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ABSTRACT

This thesis presents mathematical model for steady and unsteady Couette flow of an
electrically conducting viscous incompressible fluid bounded by two parallel non-
conducting porous plates incorporating species equation, temperature-dependent
viscosity and thermal radiation. The partial differential equations governing the
phenomenon were non-dimensionalized, using some dimensionless quantities. The
conditions for the existence and uniqueness of solution of the model were established
using Lipschitz continuity approach. The properties of solution were examined using
upper and lower solution method and Kolodner and Pederson lemma. The
dimensionless equations were transformed and considered in three forms: Transient
state with time dependent pressure gradient; transient state with constant pressure
gradient and steady state with constant pressure gradient. The equations for each case
considered were solved using perturbation method and eigenfunction expansion
technique and direct integration. The results obtained were presented graphically and
discussed. From the results obtained, it was observed that the fluid concentration is at
maximum value ¢(y,t)=2.5 when y=-0.5 while the secondary velocity is at

maximum value w(y,t)=8.0wheny=-0.5. It was also observed that increase in

Reynolds number and pressure gradient leads to enhancement in the velocity profiles
while suction parameter, Hartman number and porosity parameter reduced velocity
profiles. Also, radiation parameter enhanced the temperature profile while Reynolds
number, suction parameter and Prandtl number reduced the temperature profile. Fluid
flow is observed to attain maximum velocity u(y) =55wheny =0. Reynolds number,
suction parameter, constant pressure gradient chemical reaction parameter and thermo
diffusion parameter enhanced the concentration profile while radiation parameter and
Eckert number reduced the concentration profile. The result from this research work is
of importance to industries that produce domestic consumables like toothpaste and food
industries in production of tomato paste and fruit juice.
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CHAPTER ONE

1.0 INTRODUCTION

1.1 Background to the Study

Mathematical Models are used to examine different phenomena with each model
representing a definite schematization of the phenomenon taken into consideration. In
modeling, the researcher is always restricted by a finite number of parameters called the
governing factors within the limits of which the investigation is being carried out. In
fluid dynamics, Couette flow is the laminar flow of a viscous fluid in the space between
two parallel plates one of which is moving at a velocity relative to the other. The flow is
driven by the virtue of viscous drag force acting on the fluid and the applied pressure
gradient parallel to the plates. The study of magnetohydrodynamic (MHD) Couette flow
with heat transfer of an electrically conducting fluid through two parallel plates known
as Hartman flow is a classical problem that has many applications in MHD power
generators, MHD pumps, aerodynamic heating, nuclear reactors and geothermal energy
extractions. Fluid flow through porous media has several engineering and geophysical
applications such as in the field of chemical engineering for filtration and purification
processes, in agricultural engineering to study the underground water resources, in
petroleum industry to study the movement of natural gas, oil and water through the oil
channels and reservoirs while in astrophysics it is applied to study the stellar and solar

structures (Makinde & Mhone, 2005)

Hartman et al. (1973) studied the influence of a transverse uniform magnetic field on
the flow of a conducting fluid between two infinite, parallel, stationary and insulated
plates. Afterwards, a lot of research work concerning the Hartman flow has been carried

out under different physical conditions and flow geometries. In most cases, the Hall and
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ion slip terms were ignored in applying Ohm’s law as they have negligible effects for
small and moderate values of the magnetic field. In recent research works, the trend for
the application of magnetohydrodynamics is towards a strong magnetic field resulting to
a significant effect of electromagnetic force. Under these conditions, the Hall and ion
slip are important and they also have a marked effect on the magnitude and direction of

the current density and consequently on the magnetic force term.

Over the years, considerable interest has been observed on the effect of MHD in
viscous, incompressible, non-Newtonian fluid flow with heat transfer. These interests
on non-Newtonian fluids are owed to its important applications in various branches of
science, engineering and technology, particularly in chemical and nuclear industries,
material processing, geophysics and bio-engineering. In view of these applications, an
extensive range of mathematical models have been developed to simulate the diverse
hydrodynamic behavior of these non-Newtonian fluids. However, different non-
Newtonian fluid models have been presented by researchers and solved using various
types of analytical and computational schemes. The most important non-Newtonian
fluid possessing a yield value is the Casson fluid, which has significant applications in
polymer processing industries and biomechanics. Casson fluid is shear thinning liquid
which has an infinite velocity at a zero rate of strain. Cassons constitute equation
represents a nonlinear relationship between the rates of stress and strain and has been
noticed to be accurately applicable in silicon suspensions and lithographic varnishes
used for printing inks. Casson fluid when acted upon by pressure gradient and is
subjected to a uniform magnetic field is a good approximation of some practical
situations such as heat exchangers and flow meters and pipes (Muchin et al., 2012). The

basic set of equations that governs the flow of fluids are; the continuity equation (mass
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conservation), equation of motion (momentum), and energy equation. They are all based

on the assumption that fluid flow is continuous.

