,xn) where X, =S, X, =V, Xg =l X, =1y X =1, X =1

=f(xt)=Ax+H(x) (3.62)
Im
X, =T, X =S,, Xg = |, and () denote transpose. Then the equation (3.18)-(3.26) can

be written as

L f(xt) (3.63)

For X= (x1 Xy y ey X, ) . one can easily show that equation (3.24)-(3.32) satisfies the

differential inequality

%s AX + D Cyx +& (3.64)
v=1

For i=1,2,3,..,n with C; >0and t > 0if X (0)=¢

For 1=1,2,3,...,N then X; (t)Zg forall t >0

Proof

Assuming without loss of generality that & > 0. The case & =0 is trivial through

approximation of the equation (3.18)-(3.26) with a sequence ¢ = g, , which converges

to zero as K goes to infinity.

Suppose now that X (0) >¢>0, for L<i < n does not hold, then there exist t, >0

such that x, (t)=0 for 1<i<n, 0<t>t, and X (t,)=0Ofor atleastone i, say

dx.
% (t,)<0

I =1,. Then X(i, ) is a decreasing function such that
0 dt
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From the differential 9% - A

- o+ anc-j x, -+« Which is a contradiction. Thus, if
j=1

X; (0)25 For 1=12,3,...,nthen X (t)ZO forall t=0 since this hold hence

we’ve showed that the Equations are all positive.

3.3 Equilibrium State of the Model
At equilibrium, let

ds, dv, dl,, dl, d, di, dT, ds, dI,

= = = = = = = = :0

dt dt dt dt dt dt dt dt dt

And at any arbitrary equilibrium state, let

S, ) ST
V, \Vae
Ihal I:al
Ihcl I:cu
E- = I, = 1
[ I ||’:n
L T,
S, S\’f
LIV

Then the steady states of (3.24) — (3.32) satisfy the following algebraic system.

* Lk

A= (1= 0) (S + i+ fi ) 2

— le: — alTh* + aZVh* =0

\%

) ) 1V
S, — KV, — SO N—h

v

=0

v

* o *

1. S 171 x
pio, (1_9)\|I\l—h_ﬂlo_v (1_9)VN—CaI_k3|hal =0

\%

*

171 -
po, (1_9)VN—w+plhal — K1, =0

\"
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(3.65)

(3.66)

(3.67)

(3.68)

(3.69)

(3.70)



IS, IV*

Lo, (1— 9) — Kk, + B.o, N =0 (3.71)
IS
ﬂlm v (1 H) - k5|Im =0 (372)
oo+ 71 (I + Vi )+ 5l — KT, =0 (3.73)
(Ihal_‘_lhcl_'_I I ) * *
Av- B0, S, —k,S; =0 (3.74)
Nh
(|;al+|:cl+l;1+|;) * *
Lo, S, —k,1,=0 (3.75)
Nh
From equation (3.68)
7,S; —k\V, — B.o, I‘a/h =0 (3.76)
. 1), -
7,S, —(kz — f.0o, NV th =0 (3.77)
581 = ke = o0, 1 (3.78)
N, 7S, =(Nk, — Bno, 1) )V, =0 (3.79)
- N,z, S,
VA viiSn 3.80
" k2 _ﬂmo-v Iv ( )
From equation (3.72)
1’s?
Lo, (1— 9) h kI, =0 (3.81)
S* .
IBIm v (1 9) 5 I Im (382)
- 1-6)I1.S,;
1= — Pmo, (1—0) 1, (3.83)

Im — va5
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From equation (3.69)

fio, (1-0) 20— [, (1-0) 1 22— 17, = O

\"

1S, o, (1—0)1] +Nk; ). .
ﬂlo-v(l_g) \|I\| s :[ﬂl ( N) 3thal

\%

. _[ po,(1-0)1.s; J

et = Lo, (1-0)1] +k;N,

XXXiX

(3.84)

(3.85)

(3.86)



From equation (3.70)

* ok

o, (1-0) 28 s i, — Kyl =0 (3.87)
[,8,0'\, (1—;?') I, + PN, J 15 —kI% =0 (3.88)
£, (1=0)l +pN, ) o A-0)LS, | _, - (3.89)
N, Bo, (1-0)1, +k;N,
1 (,Blo'v (1_9)|\7+10Nv)(/3|0_v (1_9)|:S;) (3.90)
et kKN, (B0, (1-0)1] +kN,)
1* — pio, (l_e)IJS:WL/BlO_v (1_0)10st: (3.91)
! kN, (8o, (1-0)1, +k;N,)
From equation (3.71)
'S, N A
mOv (1—6)N—Vh—k4|m+ mGVN—VhZO (392)
IS, WA .
mO-v (1_0)N—vh+ﬂmo-v th = k4|m (393)
[,Bmow (1—6’)N5h + LoV, J e (3.94)
I; _ mOv (1_9) Sh —I—ﬂmO'VVh I:: (395)
N, K,
Substituting equation (3.83), (3.86), (3.91) and (3. 95) in equation (3.96)
lnat s Thats Pons i ) Sy .
Lo (Tt P m) Sy k,17=0 (3.96)

\Y; 7 v
Nh

Bo,(1-0)ts; | [(B0.0-0))' 'S, + B0, (1-0)oNS; |
fo,(1-0)1; +kN, kN, (o, (1-0)1; +kN, ) '

N, . B0, (1-6)S; L 0,(1-0)S, + 8.0V -
Nk, ! Nk, !

v

S —k17=0 (3.97)
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(Bo,(1-6)s;) +(ﬂ,o-v(1—6’))2 1S, + B0, (1-6) pN,S;

po,| Ao, (1-0)1; —k:N, kKN, (8o, (1-0)1; +k;N, ) Fet koo (399)
v>v 7' T
Nh +ﬁlmo-v (1_9)8: +ﬂm6v (1_9)S:+ﬂmavvh*
N, ks Nk,
Bo,(1-0)S; +(,6',O'V(1—6’))2 1S, + B0, (1-6) pN,S;
B.o,| Bo,(1-0)1; —kN, KN, (B0, (1-0)1; KN, ) e lirzo (3.99)
7 v
Nh +ﬂlmav (1_0)8;+ﬂmo-v (:I'_e)sh*-}_ﬁmo-vvh’k
Nk, Nk,
This implies
I, =0 (3.100)
Or

Bo,(1-6)S; +(ﬂ,ov(1—z9))2 7S, + B, (1-6) pN, S,

S:p.o,| Ao, (1-0)1; —kN, kN, (B, (1-0)1; —kN, ) oo (310D
=
Nh +ﬂ|m0v (1_0)8;_1_ mOv (1_9)S;+ﬂmo-vvh*
N,k Nk,

Substituting the value of 1, = O in equation (3.83)
k1. =0 = I, =0 (3.102)
Substituting equation (3.100) in equation (3.95)

—k,1

4" m

=0 = 1. =0 (3.103)
Substituting equation (3.100) in equation (3.86)

—Kglpy =0 = 1, =0 (3.104)
Substituting equation (3.100) and (3.104) in equation (3.91) we get

K1, =0 = I, =0 (3.105)
Substituting equation (3.102), (3.103), (3.104) and (3.105) in equation (3.73) we get

KT =0 = T =0 (3.106)

Substituting equation (3.102), (3.103), (3.104) and (3.105) in equation (3.74) we get
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Substituting equation (3.100) in equation (3.68) we get
7,S, —k,V, =0

* *

7, S, =K,V
Vh* — TlS:
kz

Substituting equation (3.100), (3.106) and (3.111) in equation (3.67) we get

. 0,7, S,

A, —KkS, + =0

k2
=S, = i -~
Ko =&, 7
f[ Ank, j
Vh*_ * klkT<—0522'1
2
x Z1(Ahkz)

" Kk, (klkz _0‘271)

From (3.99) the disease free equilibrium state exists if

I”=0
And the endemic equilibrium state exist if

po,(1-0)s, (8o, (1-6)) IS, + Ao, (1-6) pN,S;
S;ﬁhav IBIUv(l_H)I\j_k3Nv kle(IHIGv(l_H)IJ_k3Nv)
Nh +ﬂ|m0v (1_0)S;+ mOv (1_0)S;+ﬂmo-vvh*
N k. Nk,

%

—k, |=0

xlii

(3.107)

(3.108)

(3.109)

(3.110)

(3.111)

(3.112)

(3.113)

(3.114)

(3.115)

(3.116)

(3.117)

(3.118)



3.4 Disease Free Equilibrium State DFE (E°)

Disease free equilibrium state are steady state solutions where this is no infection. Thus
all the infected disease will be zero and their entire population will comprise of

susceptible individual and susceptible vector.

At the disease free equilibrium state, let

Sh
S 0
h Vh
V, :
I
| hal hoal
I hcl I hcl
I = °
m I (3.119)
I Im | I(:‘n
T, 0
T,
S, "
I S,
I AV,

Thus, from (3.100), (3.102), (3.103), (3.104), (3.105), (3.106), (3.108), (3.114) and

(3.116) the disease free equilibrium state is given by

o A K,
Sh k,k, — a7,
Vh0 T, /\y
I :al kk, —x,7;
L 0
N (0]
12 |= o (3.120)
I Im O
T, 0
S\f Ay,
l, Ky
(0]
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3.5 Basic Reproductive Number R¢
In the model equation (3.2) to (3.10), the infectious compartments includes

lhao Lo s 1,0 1. 1, andthe expected secondary infections depends on these classes.

The rate of appearance of new infections in compartments i is given by the matrix.

The Jacobean matrix of F evaluated at the disease free equilibrium point is given by

of (E®° .
F:{%)J X = hars Thers Lns B 1y for j=1,2,3,4 and E° is the
X

disease free equilibrium.

0 0 0 0 po,(1-0)S,
NV
0 0 0 0 0
O O O 0 ,BmO'v (1_0)Sh +ﬂmo-vvh
F= N,
0 0 0 0 ﬂ.mov(l\ll—e)S: (3.121)
ﬂho-vsv ﬂho-vsv ﬁhGVSV ﬂhGVSV 0
Ny N, N, N,
and
k, O O O O
—po k, O O O
v_|© ©0 ki 0 O (3.122)
o O O k., O
o O O O k,
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L (o) (o) (o) (o)
k3
S . © o o
sk, 1 (3.123)
) o (o) 1 (o) (o)
vl — k.,
o o (o) 1 (o)
k5
o (0] (0] (0] 1
k7
0 0 0 0 Bo,(1-0)S, ki 0 0 0 O
N, 3
1
0 0 0 0 0 P = 090 0 o0
. . Kk, K 3.124
0 0 0 o Suo-0)S,+ B0V, T (3.129
v N, 0 0 .= 0 0
S0, 1-0)S, )
0 0 0 0 % 0 0 0 ki 0
foS. BoS. BoS oS o 0o ot
Nh Nh Nh Nh E
k7Nv
0 0 0 0 0
B.o,1-6)S,  B.oN.
O O 0 O m \" + m \"
oy kN, KN, (3.125)
I(7Nv
ﬁho-vs\j+ﬂho-vs\jp ﬁho-vs\g/k ﬁho-vs\’: ﬁho-vs\g/k 0
kN, kK, KN, KN, kN,

From (3.125), we calculate the eigenvalues to determine the effective reproduction number R. by
taking the spectral radius (dominant eigenvalue) of the matrix FV. Computing |A-A7| = 0, we

have;
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) 0 0 0 ﬁle(l—g)Sh
I(7Nv
0 -1 0 0 0
0 0 -2 0 ﬂmav(l_g)sh +ﬂmo-vvh
-1 I(7Nv k7Nv
\Fv e s -0
0 0 0 ) ﬁlmgv( — ) h
I(7Nv
ﬁho—vsv +ﬁho—vsvp ﬂho_vsv ﬁho—vsv ﬂho_vsv .y
kKN, kK, KN, KN, kN,
This implies
A4 =0
A,=0
43 =0
4, =0

I,Bh,/)’,mo'vavklkzk3k4 (1-0)+ B.p.0,0.kkKKk (1-0) + f,B,0,0,rKkKK, + £.8,0,0KKk (1-0) K + p)

ﬂs =
\I kkak Kok, (k, +17,)

Jo=— BiBin0,0 kKKK, - 0) + B, 0,0, KK Kks A= 0) + 5, ,0,0, 7 K KsK, + B, 56,0, K K ks A —O) (K, + p)
k koK Kok, (k, +7,)

Clearly, we can see that A; is the dominant eigenvalues.

R = Iﬁhﬁlmavo-vklkszkA(l_@)-l-ﬁh mavo-vklkzk3k5(l_0)+ﬁhﬂm0vo-vrlklk3k4+ﬂhﬂlavavk2k4k5(l_6)(k1+p)
" kkokokek (k, +7,)

(3.126)

(3.127)

(3.128)

(3.129)

(3.130)

Rc is the average number of secondary infectious case that an infectious individual with

Lymphatic filariasis and Malaria co-infection would produce in a totally susceptible

population.

3.6 Local Stability of Disease Free Equilibrium State
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The Disease free equilibrium E°of the model equation (3.61) - (3.69) is locally

asymptotically stable (LAS) of R, <1.

Proof: Linearization of the model (3.24) - (3.32) at any arbitrary equilibrium point

(E®) gives the Jacobian

—C, o, 0] 0o 0] 0} oy 0] —C,
7, —C, (0] (0] (0] (0] (0] (0] —C,
C (0] —C, (0] (0] (0] (0] (0] c
° ° ! (3.131)
(0] (0] Cg —k; (0} (0] (0] (0} Co
J(E")=| co cCu o] 0 —k, o] o] 0 Cp,
Cis (0] (0} (0] (0} —kg (0] (0} Ci,
(0] (0] 7, T, T, 75 Kg (0] (0]
O O C15 ClS C15 ClS O C16 O
o o Cis Cis Cis Cis o Ci7 _k7
where
1, S
¢, =0y (1= 0) (B + By + Bin ) =+ K = 0y (1= 0) (B + B + S )
l, V, |
C3:k2+ﬂmo-vN_’C4: mo_vN_’CSZﬁIO-v(l_Q) NV
Iv Sh Ihal
cs = pPo,(1-0) N +k;,c, = Bo,(1-0) N + fBo, (1—«9)N—
IV I al
Cs :ﬂIO'V(l—H)N + P, Cy :ﬁlo-v(l_e)#
Co = S, (1—0) 2 ¢, = fo,
10 m v NV * 11 m v NV

S V, |
Ci :ﬂmo-v (l_g)N_h+IBvaN_h’C13 :ﬁlmo-v (1_6) ~

Vv NV
S S
Cis = BimOy, (1_9)N_r:lvc15 = o, th
| | 1 |
Cis = fho, ( nat hc;\l_'_ m Im) +k,
h
c y: (Ihal+|hcl+|m+llm) (3.132)
= o,
17 h Nh

We evaluate the Jacobian of the system at disease free equilibrium to determine the local

stability of the system. We obtain
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0

% a4 0 0 0 0 a4 O -av(l-a)(ﬂm+ﬂl+ﬂlm)%
VO
r, -k, 0 0 0 0 0 O —ﬂmovN—“O
SO
0 0 K, 0 0 0 0 0 po,(1-0) Nh°
0 0 P —k, 0 0 0 o0 0
S? A
J(E)=| 0 0 0 0 -k, 0 0 o ﬂmav(l—H)N"o+ﬁmavN—"o
SO
0 0 0 0 0 —k; 0 0 Buo, (1-6) Nh°
0 0 7 7 7, 7, ks O 0
s? s? S? s?
0 0 -fo,~r -po—~L —fo,~r -po~-L 0 -k 0
h Nr? h N’? h NI? h N: 7
s? s? s° s° (3.133)
0 0 po—~ po—~ po—~ po—~ 0 0 —k
h Nr? h NI:) h N,? h NI? 7

Using elementary row transformation (as in Abdulrahman et al., 2013) the Matrix (3.133)

becomes
1-6 Ak
—k, a, 0 0 0 0 ¢ O _GV( )(ﬁm+ﬁl+ﬂlm) Ko Kg
Av (kikz 70‘271)
0 _kk,-ayn, 0 0 0 o0 % o, _Ahkﬂl(ﬂmki"v“’v(l*@)(ﬂm+/J’,+/J’lm)k2)
k1 kl klAv(k1k2 —azfl)
1-0)A Kk
0 0 -k, 0 0 0 0 0 M
Av (kikz - 0!2'[1)
1-0)A kk
0 0 0 & 0 0 0 0 Pho,(1-6) Akek,
kA, (kik, - a,7,)
A Bk 1-0)k
J(EO): 0 0 0 0 -k, 0 0 0 WBuki (0, (1-0)k, +0,7)
Av (kikz - 0!2'[1)
1-0) A k.k
0 0 0 0 0 -k 0 0 Auo,(1-0) Akl
A, (kk, -a,1;)
0 0 n 0 0 0 -k 0 k7A“(T3'H"“aV(1_9)k1k2k3k4+Z1+Zz)
Kk, (KK, = a7 )k ks
0 0 00 0 0 0 -k 0y (B0, (1= 0) KoKk, +2,+2,) (3.134)
Ah (Tl + kz)k1k3k4k5
0 0 0 0 0 0 0 o0 0By (B0, (1= 0) kKoK, +2; + 2, + kkok Kok, (k, +7,)
A, (1, + Ko kokoks

The characteristic equation of the upper triangular Jacobian is
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where

a, 0 0 0 0 o 0

kkeman 0 0 o 4
3

0 -4 0 0 0 0 0

0 0 k-4 0 0 0 0

0 0 0 k-4 0 0 0

0 0 0 0 k-4 0 0

0 7 0 0 0 k-1 0

0 0 0 0 0 0 k-4

0 0 0 0 0 0 0

_0,(1-0)(B+ 5 + B ) Agkk,
A, (kk, - a,7,)
Ak, +0,(1-0)(B, + A+ )k
kA, (kk, —a,7,)
Bio, (1-60) Akok,
A, (kk, - a,1;)
Pl 1-0) Ak
ks, (kik, —a,7;)
A Bk (o, (1-0)k, +0,7,)
A, (kk, - a,7;)
fuz 1-0) Ak
A, (kk, - a,7;)
KAy (7380, (1-0) kik Kok, +2, +2,)
kiksA, (kik, — a7, )K kg
O Sy (im0, (1-0) kikokok, +2, +2,)
Ay (7 + Ky )Kkok ks
0,8 (B0, (1_ 6) kikok, +2; + 2, + kikgk ok, (k, +7,)) 2

Ay (4K, Dkkgk, kg

(3.135)

z, =0, (l— H)pﬂ, k,k,ks7, + o, (l— 0),8, k. kK, kg7,

Z, =0, (1_ 9):Bm k1k2k3k52'2 + ﬂmklk3k50-vrl7’-2

(3.136)

z,=0,(o, (1_ ‘9) PBKKKs + 0, (1_9),B| kKK kKs)

Z,=0, (1_ e)ﬁmklkzkaks + Bukk:kso, 7y

Therefore, the eigenvalues are

A4, =—k <O

kik, —a,7y

A, =—
2 kl

-(

(tn + 7))y + ) — o1y
Ky

j<o

2
_( Hp + Hn Oy + HZ T + QT — QT

- : )<

A, :_(/th‘*'ﬂhlfz +/th'1J<0
1

,Ur? + MO + T
Ky

A =-k; <0

J<o

(3.137)

(3.138)

(3.139)

(3.140)
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J, =—k <0 (3.141)

Jo =—k, <0 (3.142)
A =—k <0 (3143)
Ay =—ks <O (3.144)
Jg=—k, <0 (3.145)
= BN (Bmo, (1— fh)(kfkikk;fl ;jﬁ5;7k1k3k4ksk7 (k, +7,)) (3.146)
For 4, to be negative, then

O Sn B, (1= O) KoKy + 24 + 2, — KikekKeky (Ky +71)) _ (3.147)

(7, + Ky koK K ks,
ie
S BB, (L= OV KKK, + 6, 8,2, + 0, 8,2, < T, kKoK Kk, (K, +7,) (3.148)

0,5\ Pn0, (1_9) kkok, +0,f, (Gv (o, (1_‘9)pﬁ| kokiks +0, (1—9)ﬂ|k1k2k4k5))+0'vﬂh24 <1
0, BikikKeksk; (k, +7,)

(3.149)
Re <1
This implies that g <0 if Re < 1

Hence, the disease free equilibrium E° of the equation (3.24) - (3.32) is locally

asymptotically stable (LAS), if Re <1



3.7 Global Stability of Disease Free Equilibrium (DFE)

Theorem: The D.F.E ( EO) of the model system is globally asymptotically stable (GAS)

in the feasible region QQ if R. <1

Proof: To establish the global stability of the D.F.E, the two conditions for the global
stability of D.F.E as in (Castillo-Chavez et al, 2007) for R, <1 was used for the model

system.
We can write the model system as:

Let X =(S,,V,,T,,S,)and Z=(l,, 1yl 1,m,1,) @and writing the model equation

hcl? " m?

(3.61) — (3.69) in the form % ~ F(X,Z)and ddit ~G(X,2)

where I, =1,,=1,=1,=1,=0

m m v

With F(X, Z) being the RHS 0f $n,V», T, Sv and G(X,Z) the RHS lrar, Ihet, Im, Tm, Iy

Next we consider the reduced system axX ke (X,z)givenas
dt

: 1,S
Sh=A, -0, (l—H)(ﬁm + 0 +,8,m)|"\l—h—k18h —o T, +aV,

IvVh
N (3.150)

\

V=18, —kV, - 8.0,

Th:Tz|m+71(|ha|+|hc|)+73| KT

Im

(Ihal + Ith + IIm + Im)
Nh

h

Sv=Av- B0, S, —k,S,

Let

x*=(s:,vh",Th",Sf)=[kkA“k2 G T AV] (3.151)
K, —a,r KK, —a,7y K,



be the equilibrium point of the reduced system (3.150), we now show that X" is globally

stable by solving equation (3.150) and taking limit as t—oo Solving for Sy(t) gives
Sh(®) = A, —kS, +aV, (3.152)
S, () +kS, =A, +aV, (3.153)

Multiplying by its integrating factor el

S, (De" +kS, e = (A, +aV, )e (3.154)

Integrating and diving by €' gives

J.%I:Sheklt] :I(Ah +a,V, )e“'dt (3.155)

Sheklt _ (Ah +a,V, jekﬂ e (3.156)

1

A, +aV,

S, (t) =( J+Ce-k1t (3.157)

1

When t = 0, the equation becomes,

C=5,(0) —[A”k;azvhJ (3.158)

Substituting equation (3.158) into equation (3.156)

S, (1) = (Ah 16‘2\/“ j—[Ah 1""2\/“ je-kﬂ 4+, (0)e™ (3.159)
1 1

Solving for Vi gives

V, (1) =18, —kV, (3.160)



Vi, () +kV, =78,
Multiplying by its integrating factor €'
V, (t)e'! +k,V, e =15, e

Integrating and diving by el gives

j%[vhe"”] = Irlshekztdt

Vv, e = [%} e +C

2

vh(t):(ﬁi-?ljmekzt

2

When t = 0, the equation becomes,

c-V, (@—[f’hj

2

Substituting equation (3.166) into equation (3.164)

V, (t) = % - %e"zt +V, (0)e™
2 2

Solving for Th gives
T, (t) =T, (0)e™*
Solving for Sy gives
S, () =A, —k,S,
S, (1) +ksS, = A,

(3.161)

(3.162)

(3.163)

(3.164)

(3.165)

(3.166)

(3.167)

(3.168)

(3.169)

(3.170)



Multiplying by its integrating factor €*"

S, ()" +k,S e = A e

Integrating and diving by ekt gives

j%[svek*] = IAvek”dt

S, e = (%J e +C
7

S, ()= (t—} +Ce ™™

7

When t = 0, the equation becomes,

c-s, «»—[%}

7

Substituting equation (3.175) into equation (3.173)

S, (1) =2 Mgkt g (g)et
k7 k7

Sy (t)+Vy (1)+T, (1) >Ny (t) as t >0
and

S;(t)> N, (t) ast—0

As t >
S5 (1) N; (1) +aV,
kl
* 7,S
\V/ ~1°h
h K,

liv

(3.171)

(3.172)

(3.173)

(3.174)

(3.175)

(3.176)



The asymptotic dynamics are independent of initial condition.
Hence, the solution is globally Asymptotically stable.

Also it is required to show that G (X, z)satisfied the two stated conditions

()  &(x,0)=o0and

(i) &(x,2)=D,6(X"*,0)Z-G"(X,2),G"(X,Z)20

where

(x*,o):[ AL A ,o,o,o,o,o,ﬁ,o] (3.177)
kK, —a,7, kK, —a,n, k;

D,G(X",0) is the Jacobian of G(X,Zz) taken with respect to the infected classes

evaluated at (X*,O)

ﬂlgv (1_0) IvSh _ﬂlo-v (1_9) Ivlhal —k.1
N N 3" hal

po,(1-0)1,1,,
- (N) hl+p|hal_k1|hcl

'

mOv (1_ 0) IvSh _ ﬂmo-v IvVh
N

\ \

B0, (1—49) 1,S,
_kSIIm
N

Y

ﬂho-v(lhal + Ihcl + Im + IIm)sv
_k7|v
Nh

G(X,Z) —k,1,, (3.178)




_IBIO-v(l_H)lv_k 0 0 0 ﬂl (1 9)8 ﬂl (1 9) hal
Nv 3 Nv Nv
,B|O'v(1—9)lv +p _k1 0 0 ﬂl (1 0) hal
N, N,
o,(l-0)S, poV
DGX*,OZ O 0 _k 0 m-v h_I_mvh )
6(x"0) : o | e
0 0 0 —k5 ﬂlmav(l_g)sh
Nv
ﬂhavsv ﬂho-vsv ﬁho-vsv ﬂhavsv -k
Nh Nh Nh Nh 7
o (1-0)1SI (| NS\ fou(1-6) b
N’ SN, N,
ﬁlo-v (1_9) Ivlhal
N
G'(X,2)= N (3.180)
0
po,S )
1N: (Ihal+|hcl+| +||m) 1- :N:

Since we have

AN

S;=2%,1,=0,1,, =0,N, =
K, k

\ v \
7

. A K
NV=Sh+Vh,NhSNh,Sh=kk h—olcr
172 21

If the human population is at equilibrium, we have

Thus G*(X,Z)>0,therefore, the DFE is globally asymptotically stable.

3.8 Solution of the Model via Adomian Decomposition Method
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3.8.1 Solution of the model equation using adomian decomposition method

Consider equation (3.2) through (3.10) with respect to and applying the initial condition

Sh (O):Sh01vh (O):th Ihal (O): Ihal01 Ith (O) IthOa I (0) oo Im (O):IImO’

Th(O):ThO, S, (O)zSVQ, IV(O): Lo

Integrating both sides of (3.6) to (3.14) with respect to t and applying the initial

conditions gives

Sh(t):Sh0+Aht—(179J.ISd —Mjmd MJISdt

~(r1+ ) [, Spdt+ e, [ Tydt+ar, [V, dit (3.181)

(3.182)

o[, Syt = (s, +a,) [ V,dt - le\lﬂm [ 1t

v haldt (,uh +T1+,0)I haldt +Iha|0 (3183)

t t
0 vIha 0t +pfo o0t — (22 +z'1)_"0 P At =+ Tgo (3.184)

o (1) = 2=V A (1,;‘9 VA [y

I, (t)= GN—WI 1,S,dt —(z, + 8, + a2, jl dt+“ﬂ IIth+I (3.185)

\2

Im( )_ (1 H)IBIm

V

t t
[, 1 Sndt = (75 + 81+ 410 [ NG+ 1y (3.186)

T (1) =Too + 75 [, bt +7, [ dt+7, [ 1 dt+z [ 1, dt+

t (3.187)
(ot + )joThdt
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S, (1) =S, + A t— Gl(lﬂh [0 |ha,svdt—0l<|—ﬁhj; l,,S,dt —GN—ﬁ“j; |_s,dt
h h h
TP s dt— (4, +5,) [ S0t (3.188)
Nh 0 Im~v /lh \% oV *

1, (t)= 1,y + ZPn jt|ha,svdt+av—ﬂhjt|hdsvdt+“v—ﬂhjt|msvdt+0v—ﬁhf|,msvdt
N, Jo N, Jo N, Jo N, Jo

—(pt,+8,) [ 1,0t (3.189)

Using Adomian decomposition method, the solution of equation (3.181) through (3.189)

are given as the series of the form

n n=0

Im :Zlmn’ IIm :lemn’ Th :zThn (3190)
n=0 n=0 n=0

Sv:isvn’ Iv:ilvn
n=0 n=0

A=1S, B=lV,, C=I1_, D=1I_5S,

E=1_.S, F=15, G=1.2, J=I_,

K=1.,, L=I, M=I_, N=I, (3.192)
o=s, P=S, Q=T, R=V,

The linear and nonlinear operators in equation (3.191) are decomposed in series form as
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A=f“A1, BziBn, C=icn, DziDn,
n=0 n=0 n=0 n=0
E-3E. F=3F, G6=>G, J=3J,
n;O nO:O n;O n;O (3192)
K=>K, L=>L, M=>M,, N=> N,
n=0 n=0 n=0 n=0
O:ion, P:ipn’ Q:iQn’ R:iRn’
L n=0 n=0 n=0 n=0 _

Where A,,B,,C,,D,.E,.F,.G,.J,.K,,L,,M_,,N_,O,,P,,Q, are Adomian

polynomials. Substituting equation (3.181) through (3.189) into equation (3.191) gives

S5, 5, A= (1;19)ﬂm I;i/%dt—av (1N—9)ﬁ. L:i/%dt—m (1;10)13"" J;i&dt

n=0 v n=0 v n=0 v n=0

—(rl+yh)ﬁi0ndt+a1j:iQndt +a2I;iRndt (3.193)
n=0 n=0 n=0

SV, Vo + o, S 0,dt (1, + az)j;i R dt —‘TN—ﬁmj;i B.dt (3.194)
n=0 n=0 n=0 v n=0

= o,(1-0)p & o,(1-0)p &
; |haln =Iha|0 +N—VIJ.O ; A1dt - —NV ! J‘O nzz(;cndt
(it p) 3,0 (3.195)
n=0
S o o+ ZC DSt o[!S 3,0t (s + 7)1 3Kt (3196)
n=0 v n=0 n=0 n=0

[Ms

1l
o

n

L =10 +O_V(1;|—0)'Bm_[;iAndt—(rz +3,, +yh)j;i L, dt
Y, n=0 n=0

+ Ol [13 it (3.197)
\% n=0

i Lo = Lo +%ﬁiﬁhdt—(% +5, +,uh)J:iMndt (3.198)
n=0 v n=0 n=0
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ST o+ [ S Lt [ 3, dt 4, [ K, dt+ 7, [ 3 M,
n=0 n=0 n=0 n=0 n=0

(o +a0) [ 3 Qudx (3.199)
n-o
2 Y 5.5 abpis
S S S

B (1 (&
+%L§Gndt—(ﬂh +§V)IOnZZC;Pndt (3.200)

h

1, =l + Uﬂh Ddt+6’3“ E.dt + “ﬂh th+“ﬂh G, dt
> Z Z Z Z

n=|

(s, +5V)j;§ N, dt (3.201)
n=0

Equation (3.193) through (3.201) can be written as

0

S S0 =0t ant- T8 g g ) [ AG (7 4) 3 [0

n=0

v, 3 [ Qi +a,> [[Rdy (3.202)
n=0 n=0
> Viw Voo + 152 [ 0,0t~ (s, + ;) D [ Ryl —%iﬂ B,dt  (3.203)
n=0 n=0 n=0 v n=0

* V(l—@)ﬂl © ot O'V(l—ﬁ)ﬂl L
Z lhain =lhaio + N, nZ:(;Io A, dt _N—Vnzg;‘.“) C,dt

n=0

(74 p) D[ 3,0t (3.204)
n=0

o 1-0)8 & o .
D oo =lheio + Lo1=0)A N ) > [ic,dt+ pY [L3.dt— (s, +2,)> [ K,dt (3.20)
v n=0 n=0 n=0

n=0



S, :Im0+%iﬁﬁhdt—(rz+é}n +yh)ij; L dt
v n=0 n=0

(3.206)

1-6 = d
- +‘fv(N—)ﬂ'm2ﬁ Adt—(z,+3, +ﬂh)zj; M. dt  (3.207)
n=0 n=0

\

[\_48

Imn —

>
Il
o

> X et ot X ot X ot
;Thn =T,o +rznz=(;jo L dt +Tl§]‘0 J dt ”1;!0 K. dt +T3HZ=(;IO M dt

—(e+ 1) [, Qualt (3.208)
n=0

N _ ot ot oSt

Z;‘s =S, + At N ;IODndt N n;joEndt N ;jandt

G'BhZIGdt (ﬂh+5)ZI P,dt (3.209)

h n=0

Zwym I, + U'BhZIDdt G’BhZIEdt UﬂhZIth+Gﬁ“ZIGdt

n= h n=0 h n=0

—(u, +5V)ij; N, dt (3.210)
n=0
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From equation (3.202) through (3.210) we define the following scheme

Sho = Sho + Ayt ThO :ThO
IhaIO = IhaIO SvO = Svo + Ayt
Lheio = Thero lo=lo ¢ (3.211)
Imo = Imo VhO :VhO
IIm0 = IImO
1-6
Sy = ( )(/3 + B+, J.Ahdt (7, + 4, j0dt+a1det
t
+a, jo R dt (3.212)
t t O-VIBm t
th+1 = TlJO C)ndt _(:uh + aZ)J‘O Rndt _N—'[O Bndt (3213)
Ihaln+1 (]-—H)'BII A1d V(lN;e)'BIJ‘; Cndt_(luh +Z‘1+P)I;Jndt (3214)
1-6
Ly = Wﬁ C,dt+p J,dt —(u,+17,), K,dt (3.215)

mn+l

MJ‘ Adt—(z,+3, "‘ﬂh)_[ Ldt+o-ﬁ IBdt (3.216)

1-0
I, .= ME Adt—(z5+8, +,) [ M, dt (3.217)

\

t t t t t
Ton = 72| Lydt+z, [ Jdt+7 [ Kodt+z [ M dt—(ay+,) [ Qdt (3218)

s Z_Gv_ﬁhandt—GV—'thtEndt—GV—'thtFndt—GV—'B“thndt
N, Jo N, Jo N, Jo N, Jo

vn+1

— (1, +3,) [ Pt (3.219)
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| :thDdH"V—ﬁhth dt+GV—ﬁhjtht+GV—ﬁhth dt
vn+1l N 0 n N o N N o N N o N
h h h h

—(a, +8,) [, N,dt (3.220)

Using the Algorithm in (3.191), the Adomian polynomials in (3.211) are computed as

A) = IVOSho
A =15y + 1S4 (3.221)
Az = IvOShZ + Ivlshl + IVZSho

Bo = IvOVho

B, = 1oV + LiVig (3.222)
BZ = IvOVh2 + Ivlvhl + Iv2Vho

=1l

v0 " halo

1= Luolhaie + Lt lharo (3.223)

O O O
I

2 IvOIhaIZ_'—Ivllhall-i_lvzlhalo

DO IhaIOSvo
Dy = lhaioSu + ThaiSio (3.224)
D2 = IhaIOSVZ + IhaIlSvl + IhaIZSvo

E,=1,,S

hcl0~vo
El = IthOSvl + Ihcllsvo (3.225)
EZ = IhaIOSVZ + IhcllSvl + IthZSvo

I:o = ImOSvo

o= 1noSu + 1miSu (3.226)
I:2 = ImOSVZ + ImlSvl + ImZSvo
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GO = IImOSvo
G1 = IImOSvl + IImlSvo
G2 = IImOsz + IImlSvl + IIm2Svo

Jo = IhaIO
‘]l = lhall
Jz = Ihal2
Ko = IthO
K1: Ihcll
Kz = Ihcl2
I—o = Imo
Ll = Im1
Lz = Im2
I\/Io = I|mo
Ml = I|m1
Mz = I|m2
No = Ivo
N1: Iv1
Nz = Ivz
Oo :Sho
01 :Sm
Oz :Shz
I:)0 :SVO
I:)1 :Svl
Pz :sz

(3.227)

(3.228)

(3.229)

(3.230)

(3.231)

(3.232)

(3.233)

(3.234)
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Qo = ThO

Q =Ty (3.235)
Qz = Th2
Ro :VhO
R, =V, (3.236)
Rz :th

For N=0, equation (3.212) gives

D (5 i+ i) [ At — (54 44,) [ Ogllt 1, [ Qi

V

&u:
+a, [, Rydt (4.237)

Substituting equation (3.221) through (3.236) into equation (3.237) gives

o,(1-6 t t t
Spyu=—— (N ) (Bn+ B+ :B|m)'[0 |yoSnodt = (7, + 'uh)J‘o Spodt+ al.[oThOdt
SN (3.238)
+a2IOVh0dt

Substituting equation (3.211) into equation (3.237) gives

0, (1_ (9)
Sw=-

v

t t t
Byt B+ )], Sro+ Aot = (7 + 1) (Syo+ At)dt+a, [ Tl

t
+a, jovhodt (3.239)

a,(1-6 : ‘ ‘
S, =~ v(N D, B[S A+ )8 A0 [ Tyt

v

t
+a, [ Viodt (3.240)
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T (Y RYB KR PRV R SECRY] NN ey

v

t
+a, [ Vit (3.241)

Integrating and collecting like terms gives

St —£ 2,(-6) —=—"(Bu+ B+ Bin)Snol o — (70 + 14,) S + Ty +Vh0]t

V

- (0(1 %) (Bn+ B+ B) — (Tl+/~lh)j (3.242)

\

for N=0 in equation (3.213) gives

V= Tl_[ 0,0t — (1, +0!2)J. R,dt — n. J Bt (3.243)
_rlj S,odt — (,uh+a2)j V, dt — £mZv j 1oV, dt (3.244)
j(shoﬂx t)dt—(yh+a2)j Viodt =1 ki j IV, dt (3.245)

Integrating and collecting like terms gives

IBmO-v Ivthojt . 2-1/\h't2

\"

Vi = (71 ho — (4t + Vo — (3.246)

for N=0 in equation (3.214) gives

pio,

Ihall _[Aodt_ﬂl V(l 9

V

det [ AT AP j Jdt  (3.247)
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Bo,(1-6) Bo, (1-0)
_ A |£| )Iolvoshodt——' |£| )I|V0|ha|0dt (yh+rl+p)j l 100t (3.248)

0
v

ﬂo-v 1-0) ot IBO'V 1-0) .t
:%J‘O(Shoﬁ-/\ht)lvodt—%)jo|vo|ha|odt (ﬂh"’Tl"'p)I lraiodt (3. 249)

\ \

po,(1-6 Bo,(1-06
lhain = Msholvo_#Ivolhalo_(ﬂh"'z'l"‘P)lhalo t
NV NV
B 1-0) ) oz
N, 2

for N=0 in equation (3.215) gives

o,(1-6
hoiz = %J‘; Codt + /OJ.(: Jodt _(:uh +7 )_[; K,dt (3.251)
,B|GV (1—0) t t
- N Io ol harodt +p.[o larodt (ﬂh +71)I lciodt (3.252)

v

Integrating and collecting like terms gives

I — ﬂlo-v(l_g)Ll I pNvlham IthONv(/uh+Tl)j t 3.953
hell , v0 haIO ﬂ| V(l 0) ﬂ|0_v(1—9) ( )

for N=0 in equation (3.216) gives

Imlzm_" Adt—(z, + p, +6,,) jLodt+ ukd IBdt (3.254)

V

1 49
:—I\E J‘ IvOShOdt (T2+/’lh +5 )j mOdt+ N VI IVOVhOdt (3255)

v
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o, (1-6) ¢t t mJy ('
- # jo(sho + A0t (7, + 4, +§m)_[0 | odt + ﬂNT .[o oVhodl

Integrating and collecting like terms gives;

ml
\

.0, (1-0) (z,+ 4, +S,)NL Lo 1LV,
=—— | Snolvo + t
N o,(1-0)  (1-0)

for N=0 in equation (3.217) gives

Lo, (1—60) ¢t t
. =#L Audt — (75 + 4, +3,) [ Modt

NV
Bino, (1-0) )
N #J‘o |,oShodt — (75 + 24, + 5m).|.o limodt
mO-V 1_6
- %J‘;(Sho +Aht)|vodt—(2'3 + My +5m)jc§ limodt

\

Integrating and collecting like terms gives

. ,3|va (1_9) (Ta+luh +é‘m)NvllmO t+ﬂlmo-v (1_9)Aht2

Iy =] Siolo—
Im1 NV [ ho"v0 ﬂlmav (1_0) J 2NV

for N=0 in equation (3.218) gives

(3.256)

(3.257)

(3.258)

(3.259)

(3.260)

(3.261)

T.,=1, J; L,dt + rlj; J dt+ 71_[; K,dt + 17, j; M dt — (e, + a1, )j; Q,dt (3.262)

t t ¢ ¢ .
=1, .[0 I 00t + TlJ‘O laodt + 71_[0 leodt + Tsjo limodit _(al + Uy )J.o T,odt  (3.263)
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Integrating and collecting like terms gives
Ty = (Tz Lo + 71 ( aio + Theo ) + 751100 _(0‘1 + 4, )ThO )t (3.264)

for N=0 in equation (3.219) gives

= ﬂO-V i ﬂo—v t ﬂho-v t ﬂho-v t t
Sa=- ,th [, Dodt - th [ Eodt- N [ Fudt— N [[Gott—(,+4,) [ Pt (3.265)

o rt t
ﬂ[t] j haIOSVOdt ﬂ'i‘ j thOSVOdt ,B,tl J.lmOSVOdt_,B[tlvJ.OlImOSVOdt_(ﬂh+§v)JOSv0dt (3266)

h h h h

__hBa, o, hho,
N J‘(Svo At) halodt N I(SVO At) thOdt N J‘(SVO At)Imodt (3267)

h h h
t t
_ ﬂri: [ (Suo+ A ot = (24, +8,) [ (S0 + At)dlt (3.268)

B0,
S, = —,Q—(Svolha.o +Su01he10 * Syolmo + Suolimo + (44,46, ) S0 )t (3.269)

h

- 'Bho- [Avlhalo +Avlhclo +A,l

2 +0_ )N A
AL (#4+n)Noh, 1,2 (3.270)
2N,

v 'm0 \ ImO
ﬂhav

for N=0 in equation (3.220) gives

g, (! o, [t o, [t po, [t t
|v1:ﬂ|2l jODOdt+ﬂ,QI joEodt+ﬂ'Q| [, Rt + |21 [, Godt=(11,+6,) ] Nodt  (3.271)

h h h h

t
'BIQI j |05t + ﬂ& j |05t + ﬂ,t, j | S, dt+ ﬂ& j oSt = (1, +3,) [ 1t (3.272)

h h h h

t o rt o, (t
- ﬁ&av .[O(SV0+AVt)Iha,0dt+ﬂlil v J'O(SV0+AVt)Ihd0dt+’Blil [ (Svo+ At) 1t

h h h
t t
+ﬂ&—‘?jo(sv0 FA) Lot — (4, +8,) [ 1,000t (3.273)
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p.o (4, +&n) N1,
Ly === Syolhaio +Syolhero + Svolmo + Svolimo — —
Nh ﬂho-v

+ﬂho-v (A

IhaIO+A Ith0+/\v|mO+1\v|Im0 +)t2 (3274)
2N,

\

for N=1 in equation (3.212) gives

S,, = (1 )(ﬁ + B+ B, jAldt—(rﬁyh det+alj Qldt+a2j R,dt (3.275)

o,(1-60 t t
She = _(N—)(,Bm + /5 +18Im)jo(|v08h1 + 1,1Sho ) dt — (7 +ﬂh)jo Sy, dt

t t
+a1.f T, dt +azj V,,dt (3.276)
[0} [0}
1 s (1—0)B . 1 co,(1 —8)B, Ly, 1 o, (1 —8)B,L,A,
N, ' vo > N, > N,
1 o, (1 —6)B,, Ly, S N 4 L By Sy Yiaio Svo
2 N, > (M 1) N 3 N,
4 Br Sy YcroSvo 4 B,o.L,.050 BrS Vo Svo s )1 A
N N N (m, V) Lo | A
n n n
I N (N 0 By Sy Viaio Ny L L By S Yo L L B,y Lo ™
3 2 N, 2 N, 2 N,
1 B o Ny 1 1
+ = N, Sho -~ o (1 —e)B, = Lo
2 v
.1 © L1 —0)B, L,A, s c,(1 —0)B,L,4, 1 o, (1 —6)B,, LoN,
2 N, 2 N 2 N
v v v
1 o+ A L1 B Sy Vaio Sve 4+ By Sy VicioSvo i B, VmoSvo
2 (Hh Tl ) h 3 N N N
n n n
4 By Yo Svo P A 4+ L[ By S Va0 ™ L+ L B S Vicio N
N, (= V) Lo | A 3 |2 N, 2 N,
1 BaSuluot 1 BnSulimo ™y 1 1
+ 5 N, + 5 N, Sno | | — | v T O By | 3 N
S L1 —0)B, 1,4, s o, (1 —8)B,L,A, 1 o, (1 —6)B,, LoN,
2 N 2 N 2 N
v v v
I -+ A 4+ L Br S\ YVaaro Sve 4 Br Sy Vicio Svo 4 B,.o.L.050
2 (M, F )Ny, 3 N, N, Ny,
+ By S Vo Svo sV 1 U T e B, GV Ilmm A, L+ L Br oy Vicio ™y
Ny, (”v ) vo n 3 2 > N,
4 L By, L0, 4 L By Sy Yo By s —(w + 1 o, (1 — 9) B LoD
2 ~, 2 ~, no ( 1) 3 ),
1 o, (1 —8) B, 1,4, 1 o, (1 —6)B,, LA 1 + <
6 N, 6 N, s (M 1) A
1 3
e 2T Ah} 4
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2V N, N

v v

—L[G(I—G)B [LI [ Gv(l_e)BmI\/OShO . ( )Bl v0 h0
N v

c(1—-0)B, 1 S
- m_v0 40 = (b, + 1) Sty Ty — o, Y,

+i Bh v hatoSvo
2

ho
Nv 2 Nh
B h cjv IhclO SVO + B h cSv ImOSVO + Bh y lmO v0 . +5)1 Is
Nh Nh Nh (“v v) v0 | “hO

G(I—G)B [ 1 I [ Gv(l_e;[BmIVOShO . Gv(l_izBlIVOShO

v v

c(1—0)B, 1 S
- I _v0_ho —(uh—krl)Sho—l-oclT — o,V

N,

+i Bh v Yhaio S0
2

Bh oS B9 LS B9 L0

Nh Nh Nh (“v + 6\)) IvO ShO]J
~Lis(1-e)p o (1-0)B, 1,5, o(1-8)BL,S,
Nv v Im 2 v() N Nv
c(1—0)B, 1 S B o
v Im v0 " h0 1 h v hal{) v()
- N —(Mh+‘cl)Sh0+alT —o, V| + > T
Bh v hclOSVO Bh v mOSVO Bh v lmO V0 . +5\1 |s .
Nh Nh Nh (“v v) v0 | “h0 (p'h
1 _i Gv(l_e) BmIVOSh() _i Gv(l_e) BlIv()Sh()
1) 2 N 2 N
v v
1 Gv(l B 9) Blm Iv0 Sh0 1 1 1
) N S (M) St 50 T~ 5%
v
+ 1 I -I- | + L +1 1 — + 1 S
> o (1, bt T % Yoo T G g — (W %) Tyg) — 0 2 Y1°mo

B ol 7V
VL LARAIE

v

(3.277)

for N=1 in equation (3.213) gives

Vi, =1, [ 0,dt— (4, + ;) [ Rt — 227 j B,dt (3.278)
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=1, j s, dt — (ﬂhmz)j Vhldt—”‘— j (1,V,, + 1V, )dt (3.279)

1 Gv(l B 9) BmIVOAh 1 Gv(l B 9) BlIvOAh i Gv(l B 9) Blm IVOAh
117 N, 6 N 6 N

1 v

1 1 1 1
_Z( u)A, _E(“th“z)TlAh_V Bo,| 5 Loty
v
L1t B, vhalOAv i B0 hinds | 1 Bio LA,
E 2 N, 2 N,

i p h Gv IlmO Av

2 W,

_I_

g

1 Gv(l B 9) BlIv()ShO 1 Gv(l B 0) BZm IVOS

ho1 1
) N 2 N "7 ) St 70T
v v
| | 1 1 |3m v w0 Vho
_70‘2Vh0]_(“ﬁ“z){?ﬂsho_?(“ﬁ“z) No=> N
1 | p n Oy IvO Vh() Bh v hal) VO
_V Bmcv[EIVO [TlshO(“h+a2) VhO_ N + 2 Nh
v v
Bh v he l()SVO thvl ()S 0 Bh v Im() v0 _|_5 [ |y t2
Nh Nh Nh ( v v) v0 | RO
(3.280)
for N=1 in equation (3.214) gives
1 6
|, = fio. jAldt—Ldet (, +7,+p j Jdt
N, (3.281)
Bo,(1-6) s Bo,(1-6)
:%L(Ivoshl_‘_ IvlShO)dt I I (IVO hall+ Ivllhalo)dt
~(pty +7,+ ) j It (3.282)
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[_i Gv(l_e) I?’mlv()Ah . 1 Gv(l_e) I?’llv()Ah

1 oI-0)B, LA,y o oL B %y LhaioSio
2 N, Y (mtT) 3 N,
Bh v hclO v0 + B G ImOSVO th IlmOSVO _ +5)\1 A

N, N, N, (K, 3,) 10| A,

[1 B0, b v L B0, Lo s B0, LA,
3

2 N, 2 N, 2 N,

1 Bh Gv Ilm() Av 1

+3T]Sho

1 1 Bh vhal() y
GV(I_G)B[3Ihal()[2 N

h Nv h
1 Bh y hcl() v i I“))h Gv Im() Av 1 Bh y lm() V
2 N f 2 N ) 2 N f

N

v

1 o(1-9) leioAh J] 1 (Wt 7 +p)o,(1-8)B1 A, ]z3
6

+ L (5(1—9)[.)) il _Gv(l_e) BmIVOShO _ Gv(l_e) BIIVOShO
N v Il 2 v N N
1% v v
c(1-6)p 1 S B
v Im v0 "~ h0 1 h v hal() V0
_ o — (1) S T oy Ty =0, 7, J+7 N,
Bh y hcl()Sv() B0, LS By LS
+ — +6)1,|S
Nh Nh Nh (uv v) v0 | ThO
_ (1 _ 9) B 1 2 Bh v halOSv() Bh v hcl()Sv0 Bh v m0 v0
N Gv 2 “hal0 Nh Nh N
v

S L+

Bh 4 lmO vO J 1 [ v( )Bl v h() v( )Bl v0 halO
—(u +38
f (uv v) Vi 2

1~y
—(m,+7 -I-p)hloJIO]]—(uh-l-rl-l-p)[? %
1 v( )leomo
2 N

v

[N} I —_

—
-
—+
_H
—+
he]

S——

}‘>—1

2,

I
N—
Ne—

o

(3.283)
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for N=1 in equation (3.215) gives

(3.284)

Ihcl2 -

fo, (1-0) ¢ t |
_%J‘o Cldt+pJ-0 Jldt—(yh +T1)IO K,dt

v

1-6)
ﬂl ( I (1ol + s halo)dt+PJ. Lot = (44, "'71)_[ |t

v (3.285)
1 . (1 . 9) B 1 I 1 Bh GthaIOAv + 1 Bh v hclO vy 1 Bh Gva()Av
N | 3 a0 | 2 TN, 27 W, 27 W,
L1 By O, Lo A L1 c,(1-6) BIIZVOAh L1 po,(1-6)B1,4, 3
2 N, 6 N, 6 N,
+ L (l _ 9) L Bh Gv Ihal()Sv() + Bh v hclOSv() Bh v m() v()
N | % B 7 o N, Nh N,
v
N Byo,LoS Lsyl el o,(1-6)B1,S B o, (1=0)B,L,0.
Nh (“v v) v0 2 Nv N
4 N 1 o,(1 9) BloSw 1 o,(1—6) B/ Lyl
= (W, T HP) B | Lo P ) N,
c ( 0) B,
v v() hal()
P T~ (W,

1 1
— 5 (Wt e hm] > (+ 1)

(3.286)

for N=1 in equation (3.216) gives

o,(1-60
_ % [ Adt=(r, 4, +6,) [ Lt +% [(Bdt  (3287)

m2

1-6)
+I (16Su + 1Sho)dt — (7, + 42, + 6, )j At

v

WV, )dt (3.288)

0" h1
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1 lls—ap |+ By O, Lharo ™ L1 By Sy Licio Ay L1 Byo, Loty
4N, m| 27N, 27 N, 27N,

Gv(l B 9) Blm Iv()Ah

1 c(1—6)B 1 A 1 o (1—-6)B,1 A, 1
2 N 2 N 2 N
v v v
S S B By Sy Vit So N BrS, LS | B0 LS
2 (Wtm) A 3 N, N, N,
N By Sy Lo Sio esvr la 4L L Bro L | 1 BuShiand
N, (W F8) L | 4 F 5| 2 N, 2 N,
+ i Bh 6v ImOAv + i Bh Gv Ilm() Av S
2 N, 2 N, ho
1 <12+8m+uh)cv(l—6)[3mlv01\h L 5 1o
6 N N va 6 V()TI h
v v
+ 1 ( 1 I"))h o, IhalOAv + 1 Bh o, IhclOAv + 1 Bh o, ImOAv
312 Nh 2 Nh 2 Nh
1 RS Lo h, 3 1 1
= v, £+ —|o(1- =1
T N, ho + N, o,(1-6)B, |5 Ly
_ Gv(l _e) Bmlv0S11() . ( )Bl v0 h() . Gv(l_e) BlmlvOSh() .
N N N H
v v v
1 BuS S | BiShiwSo | BiSLuoSu
1) Sty T =0, Vg |+ N, + N, N,

1 o(1—6)B 1 S,

Bh Gv Ilm() Svo m vl
+—Nh _(“v+5v) Lol Sl | — (Tz+5m+“h) > I
v
1 1 l"))vaIv() VhO 1 1
_E(T2+6m+”h)10+? N + 1B 7 o T S — (1,
v %
+o V.. — Bm vlv() h0 + L I3h lehal()Sv() + I3h v hclO V() Bh GvaOSVO
2) h0 N 2 N, N, N
v h h h
Bh Gv im0 ~v0
2
+ N, (u + sv) Lol Vio || 17
(3.889)
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for N=1 in equation (3.217) gives

ﬂlm v(

V

IIm2

J'Aldt T3+yh+5 J M. dt (3.290)

mGV 1_0 t t
- %J‘o (1,0Spy + 1,1 Sho )t _(T3 Tyt 5’“).[0 iy (3.291)

v

11 ( 0) B 1Bhvha10v+1Bhvhclo +1Bhvzn0v
4 N Im
4

N, f 2 N, f 2 N )
i Bh Gv Ilm() Av L

1
N (l_e)Blm[:;IvO[
G( )Bl 0 h 1 Gv(l_e)BlmIvOAh
N 2 N

2 v v
B0, Lo Sio . B0, LS B0, LS

4
Aht

+ +

1 Gv(l B 9) BmIvOAh i

v

1 1
——(uh-l-rl)AhJ + = 3

Nh Nh N
Bh v lm0 V0
N

h
B,o L A
h (uv-l-é‘)v)lvo A

h v hal)” v
IBGIA 1Bh0

i _I_iBhvhcl()v
2 Nh 2 N
4= h v im0 vlmOAv
2N, 2 N

h
h

(T3 + lJ“h T 6m) Gv(l B 9) Blm Iv()Ah J

1
6 N

14

o,(1-0)B,1,5 B o,(1=6)B,L,S °
N N N

v

B0 baoSo  BiO LS Byo,LeSh
+ +
N, N, N,

1 Gv(l B 9) Blm Iv0 ShO
2 N

v

1
-I-Tl)Sho-l-Otl Ty — VhOJ +

Bh vlmO v0

N, — (uv + SV) IV0] Sh()]] (’C +, + Sm)

(3.292)

for n=1 in equation (3.218) gives
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Ty =0 [, Ldt+7,[ dt+, [ Kdt+z, [ Mdt—(a, +41,) [ Qg (3.293)

t t t t t
=7, | Lt +7, [ Nt Lgudt+7, [ 1dt=(a + s4,) [, Tt (3.294)

+— +—

[ 1 TZ Gv(l B 9) BmIVOAh 1 Tl Gv(l B 9) BIIVOAh 1 T3 Gv(l B 0) Blm IVOAh f

6 N 6 N 6 N
v v 1
( )Bm V() ho 1 1 BmGVIVO VhO
-I-[Tz E N _3(12+6m+uh)1m0+3T
%
( e)Bz()hO 1 ( )BZOhl() 1
Hl[z N 2 N “7 )
| ( e)leolh 10
+§T1[ N L~ (1) L
1 Gv( 9) BlmIVOS/?O 1 l
+¢3[2 m —2(r +uh+6) 2(u +oc)(2lm0
)
SR P ) A % (uh +a1)Th0) t
(3.295)

for N=1 in equation (3.219) gives

3 ﬂgv t ﬂo-v t ﬂgv t ﬂgv t t
S,, = —Kl—h [ Dt —&—h [ Bt —Kl—h [ Rt —lil—h [ Gut—(u,+5,)[ Rdt  (3.296)

0, v v v
:_ﬂlil J.(haIOSvl-l-I S)dt IB[Q] J(hclosvl-l'l S)dt IHI:I j(lmosvl-l'l S)dt ﬂl:l I(llmosvl-l-l S

hall~'vo hell%vo mi~vo Im1~vo
h h h h

(1 +8,) ] St (3.297)
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1 thvc ( ) Bl v0 h 1 ﬁthGv(l —9) BmIv()AhAv
8 N, N, 8 N, N,
1 B,o,0,(1-0)B, 1,A A Ael-Llpo|L
3 NN N, 0Oy | 3 Mhato
v

1 Bh vhalO )

_lBhvthV 1 B0 LA

1 hvav_iBh vlmO v_i
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(o (1=0)BL,S, o(1-0)BIT
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1 v( 0) Bz 0 Yhato
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L B G il _ 1 thvlhal()A 1 BhcvlhcmAv 1 BthImOA
Nh h=v| 3 'm0 2 Nh 2 Nh 2 Nh
_iBh v Im0 v_i 15)A +i 6(1 e)BI()SM)_ 5
2 Nh 2 (“V V) 3 N (TZ m
v
4 I + Bm lev() Vh() A+ i Gv(1 B 9) Bm Iv()Ah SvO
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1 1 1 thvlhal()Av 1 Bh vhcl() v 1 Bh vm() v
i B o _I J— —_ _ - e
N (T3 me| T2 N, 2 N, 2 N,
1 Bh Gv im0~y 1 1 Gv(l B e) Blm Iv()ShO
7N 2 WEAHY N “(um,
+5 )1 A+ i Gv(l B e) Blm IVOAh Sv0 _ +5 _L Bh Gv IhalOAv
m) im0 |~ v 6 Nv (“V V) 6 Nh
i BthIhCIOAv 1 BthI A 1 B0, A
6 N, 6
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g g [il [ B0 oS PSS Bio LS
Nh h=v| 2 “hal0 Nh Nh Nh
AR tsys |+ L]8 o,(1-8) 1,5 ~ o,(1=0) Bl L
, (1 +8) 80|+ 2 N, N,

1 Bh v aio S0
(W, e +p)hlo] Bh v[z hclo{ N

h
Bh v hcl()SO Bh GvInOSVO Bh v Im0 v() (M 45 )S ]
0
Nh Nh Nh % v) v
1 o 1=0)B1L
T { N 0L (W, JrT1)Ihczo Sy
v
1 e [ll [ ByohanSo  PiOhanSo  Byo LS
N, 2 ml N, N, N,
Bh Gv Ilm0 SVO 1 ( ) Bm v0 h()
_—Nh - (pv+8v) S, -I—? N (’E +9 -I-uh) "
Bm vho o S 1 il Bh vhalOSv() B0 bicinSoo
N v N Bth 2 im0 N N,
y h h h
B oS B oS s i o,(1-0)B,, 1S e
N, N, () S|+ N (4
1%
1 Bh a0 1 Bh Y
+Mh+6m)llm()]Sv0]] ~ (w13 [7T3 N,
_i BthImOSv() _i BthIlmOSv() _i +5)s 2‘2
2N, 2N, ) (4, +3,)S,9
(3.298)
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pio, B0,
Iv2 [ilh J. ( haIOSv1+ Ihallsvo)dt+ ,21 J. ( thOSv1+ Ihcllsvo)

h

o rt
ﬂ[il : IO (I mOSvl + ImlSvo )dt

h

B .
th IO(I,mOSV1+I,m18VO)dt —(aty +Sp) [ 1t

| thvov(l_e)BlIVOAhAv +1 thvcv(l_e)ﬁ1lv0AhAv
8 NN 8 NN

v

n i BthGv(1 —9) BlmIVOAhA

8 N, N,

1 B0, LA 1 S

1 Byo
2 N2

h va v
N

h
( )BZOhO

N 2

=

" L o,(1-8)B1,A,S

0" "h 0
6 N,

8o 1I 1Bhvhalo 1Bhvhcl() IBhvav

hov| 3 hel0| 9 N )

N, 2 N,
( e)BlIOhIO

N +pl

hazo_(“h
il { 1 I"))h vhal()A

]3[ (u +1 -I-p)

1
+—
Nh

L D™y 1

1 _lBhvhmv
2 N,
ol A

v

[ 7V,

m v0 "~ ho BmGV v0 " ho

y (1,8, )+
v

1( )BIAhVO
|

A

v

[xxx



L B G LI _L l“))h v hal() v o i Bh v hcl() v i Bh Gv Im()Av
N, | PhO| 3 mo| T2 N, 2 N, 2 N,
. 1 Bh o, IlmO Av o 1 +8 VA |+ 1 Gv(l — 9) l"))lm IVOShO N +
2 N, 2 (b, +8,)4, 3 N, (% 1,
e a4+ L o, (1-6)B,, 1,45 w48y L By S Laio ™
m) mo| v 6 N, (“ v v) 6 Nh
L4 ByS, L L4 Bo LA, 1 Bio LA,
6 N, 6 N, 6 N,
8o | BohanSo  BuO NS B LS BuS, b
h~v| 2 “hal0 Nh Nh Nh Nh

v v —(uh—l—r1

v v

[ 0,(1-8)B,1,S4 B 0,(1=6) B,y L

1
+p) Ihal()] Sv{)] + N,

) Lol - N N,

B 1 B, S, bato S0 _ B, S, hcioSvo
h v !

v( ) Bl v0 halO

_BthImOSVO_Bh vlmO vo_].L-l—S S _}_i
N, N, ( v V) v 2 N,

1 1 Bh v haZO S0
000 = (8 T5) Lo | S0 | | N, B,o, [E Im()[ N,
B LS B lwSo B lweSe L 5)s
N, N, N, (1, *3,)
1 Gv( = e) Bm Iv0 ShO Bm Gv Iv0 Vho
7[ N _(T2+8m+uh)ImO+T SvO
1% \%
+ L B LI _ Bh Gv Ihal{) Sv() . Bh v hclOSv() . Bh Gv Im{)Sv()
N, | ThTv| 2 o N, N, N,
Bh Gv IlmO SvO 1 cjv(1 B 9) Blm IvO Sh0
_N—h—(pv+8v)Sv0 + v —(utH,
v
1 B0 oS 1 B0, Lo Sho
+6m) Lo SW]] (“v+6v) 2 N, 2 N,

1 BthImOSvo 1 Bh v ZmO V0 1 2
— + = —5<uv+5v)1v0 t

2 N, 2 N,

(3.301)

Ixxxi



Sh = ShO + Shl + Shz

N,

v v

1 1 p o(t—6)B 1 A | c(1—86)B1 A
——[Gv(l—e)ﬁm{?l‘}o[—— 0 h -7 1v0 A

1 c,(1-0)B, LyA, N N I § By S, Lt S0
2 N, 2 (tm) A+ 3 N,
+ Bh v hcl() V0 Bh Gv ImOSVO I'))h Gv Ilm() Sv() +8)\1 A
Nh Nh Nh (“v v) v0 h
+i(i ByS, LAy L1 Byo, Lo, L1 Byo, LA,
302 N, 2 N, 2 N,
1 Bh Gv IlmO Av 1 1
R L7 vl KA ] e
v
1 o, (1-0)B, 1,A, ic(l_e)ﬁllol\h _LG( ) Bl Lo,
2 N, 2 N, 2 N,
L S I By S, bt Sio N ByS bioSo  BrS LS
2 (tm) A+ 3 N, N, N,
Bh vIlmO v0 ( L8V A + 171 Bh o, IhalO Av + 1 Bh o, IhclO Av
N, )L AT 5 N, 2 N,
+i BthIm()Av +i thvll ()Av S _L (I—G)B i
2 N, 2 N, ||~ N |° m| 3 o
)4
_i (5(1—9) Bmlv()Ah 1 6(1_9)[511\/01\/1 i ( )Bl
2 Nv 2 NV 2 Nv
— = (1 A+ i I3h Gv Ihal() SVO + Bh v hcl() V() + Bh Gv Im()SV()
2 (W Fm) A [+ 3 N, N, N,
Bh Gv Ilm() Sv() _ 48\ 1 A+ i L I"))h Gv Ihal()Av 1 Bh v hclO y
N, e e N, 2 N,
+i BthImOAv +i Bh vlm() S _ +1 _i Gv(l_e) L))mIv()Ah
2 W, 2 W, |~ FT) | 7% N,
_in(l_O)levaAh 1 o,(1-0)B,, 1,4, LA
6 N, 6 N, 6 (W Fm) N,
1 3
- z o, T, Ah] t

Ixxxii



1 _ Gv(l B 9) Bm Iv()ShO
v0

v V()
a N B N = (1, + 1) S+ oy T = 0 Vg
v v
s ( B9, hato S0 N B0, hheio S0 N B0, Lo S0 N B0y oS0 (k
2 Nh Nh Nh Nh v
1 1 o, (1=8)B,1,S
+8v)lv0]5h0 _F Gv(l_e)Bl[7Iv0[_ N
\4 v
c(1—0)B1 S c(1—06)B, I S
y [ v0"~h0 v Im v0"~h0
- N - N _(“thTl)ShoJFOH Thg =V
v v
T 1 [ Bh lehaIOSVO i Bh GVIhCIOSVO n Bh GvaOSVO 4 Bh GvIlmOSVO —(u
2 N, N, N, N, v
1 1 Gv(l B 9) Bm Iv()Sh()
+6v)lv0]Sh0 ]_V[GV(I_G)BM[?IVO h N
v v
c(1—0)BI S c(1—0)B, 1S
v [ v0"h0 v Im v0 ~h0
- N - N = (W 1) S T 0y Ty = 0,V
\% 1%
+ i Bh lehal()Sv() + Bh lehcl()Sv() + I“))h Gva()Sv() + Bh GvIlmOSv() .
2 Nh Nh Nh Nh ( v
+8 )1 S _ +1 _i Gv(l_e) BmIVOShO _i Gv(l_e) BIIVOShO
v) 40 | Oho (“h 1) 2 N, 2 N,
1 o 1=0)B, LS 1 1 |
9 N _7<“h+11)sh0+70‘1Tho_?o‘tho
v
1 1
TS0 (% Lo T % Bt % B T % g — (W T 04) T) — > % Sho
1 +o )V 1 BvaIVOVhO l‘2+ A — Gv(l_e) BmIv()ShO
> (%) V=5 N, h N,
c(1—0)B1 S c(1—0)B, 1 S
V [ v0 ~h0 v Im v0"h0
- N - I —(uh+tl)Sh0+a1Th0—oc2Vh0 t
v v
+S,

(3.302)

[xxxiii



Vh :VhO +Vhl +th

_i Gv(l B 9) BmIVOAh _ 1 Gv(l B 9) BZIVOAh 1 Gv(l B 9) Blm IVOAh
R N 6 N

v v v

|
=

1
—€<uh+rl)/\h

1
_€<“h+a2)TIAh_VV

1 [i B0, iaio ™ L1 B0, oAy L1 B9, Lo,

_I_

32 W, 2 N,

i Bh Gv Ilm0 Av

3oL s
5 N, VhOJJ Erly T1Ah+rl[ 2 N
v
1 o,(1-0)B,1,5, 1 o,(1-6)B,, 1,5 i v lor
2 N 2 N 7 (85 %) S0 5 % T
y v

| | | | |3m Gv Iv() Vh()
5 %V _(uh-l_%)[711Sh0_7(“h+(12)1/h()—? N

B m Gv IvO Vh() Bh Gv IhalO 5

| 1 1 v0

_Vv BmGV[TIVO(Tl Sh()—(uh-l_az) VhO_ Nv 7 Nh

n Bh GthCIOSVO + Bh GvaOSVO n BthIlmOSVO _ +5\1 v 12

N N N (“v v) v0 | hO
h h h
BmGVIvO Vh()
+ [Tl S~ (“h-mz) A Vg
v
(3.303)
Ihal = IhaIO+ Ihal1+ Ihal2

[xxxiv



o (1-0)B, |~ S R WL A P WL A i
v 2 Nh 2 Nh 2 Nh
v
1 th Il OA 4 1
+ > N, /\hl‘ + Vv Gv(l — 9) Bl — Iv(}
1 GV(I_ )Bm v()Ah 1 6(1 9) B[I()Ah 1 Gv(l—e) B/m o,
Nv 2 Nv 2 Nv

1 PN e By haioSvo | BuSulhcioSvo | B LS
A CREVES e N, N, N,
By Oy Lo S0 Ly a4 L1 By Liaio Ay L L B0, hhcio™
N, (H 8 Lo | &+ 57| 2 N, 2 N,
L L Byo, LA L L By Lo Ay 1 o (1
2 N, 2 N, o N, | v
—9)[5 LI L thvlhul() v 1 thvlhcl()AV _'_L thvlm()Av
173 hato| 2 N, 2 N, 2 N,
2
+i thvllm()/\v _'_l 6(] 9) BlIV()Ah
2 N, 6 N
v
1 (uh+'cl+p)6v(l—9) B,L,A, P S c (1—6)B,1,A
6 N 2
v v
1 o (1-0)B, 1S o1 =8)B1,S,
+—c(1—9)[317v0 - ~ - ~
v v v
c(1—06)B, 1 S BolL S
v Im v0 "~ h0 1 h v halo“v0
_ ~ —(uh+rl)Sh0+oclTh -0, ¥, +7 —Nh
v
B Sy Lo Svo i B Sy oSvo 4 BrS limoSo vyt s
Nh Nh Nh (uv v) v0 ho
_ L o (1-0)p 1, By, @, VhaioSvo i By LicioSio n By, Lo Swo
N, 2 hal0 N, N, N,
+Bhvlm0v0_ esvr |+ L o1 )Bloho_ o, (1 e)Blv()haIO
N, (M +8) Ly | + 5 N N
v v
1 cv( e) Bl v0 h()
—(m, + 1 +p)1ham] ]](uh+rl+p)(7 N
1 o(1— 6) Bz v0 Yhato 1 > o, (1 =0)B,L,Su
- —?(u T +P) Lol | €T N
o, (1 )B
v 1 v0 hal()
B N, —(m T +p)tht+4wm
(3.304)
Tt = Theto Thoint Thaiz

IXxxV



I A

B,o o Bol A
(1—9)[3[11 [% 1 %y a0 v_l_l 1 O Yhero v L

h v m) vy

1
3 hal0 N, 2 N, 2N,

1 po,(1-8)B LA, K
6 N
1%
S0 th
N

I
h
6)BLoSh c (1-6)
)

1
N,

+iv( )IZA

6 N

14

1 Bh v lmO
2 N

_|_

Sv(} Bh y hcl()

o1~

S

B0, b v0

Bl IvO IhalO

) N
] ( 1 Gv(l —9) BZIVOShO 1 ( —6
+p -

m0
v
B / I120 IhalO

N 2 N,
v

N P L~ (W

(3.305)
Im = |m0+ Im1+ Im2

1 Bh S, Ihalo“v 1 Bh v hclo“v
[cv(l—e)ﬁ [7 +7 =+
v

N, N,

1 1
N [cv(l —0) Bm(glvo[
6(1_6) l3m v0 h

L 7L Gv(l _9) BIlv()‘/\h L Gv(l_e) Blmlv(Jj\h
2 N, 2 N, 2 N,

v v v

i Bh GV Im()Av
2 N,

1
4

+

L Bh Gv Ilm() Av A t4 +
2 N, h

1 LT YA +L By @y Ynaro Svo o+ By @ YacioSvo B0 Lo Sio
P A e N, N, N,

S 1

By S\ Lo Svo 1 (1 Byl 1
_n_ v im0 VU 1 A e 1 v halO” v 1
N, —(n, +8) L, (A, + 5 [ 5 TR N
+ L Bh Gv ImOAv + 1 Bh v lm()A S

2 N, 2 N, )
_i (TZ+8m+Hh)0v(l e) Bm v0 h + 1 B ll T A

6 N, N m Oy 6 vO1°7h

v

L1 By Oy Lo ™y L L By LAy L L By, Luo ™y

3|2 h 2 N, 2 N,

_'_% Bh vlmO ] hOJJ

[XxxVi



-0
— Gv(l—e)Bm[%l {-Gv(l ) By o

- - = (1) S+ Ty =0, 7

Bh Gv Ihal() SVO + Bh Gv Ihcl() SV0 Bh Gv Im()Sv() n Bh Gv Ilm() SVO _ (
v

Ny Ny Ny Ny

_I_

1
2

1 Gv(l B e) BmIvoSh() 1
? N _7(12+6m+uh)lmc

\4

+6v) IvO] ShO ] N (TZ +6m—I_Mh)
i BvaIVO Vh()

2 N

14

. BvaIv()Vh()]_l_ 1

1 1
+ 5|85, [E Lo [Tl Sio = (4 %) Vi
\%

By 0, Lo S 10 bt N B0, LS

Nh Nh Nh
.
t+ Im 0

B
+

N 2
A

Gv(l —90) B 1,S
N

v

2

10 Lo S 24

S
Nh

—(uv+8v) L, —(rz+8

m

B m Gv Iv() Vh()

N

v

+ Mh) ImO +

(3.306)

IIm = Ilm0+ Ilm1+ IIm2

[xxxvii



I A
LL (I—G)B 1 Bh vhalO v 4= 1 Bh vhclO _l_l thva v
AN m\2 7N, 2" N, 27 N,
1 Bh v lmO v 4 1
ey 2 Nh A £t V ( )Blm 3 v()
1 o,(1-8)B,1,A, 1 0( 8) B Lo, 1 o,(1-8)B,,LyA,
2 N 2 N 2 N
LR P S B, biat S0 N B, bictoSho N B0, g S0
LR E Ry s N, N,
N B, Lo Sho o)1 A+ L] B S, Lo, LD By S, Lo,
R LAY s 2" N,

1 Bh S, ImO Av 1 Bh S, Ilm0 A

V

3 N, 2 N, ShO]J

1 (71, 13,) 0, (1-8)B, 1A, oL (1-8)B,, LA,
6 N 2 N

+Llei-0)p |+1 B L VA ) LAV
N Gv Im| 2 v0 N N
v v

c(1-0)B, 1 S B.o
v Im v0"~h0 1 h v halO V0
- NV _(“h ‘|‘11)Sh0+0C1T 0(2Vh0 -|'7 T

B h Gv IhclO SVO B h Gv Im()SVO I3h Gv IlmO SVO
t Nh t N + N N (“v + 6\)) IvO ShO N (T3 + l'Lh

h h
| Gv(l B 9) Blm IVOShO 1 2
+6m)[7 m _7(13+“h+6m)11m0 t
v
o(1-0)p 1 S
v Im v0~h0
+{ N —(u ey, TS )L
v

(3.307)

Th = Th0+ Th1+ Th2

Ixxxviii



1 5,0,(1-6)B 1,4, i 1o, (1=0)BL,A, it 5o, (1-6)B, 1A, E
6 N 6 N 6 N
Vv Vv Vv
c(1-0)B 1 8§ Bol 7,
_I_(Tzl v vahO_i<1:_{_6 ‘|‘LL)I _I_i m v v h0
2 N 2\2 m k) m0 ) N
Vv Vv
Lol L o,(1=0)B1L,8 1 o,(1=0)BL,1, L I
12 N, 7 N, 7 (475 P) L
1 o (1-0)B1 L .
+3T1[ N 0T ™ (B %) Ly
vV
1 cSv(l_e) Blmlv()Sh() 1 |
Y iy N —?(r3+uh+8 )IlmO —7<uh+ocl)(rzlo
v
2
T4 Lo T W e T Ilm()_(“h—l_al)Thl))][ R R R PR
T4 0= (T o) Ty £+ Ty
(3.308)

Sv = Sv0+ SV1+ Sv2

1 BthGv(1 —9) BIIVOAhAv 1 l3hcvcv(l —9) BmIVOAhAv
g NN, g NN
1 Bh Gv Gv(1 B 9) Blm IvOAh Av 4

8 NN o
v

Ixxxix



B 1 Botat, 1 BotaA 1 B LA
h v 3 hal()

2 N, 2 N, 2 N

h
i BthIlmO v l i v( )BI v h()
27 N, T H8)A |+ N
%
o (1-6)p1 6 (1-6)BI AS
S, 1o Yiato 1=y 190 ""h V0
_ m —(u +1 -I-p)hloA-l-6 N

1 B [LI [ 1 l'))h % halO _ i B 0 IhclOA _ i Bh(SvaOAv
N, [P 3 k0| T2, 2 W, 27 W,
1 BoLeh o Lsva le L o,(1-8)BL, 1 I

2 N, 2 (“v v) 3 N P a0 (“h
v
L\l A L B ll 1 Bh vhal() v _L B 0 IhclOAv
) hel0 N h=v| 3 ‘m0 2 N 2 N
h h h
1 I“))h(vamOA 1 th IIm0 v _i +85)\A
2 W, 27 W, 7 (153
1 ( ) B’ v0 h0 BvaIVO VhO
y N (12+8m+ph)1m0+—N A,
_I_icv(l_e)ﬁ IVOAhS _L B il 1 Bh vhalO V
6 N AL Y
y h h
1 Bh y hclO y _i BthIm()Av _i l'))thIImOAV _i +5)\A
2y, 2" N, 2N, 7 (B F8,)4,
1 ( )BlmI 0°h0
-y m (r3 1, +8m) LA
v
n i Gv(l 9)[3 IOAhSVO _ 15 _i BhovlhaZOAv _ i B 0 IhclOAv
6 N W) g 6 N,
v
_ i Bh(SvaOA _ i BthIlmOAv _ i +5)\A t3
6 N, 6 N, g (L )4,

XC



L)L B ban® 1 Bl 1 Bio LA 1 Bo LA
27 N, 27 N, 27 N, 27 N,

B,oL S B, o
—%(H‘FS) ]\II[Bh [1 [ h v hal) ~v0 hvhclO v0

2 “hal0

Ny Ny
. Bh vaSv() . Bh v lm0 v() . +85)sS _’_i Gv(l _G) BIIVOShO
N, N, (1, 58,) S| +3 N,
o (1—6)B,1,I
v 1 v0 "hal0 1 1
B N = (W T P) L | S0 A Broy| 3 Lo
v
B LS Bl BuSulueSio  BuSu LS 45\ s
N, N, N, N, — (8,8,

1 ( 0) Bl 20 Ynato
Ly [ N L~ (”h + T1) Lo [Svo
v

_L[B - [LI [_ BrSbanSo  BiSbiwSo  BuS, LS
N h v
h

2 m0 o

Nh Nh Nh
Bh lelm()SVO 1 (1 B e) l3m v h0
- —(uv+5)S +5 N ~(n 8L,
v
+ BvaIv() Vh() S b B L _ Bh lehaIOSVO _ Bh v hclO V0
N v0 h 2 lm() N N,
v h h
N Bh v mOSVO . Bh v lm(} v0 _ +8)\S 1 Gv( )Bl v0 h0 _
N N (le v) v0 2 N TS
h h v
1 B bunSo 1 BSOS LS
0l Bt e
1B toSe 1 B leSe 2
- N, - , —7(Hv+5v)5vo r4 A
N Bh v hal()SVO N Bh v hclOSVO _ Bh o, ImOSVO _ Bh v lmO V0 +8\S |1
N, N, N, N, — (1 +8) S,
+ S
v0

(3.300)

XCi



Iv = |v0+ |v1+ Iv2

Bh Gv Gv( - 9) Bm IVO Ah Av

i 14 + i
8 N, N, 8 N,N,
L L B,o,0,(1-6)B, LA A, s | L 1,
g NN ! LR
h''v h
_ 1 Bh lehaIOAv _ i Bh lehcloAv _ 1 Bh v mO v o i Bh lelmOAv _ i
2 N, 2 N, 2 N, 2 N, 2
1 (o(1-0)B1,S, o(1-0)BI L ,
+38) A, +?[ v - v —(m,
v v
v la et o (1-6)B1,A S, L 1,
P) Lo 6 N N, BrS, | 3 L
! By, Lo N 1 By, LA, . 1 B0, LA, 1 By Lo A 1
2 N, 2 N, 2 N, 2 N, 2
L[ o (1=8) BT
—I—SV)AV +?[ I —i—plham—(u +r)1hm A,
v
t s [il [_i Bio Loty 1 BSOS LA 1 Byo LA,
N, |ThTv| 3 om0l 2 N, 2N, 2 N,
1 Bh Gv IlmO v 1 1 N (1 9) I“))m IVOShO
-3 N, -5 (uv—}—SV) AL+ N - (172+5m
+ I + l3m GVIVO Vh() A+ 1 Gv(l B 9) Bm IvOAh Sv()
uh) m0 Nv v 6 N
NN {il [_L Bio b 1 BS L 1 Bio LA,
N, [Thv(3 o2 N, 2N, 2 N,
1 Bh GvIlmOAv 1 +8)\A 1 Gv(l . 9) Blm IVOShO — (1 +
2 N, 2 (“v ) v T3 N, ( 3 TH,
L5\ A+ 1 0(1 e)BlmIvOAh‘S'v() s 1 Bh vhal() v
m) im0 | v 6 Nv ( V) 6 Nh
+ L Bh v hclO v 1 Bh v om0l v + i Bh Gv Ilm0 Av 1‘3
6 N, 6 N, 6 N,

XCii



_|_

i |3h V halO V i BhG IhclOAV + i |3h GvaOAv 1 Bh V lmO V

2 Nh 2 Nh 2 Nh 2 Nh

L L 1. Bio banSo PuSulienSo B biS
Nh Bh v 2 “hal0 Nh Nh Nh

AR tovs |+ L1 o,(1=8)B,LyS B 0,(1=8) B Lyl
N (1, %8,) 8] + 2 N N
h v v
—(w +1 + Syl |+ 1 B 1 I M
(“ Y p) hal0 N, 2O 3 thelo N,
B hewSo  BiSLoSe B beSe L5)s
Nh Nh Nh (Mv v) v0
[ o(1=0)BL,L.
T [ N 0 Lt~ (4 T 5) Lo [ S
v
+ 1 B [LI [_ Bh o, IhalOSVO . Bh v hClOSVO . Bh o, ImOSVO
Nh h=v| 2 "m0 Nh Nh Nh
B S B,y L0 Sho vo o+
Nh ( 2 ( uh) m0
N B0, 0 Vo Sol | + | By i B0 hhaoSoo By biioSo
N, | 2 N, N,
_ Bh Gva()Svo . Bh v lm() V0 . (u +5\S |+ i Gv(l B 9) l?)lm Iv()Sh() (1
Nh Nh ) 2 Nv ( 3
Bh v halOSVO | Bh v hclO v0
+ My, + 8m) IlmO] SVO]] - (MV + 6\/) ? Nh + 7 h
i Bh GVImOSV() i Bh lelmOSV() i M +5 I ]J B]1 v hal() V()
2 Nh 2 Nh 2
B h v hclO SVO Bh Gv ImOSv() B 0 Ilm0 vo n 6
N, N, N, (Mv

(3.310)

Xciii



4.0

CHAPTER FOUR

RESULTS AND DISCUSSION

4.1 Variable and Parameter Values Estimation

Table 4.1 Values for Population-Dependent Parameter of the Model

Variables Values Source
Sh 200 Assumed
Vh 180 Assumed
Ihal 120 Assumed
Ihci 100 Assumed
Im 80 Assumed
lim 100 Assumed
Th 50 Assumed
Sy 500 Assumed
Iy 300 Asummed
Nh 750 Assumed
Ny 800 Assumed

Table 4.2 Values for Population-Independent Parameter of the Model

Parameter Values Source
Bh 0.09 (Chunky Choole,2012)
A 0.071 (Gweryina Reuben, 2014)
A 0.3 Assumed

XCiv



Wy 0.05 (Gweryina Reuben, 2014)

n 0.017 (Gweryina Reuben, 2014)
Pim 0.8333 (Chunky Choole,2012)
ov 0.125 (Lawi et al, 2011)
2] 0.25 Assumed
S 0.00049312 (Lawi et al, 2011)
m
8 0.25 Assumed
P 0.00002797 (Bhunu and Mushayabasa, 2012)
T 0.25 Assumed
1
T, 0.25 Assumed
T 0.25 Assumed
o, 0.25 Assumed
o, 0.25 Assumed

4.2 Sensitivity Analysis for the Parameter Using Basic Reproductive Number

Sensitivity Analysis (SA) brings out the importance of the model parameter by exposing
their relative effects or impact in the model of LF and Malaria co-infection. It provides
an appropriate signal towards a suitable and timely intervention in curtailing the
transmission of LF and Malaria co-infection. According to Powell et al (2005), sensitivity
analysis is commonly used to determine the robustness of the model predictions to

parameter values.

Sensitivity indices measures the relative changes in a variable when a parameter changes.
Arriola and Hyman (2007); Chinis et al. (2008); Mikuchi et al (2012) and Abdurrahman
et al. (2013) as it was used was what we adopt for the sensitivity analysis of this study.

the normalized forward sensitivity index of the system is given by

Ro
S,° =

OR
5 XN € Q= B i 01T T T .0,
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and Rc is the basic reproductive number. The values of the parameter are obtained from
table 4.2, the sensitivity indices of the parameters of the basic reproductive number are

calculated using Maple 15 software.
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Table 4.3 Sensitivity Indices for the Respective Parameter Using the Basic

Reproductive Number (R)
Parameter Sensitivity Index
o, 1.000000000
T, -0.8901600321
B, 0.5000000000
o, 0.4681647939
T, -0.4290750780
B, 0.2358260585
B, 0.2358260585
W, 0.1272809744
T 0.03753791419
B, 0.02834788317
8 0.0008876188246
P 0.00005237279077
0 -0.1666666667
dv -0.4166666668
ly -0.0833333334

From table 4.3, sensitivity indices of the parameters either has positive or negative
values on the basic reproductive number Ro.. if any of the parameters with the positive
sensitivity indices is high then the basic reproductive number will be high, but reduction
in any any of the parameter will reduce the basic reproductive number. the parameters
with negative sensitivity indices will decrease the basic reproductive number if it is high

but increase the basic reproductive number if its low.
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Figure 4.1 Effect of the rate of the use of bed-net and insecticides on the
Susceptible population

Figure 4.1 shows the relationship between the Susceptible population who are using both
bed-net and insecticides (6), this means that Sy increases with the increase in the rate at

with both bed-net and insecticides are used.
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Figure 4.2 Effect of treatment of LF on the Acute stage LF population

Figure 4.2 shows the relationship between those infected with LF who are undergoing LF
treatment (t1), the results shows that there is a high recovery rate as the treatment rate

increases since the Acute Stage infected LF population reduces with increase in z:.
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Figure 4.3: Effect of treatment of LF on the Chronic stage LF population

Figure 4.3 shows the relationship between those infected with LF who are undergoing LF
treatment (t1), the results shows that there is a high recovery rate as the treatment rate

increases as the Chronic Stage infected LF population reduces .
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Figure 4.4 Effect of treatment of Malaria on those who are infected malaria

Figure 4.4 shows the relationship between those infected with malaria who are
undergoing Malaria treatment (t2), the results shows that there is a high recovery rate as

the treatment rate increases as the infected Malaria population reduces.
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Figure 4.5 The Progression rate at which Malaria, LF and co-infected fully
recovered Human move to Susceptible

Figure 4.5 The results shows that as the rate of those who are fully recovered (a1)

increases, the Susceptible population also increase.

Cii



100
N

90 I\ "\,
80| | \.\
\ AN
701 \
'x\ N
601 \\ N
— N
= 50 \ ~
= -.__\ \ S ~
40 -."x T
\ \ ~
LY S,
30 ‘\\ \ s _
Y \ ~—
20 AN ~ T~
H\\. ..H
10 T T~
-__"———____-:-_: —— .
0 1 2 3 4 5 6 7 8
i
— —1,0.25 — - 17.=0.5 T,=0.75

Figure 4.6 The Effect of the rate of treatment of LF and malaria co-infection

Figure 4.6 shows the relationship between those infected with LF and malaria who are
undergoing treatment (t3), the results shows that there is a high recovery rate as the

treatment rate increases as the infected LF and Malaria population reduces.
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Figure 4.7 Effect of the use of insecticide on the Susceptible Vector Population

Figure 4.7 shows the relationship of using insecticide (6v) on the Susceptible vector
population (Sv ), the results shows that as the use of insecticides increases, there’s

reduction in the Sy population.
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Figure 4.8 Effect of Treatment on the Chemoprevention class (V)

Figure 4.8 shows the relationship between the Vi who are taking drugs (z1), the results

shows that as Treatment rate increases, there’s increase in the Vi population.
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Figure 4.9 Effect of the use of insecticide on the Infected Vector Population (Iv)

Figure 4.9 shows the relationship of using insecticide (6v) on the infected vector
population (Iv), the results shows that as the use of insecticides increases, there’s reduction

in the 1y population.
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Figure 4.10: Effect of probability that a bite by an infected mosquito will transfer

malaria to the susceptible human population

Figure 4.10 show the relationship of the infectivity of the mosquito, that define the
probability that a bite by an infected mosquito on a susceptible human will transfer
malaria infection to the Human. This implies that the more an infected mosquito bites a
susceptible human, it transfer malaria thereby causing them to be infected and thus

reducing the Susceptible Human population Sy .
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Figure 4.11: Effect of death rate of mosquito on a on the effective reproductive

number Rc

Figure 4.11 shows the relationship between the effective reproduction number and the
death rate of the mosquito. This means R. decreases with increasing death rate of

mosquitoes.
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Figure 4.12: The rate at which the mosquito ingest microfilariae, malaria or both

when biting a human on the effective reproductive number R

This shows the relationship between R and the rate at which the mosgitoes ingest
microfilariae, malaria or both on the human who is infected S . this means the Rcincreases
with increasing in the rate at which the mosquitoes ingest microfilariae, malaria and co

infection on human who is infected.
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CHAPTER FIVE
5.0 CONCLUSION AND RECOMMENDATIONS
5.1 Conclusion

In this study, the mathematical model of Lymphatic Filariasis and malaria co-infection
was developed using a system of first order differential equations. The Positivity of the
solution was obtained Using Lungu method. The Disease-Free Equilibrium state (DFE)

was obtained. The effective reproduction number R_ of the model was obtained. The

Disease-Free Equilibrium (DFE) was analyse for local and global stability. The result
from the analysis of the DFE showed that, the DFE is locally asymptotically stable and

globally asymptotically stable if R, <1. Sensitivity analysis was also conducted on the

effective reproductive number. The model equations were solved using Adomian
Decomposition Method (ADM). Graphical profiles were obtained from the solution of

the model using Maplel5.

Variables and parameters were used for analytical solution. The solutions of the model
were presented graphically in order to have a better understanding of the model. Figures
4.1 to 4.9 are the different graph of the solution using the populations of Vector and
human against time with different parameters of the model. Maple 15 software was used

for the graphical.

Figure 4.1 shows that the high usage of bed-net and insecticide, the susceptible population
increases due to the reduction in the contact rate 3 with Mosquitoes. Figure 4.2-4.5, shows
a reduction in the population of the infected classes respectively when treated of either
Malaria, LF or both LF and malaria co-infection. Figure 4.6 and 4.9 shows the effects of
using insecticide (dv), the results shows that as the use of insecticides increases, there’s

reduction in the vector population both the Susceptible and infected classes respectively.
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Figure 4.8 shows the relationship between the Iy, who are using bed-net and insecticide
(dv), the results shows that as the use of bed-net and insecticides increases, there’s little

reduction in the Iy population.

5.2 Contributions to Knowledge

i This work has improved on the existing models of Lymphatic Filariasis and
Malaria co-infection by incorporating the Acute stage and Chronic stage class
with the use of both bed-net and insecticide as control measure.

ii. The system of nine ordinary differential equation was solved and validated
with Adomian decomposition method in Maple software.

iii. This work has shown a possibility of a disease free equilibrium which can be
globally asymptotically stable.

iv. This work has been able to establish how the infection rate (8n) below which

LF and malaria co infection can be put under control in the population.

5.3 Recommendations
Based on the findings from our study, the following recommendations were made:

i. Diethylcarbamazine(t1) drugs should be made affordable and accessible.

ii. Bed-net and insecticides should readily available and accessible at little or no cost.

iii. People should always consult a Doctor and not resolve into Self-medication so as
to know what treatment should be carried when they see any symptoms of either

malaria or LF.
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APPENDIX

restart;

S[hO0] := 200;

V[hO0] :=180;

Z[hal0] := 120;

Z[hcl0] :=100;

Z[m0] := 80;

Z[ImQ] := 100;

T[hO] := 50;

S[v0] := 500;

Z[v0] := 300;

beta[h] := 0.9e-1,;

beta[v] :=.5;

beta[m] := .8333,;

beta[l] :=.1;

beta[Im] := .8333,;

N[h] := 145;

N[v] := 350;

Lambda[v] := 0.71e-1;

sigma[v] :=.125;

mu[v] := 0.5e-1;

mu[h] :=0.17e-1,

delta[m] := 0.449312e¢-3;
Lambda[h] :=.5;

delta[v] :=.5;

K[1] := mu[h]+tau[1];

k[2] := mu[h]+alpha[2];

K[3] := mu[h]+tau[1]+rho;

k[4] := tau[2]+delta[m]+mulh];
K[5] := tau[3]+mu[h]+delta[m];
k[6] := mu[h]+alpha[1];

K[7] := mu[v]+delta[v];

Y := beta[m]*sigma[Vv]/N[v];
z[1] := sigma[v]*(1-theta)/N[V];
z[2] := beta[h]*sigma[Vv]/N[h];
S[HO] := t*Lambda[h]+S[h0];
V[HO0] := V[hO];

Z[HALQO] := Z[hal0];

Z[HCLO] := Z[hclO];

Z[MO0] := Z[m0];

Z[LMQO] := Z[Im0];

T[HO] := T[hO];

S[VOQ] := t*Lambda[v]+S[VvO0];
Z[V0] := Z[vO];

S[H1] := -z[1]*beta[m]*(int(Z[\VVO]*S[HO], t = 0 .. t))-z[1]*beta[I]*(int(Z[VO]*S[HO], t =
0 .. t)-z[1]*beta[Im]*(int(Z[VO]*S[HO], t = O .. t))-K[1]*(int(S[HO], t = O ..
t))+alpha[1]*(int(T[HO], t = 0 .. t))+alpha[2]*(int(V[HO], t = 0 .. t));
V[H1] :=tau[1]*(int(S[HO], t = 0 .. t))-k[2]*(int(V[HO], t = 0 .. t))-Y*(int(Z[ VO] *V[HO],
t=0..1);
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Z[HAL1] = z[1]*beta[l]*(int(Z[\V0]*S[HO], t = 0 . t))-
z[1]*beta[l]*(int(Z[VO]*Z[HALOQ], t = 0 .. t))-k[3]*(int(Z[HALO], t =0 .. 1));

Z[HCL1] := z[1]*beta[l]*(int(Z[VO]*Z[HALO], t = 0 .. t))+rho*(int(Z[HALO], t = 0 .. t))-
K[1]*(int(Z[HCLO],t=0..1));

Z[M1] := z[1]*beta[m]*(int(Z[VO]*S[HO], t = 0 .. t))-K[4]*(int(Z[MO], t = O ..
t)+Y*(int(Z[VO]*V[HO0],t=0 .. t));

Z[LM1] := z[1]*beta[Im]*(int(Z[\VO]*S[HO], t = 0 .. t))-K[5]*(int(Z[LMO], t = 0 .. t));
T[H1] := tau[2]*(int(Z[MO], t = 0 .. t))+tau[l]*(int(Z[HALO], t = 0 ..
t))+tau[1]*(int(Z[HCLO], t = 0 .. t))+tau[3]*(int(Z[LMO], t = 0 .. t))-k[6]*(int(T[HO], t =
0..1);

S[V1] := -z[2]*(int(Z[HALO]*S[VO0], t = 0 .. t))-z[2]*(int(Z[HCLO]*S[VO0], t = 0 .. t))-
z[2]*(int(Z[MO]*S[VO0], t = 0 .. t))-z[2]*(int(Z[LMO]*S[VO], t = 0 .. t))-K[7]*(int(S[ VO],
t=0..1);

Z[V1] := z[2]*(int(Z[HALO]*S[VO], t = 0 .. t))+z[2]*(int(Z[HCLO]*S[VO], t = O ..
t))+z[2]*(int(Z[MO]*S[VO], t = 0 .. t))+z[2]*(int(Z[LMO]*S[VO], t = 0 .. t))-
K[71*(int(Z[V0],t=0 .. 1));

S[H2] := collect(-z[1]*beta[m]*(int(S[HO]*Z[V1]+S[H1]*Z[V0], t = O .. t))-
z[1]*beta[l]*(int(S[HO]*Z[V1]+S[H1]*Z[V(], t = 0 . t))-
z[1]*beta[Im]*(int(S[HO]*Z[V1]+S[H1]*Z[VO], t = 0 .. t))-k[1]*(int(S[H1], t = O ..
t))+alpha[1]*(int(T[H1], t = 0 .. t))+alpha[2]*(int(V[H1], t =0 .. 1)), t);

V[H2] := collect(tau[1]*(int(S[H1], t = 0 .. t))-k[2]*(int(V[H1], t = O .. t))-
Y*(int(V[HO]*Z[V1]+V[H1]*Z[V0],t =0 .. 1)), t);

Z[HAL2] := collect(z[1]*beta[l]*(int(S[HO]*Z[V1]+S[H1]*Z[VO0], t = O .. t))-
z[1]*beta[l]*(int(Z[HALO]*Z[V1]+Z[HAL1]*Z[VO], t = 0 .. t))-k[3]*(int(Z[HAL1], t =
0..1),1);

Z[HCL2] := collect(z[1]*beta[l]*(int(Z[HALO]*Z[V1]+Z[HAL1]*Z[VO0], t = O ..
t))+rho*(int(Z[HAL1], t =0 .. t))-k[1]*(int(Z[HCL1],t=0.. 1)), ¥);

Z[M2] := collect(z[1]*beta[m]*(int(S[HO]*Z[V1]+S[H1]*Z[V0], t = 0O .. 1))-
K[4]*(int(Z[M1], t = 0 .. t))+Y*(int(V[HO]*Z[V1]+V[H1]*Z[V0],t =0 .. 1)), 1);

Z[LM2] := collect(z[1]*beta[Im]*(int(S[HO]*Z[V1]+S[H1]*Z[VO0], t = 0O .. t))-
K[5]*(int(Z[LM1],t=0 .. 1)), t);

T[H2] := collect(tau[2]*(int(Z[M1], t = O .. t))+tau[1]*(int(Z[HAL1], t = O ..
t))+tau[1]*(int(Z[HCL1], t = 0 .. t))+tau[3]*(int(Z[LM1], t = 0 .. t))-k[6]*(int(T[H1], t =

0..1),1);

S[v2] = collect(-zZ[2]*(int(S[VO]*Z[HALI+S[VI]*Z[HALOL, t = 0 .. 1)-
Z[2]*(int(S[VO]*Z[HCL1]+S[V1]*Z[HCLO], t = 0 . t))-
Z[2]*(int(S[VO]*Z[M1]+S[V1]*Z[MO0], t = 0 . ))-
2[2]*(int(S[VO]*Z[LM1]+S[VA]*Z[LMO], t = 0 .. t))-K[7]*(nt(S[V1], t = 0 .. 1)), 1);
z[v2] = collect(z[2](int(S[VOI“Z[HALII+S[VI]*Z[HALO],  t = 0
£))+z[2]*(int(S[VO]*Z[HCL1]+S[V1]*Z[HCLO], t = 0
t))+z[2]*(int(S[VO]*Z[M1]+S[V1]*Z[MO0], t = 0

t))+z[2]*(int(S[VO]*Z[LM1]+S[V1]*Z[LMO0], t = 0 .. t))-K[7]*(int(Z[ V1], t = 0 .. 1)), t)
S[H] := collect(S[HO]+S[H1]+S[H2], 1);
200 + (-0.000005213319273 + 0.000005213319273 theta) t + (
-1.7666 (0.0003571428571 - 0.0003571428571 theta) (-1804.171995
+283.9178571 theta - 1500.000000 tau[1]) - 1. (0.017 + tau[1]
) (-1.031392857 + 0.9463928569 theta - 5.000000000 tau[1])
+2.5tau[1]) t + (-30.37687499 + 2.839178571 theta
+ 35.00000000 tau[1] - 1.7666 (0.0003571428571
- 0.0003571428571 theta) (-7636.633010 + 5678.357140 theta
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- 30000.00000 tau[1] - 7500.000000 alpha[1]) - 1. (0.017
+ tau[1]) (24.37214286 + 18.92785714 theta
- 100.0000000 tau[1] - 25.00000000 alpha[1]) - 0.5000000000
alpha[1] (80. tau[2] + 220. tau[1] + 100. tau[3] - 0.8500000000
- 50. alpha[1])) t
+(78.74428571 + 37.85571429 theta - 200. tau[1]
- 50. alpha[1]) t
V[H] := collect(V[HO]+V[H1]+V[H2], 1);
180 + (tau[1] (-1.031392857 + 0.9463928569 theta
- 5.000000000 tau[1]) - 3.031410714 tau[1] - 0.00001967285837)
t + (-45.62821428 tau[1] + tau[1] (24.37214286
+18.92785714 theta - 100.0000000 tau[1]
- 25.00000000 alpha[1]) + 37.08586560) t
+(200. tau[1] - 109.1307857) t
Z[HAL] := collect(Z[HALO]+Z[HAL1]+Z[HAL2], t);
/ -7 -7\ 4
120 +\2.951046798 10 - 2.951046798 10 theta/t + (0.1
(0.0003571428571 - 0.0003571428571 theta) (-1804.171995
+283.9178571 theta - 1500.000000 tau[1]) - 0.1
(0.0003571428571 - 0.0003571428571 theta) (16.11549754
- 16.07142857 theta)
- 1. (0.017 + tau[1] + rho) (0.05357142856
- 0.05357142856 theta)) t + (0.1607142857
- 0.1607142857 theta + 0.1 (0.0003571428571
- 0.0003571428571 theta) (-7636.633010 + 5678.357140 theta
- 30000.00000 tau[1] - 7500.000000 alpha[1]) - 0.1
(0.0003571428571 - 0.0003571428571 theta) (-9146.394090
- 128.5714286 theta - 18000.00000 tau[1] - 18000.00000 rho) -
1. (0.017 + tau[1] + rho) (-0.5914285715 - 0.4285714285 theta
- 60.00000000 tau[1] - 60.00000000 rho)) t
+(-1.182857143 - 0.857142857 theta - 120. tau[1] - 120. rho) t
Z[HCL] := collect(Z[HCLO]+Z[HCL1]+Z[HCL2], t);
100 + (0.1 (0.0003571428571 - 0.0003571428571 theta) (16.11549754
- 16.07142857 theta)
+rho (0.05357142856 - 0.05357142856 theta)) t + (0.1
(0.0003571428571 - 0.0003571428571 theta) (-9146.394090
- 128.5714286 theta - 18000.00000 tau[1] - 18000.00000 rho) +
rho (-0.5914285715 - 0.4285714285 theta - 60.00000000 tau[1]
- 60.00000000 rho) - 0.5000000000 (0.017 + tau[1]) (
-0.4142857144 - 1.285714286 theta + 120. rho - 100. tau[1])) t
+(-0.414285714 - 1.285714286 theta + 120. rho - 100. tau[1]) t
Z[M] := collect(Z[MO]+Z[M1]+Z[M2], 1);
+(0.000002459107297 - 0.000002459107297 theta) t + (0.8333
(0.0003571428571 - 0.0003571428571 theta) (-1804.171995
+283.9178571 theta - 1500.000000 tau[1])
- 1. (tau[2] + 0.017449312) (0.4464107143 - 0.4464107143 theta
+0.00001967285837 + 0.4464107143 tau[1]) t + (-7.536325360
- 1.339232143 theta + 0.8333 (0.0003571428571
- 0.0003571428571 theta) (-7636.633010 + 5678.357140 theta
- 30000.00000 tau[1] - 7500.000000 alpha[1]) - 1. (tau[2]
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+0.017449312) (16.26563466 - 8.928214285 theta
2
- 40.00000000 tau[2]) + 8.928214284 tau[1]) t
+(32.53126933 - 17.85642857 theta - 80. tau[2]) t
Z[LM] := collect(Z[LMO]+Z[LM1]+Z[LM2], t);
4
100 + (0.000002459107297 - 0.000002459107297 theta) t + (0.8333
(0.0003571428571 - 0.0003571428571 theta) (-1804.171995
+283.9178571 theta - 1500.000000 tau[1])
- 1. (tau[3] + 0.017449312) (0.4464107143 - 0.4464107143 theta
3
)t +(1.339232143 - 1.339232143 theta + 0.8333
(0.0003571428571 - 0.0003571428571 theta) (-7636.633010
+5678.357140 theta - 30000.00000 tau[1]
- 7500.000000 alpha[1]) - 1. (tau[3] + 0.017449312)
2
(8.055748685 - 8.928214285 theta - 50.00000000 tau[3])) t
+(16.11149737 - 17.85642857 theta - 100. tau[3]) t
T[H] := collect(T[HO]+T[H1]+T[H2], t);
50 + (tau[2] (0.4464107143 - 0.4464107143 theta)
+ tau[1] (0.05357142856 - 0.05357142856 theta)
3
+ tau[3] (0.4464107143 - 0.4464107143 theta)) t + (tau[2]
(16.26563466 - 8.928214285 theta - 40.00000000 tau[2]) + tau[1]
(-0.5914285715 - 0.4285714285 theta - 60.00000000 tau[1]
- 60.00000000 rho) + 0.5000000000 tau[1] (-0.4142857144
- 1.285714286 theta + 120. rho - 100. tau[1])
+ tau[3] (8.055748685 - 8.928214285 theta - 50.00000000 tau[3]
) - 0.5000000000 (0.017 + alpha[1]) (80. tau[2] + 220. tau[1]
2
+ 100. tau[3] - 0.8500000000 - 50. alpha[1])) t + (80. tau[2]
+220. tau[1] + 100. tau[3] - 0.850 - 50. alpha[1]) t
S[V] := collect(S[VO]+S[V1]+S[V2], t);
4
500 + (-0.000003909989454 + 0.000003909989454 theta) t + (
-0.03280495550 + 0.03678302692 theta + 0.0004039655171 tau[1]
3
+0.0001468965517 tau[2] + 0.0001836206896 tau[3]) t +
(83.46711789 + 0.7342703202 theta + 4.267241379 tau[1]
2
+1.551724138 tau[2] + 1.939655172 tau[3]) t - 290.4462413 t
Z[V] := collect(Z[V0]+Z[V1]+Z[V2], 1);
4

300 + (0.000003909989454 - 0.000003909989454 theta) t +
(0.03638453883 - 0.03678302692 theta - 0.0004039655171 tau[1]
3
- 0.0001468965517 tau[2] - 0.0001836206896 tau[3]) t +
(37.51335708 - 0.7342703202 theta - 4.267241379 tau[1]
2
- 1.551724138 tau[2] - 1.939655172 tau[3]) t - 149.4827587
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