i.  Continuity equation: This equation is derived on the assumption that matter can
neither be created nor destroyed but can be transformed from one form to another. It

is expressed as:
Vv=0 (1.2)

ii.  Equation of motion (momentum): This is derived from applying Newton’s second
law of motion to the fluid motion together with the assumption that the fluid stress is
the sum of a diffusing viscous term which is proportional to the velocity gradient

plus a pressure term. It is expressed as:

0 ~\ = "
quer(qV)q = pF —VP + uV?q (1.2)

where F = (J x B) for electrically conducting fluids in addition to other body forces.

iii.  Energy equation: This is derived based on the assumption that the energy of the

fluid is conserved during its motion and it is expressed as:

C (a—T+(\_/V)Tj— (vv) +kveT W (13)
P p at H o .
where S, V, G, n, p, u, F, k, C,, V, T,J, B are closed surface, fluid volume, fluid
velocity, unit normal vector, fluid density, fluid viscosity, body force, thermal

conductivity, specific heat capacity, velocity, temperature, current density and magnetic

flux respectively and v is the Laplacian operator.
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1.2 Statement of the Research Problem

Fluids in which the shear stresses are not linearly proportional to the velocity gradient
are characterized as non-Newtonian fluids and are of much interest among researchers.
Among the non-Newtonian fluids, Casson fluid has attracted more attention of
researchers due to its application in the field of metallurgy, food processing, drilling
operations and bioengineering operations. Some more applications of Casson fluid can
be seen in manufacturing of pharmaceutical products, paints, synthetic lubricants and
biological fluids such as sewage jelly, tomato sauce, honey, soup and blood due to its
contents such as plasma, fibrinogen and protein. Hence, there is need to see the effect of
parameters involved on the concentration, temperature, primary and secondary

velocities.

1.3 Aim and Objectives of the Study

The aim of this research is to carry out a study on mathematical model of transient

Couette flow of an electrically conducting fluid bounded by two parallel porous plates.

The objectives of the present research work are to:

i. Formulate the mathematical model describing transient Couette flow of an
electrically conducting fluid.
ii.  Establish the criteria for the existence and uniqueness of solution of the model
formulated using Lipschitz continuity approach.
iii.  Examine the properties of the solutions of the modelusing method of upper and
lower solution.
iv.  Solve the model equations using perturbation method and eigenfunction

expansion technique.
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v.  Provide the graphical representation of the system responses.

1.4 Justification of the Study

The importance of MHD Couette flow of Casson fluid through channels cannot be over
emphasized, hence the need for this study to conduct research considering thermal

radiation and chemical reaction in the presence of uniform suction and injection.

1.5 Scope and Limitations of the Study

This research work focuses on the formulation of the mathematical model and the
analytic simulation of the MHD Casson fluid model. This research is therefore limited

to the mathematical analysis of the problem.

1.6 Significance of the Study

The study of unsteady magnetohydrodynamics (MHD) Couette flow in the presence of
transverse magnetic field has wide range of applications in many areas of science and
engineering such as MHD pumps, MHD generators, MHD accelerators and MHD flow
meters. Therefore, this study is of great significance for proper understanding of the

working processes of these machines.

1.7 Definition of Terms

This section presents definition of terms used in the thesis

Brinkman Number(Br): This is the ratio of heat generated by viscous dissipation to

heat transported by molecular conduction (external heating). It is denoted by
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_
") o

where u is the dynamic viscosity, u is the flow velocity, k is the thermal conductivity,

T, is the bulk temperature, T,, is the wall temperature.

Casson Fluid: This is a shear thinning fluid which is assumed to have an infinite
viscosity at zero rates of shear, a yield stress below which no flow occurs and a zero

viscosity at an infinite rate of shear.

Couette flow: This is defined as the laminar flow of a viscous fluid in the area between

two boundaries one of which is moving relative to the other.

Definitions:

Definition 1: A smooth function u is said to be a lower solution of the problem

Lu=f(xtu)

where

L= a(ut) Toab(nt) Sac(xy)

If u satisfies

Lu<f(xtu)

u(x,0)< f(x), u(0t)<h(t), u(Lt)<h,(t) (Olayiwola and Ayeni, 2011)

Definition 2: A smooth function u is said to be an upper solution of the problem

Lu=f (x,t,u)
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Where

2

L:§+a(x,t)%+b(x,t)g+c(x,t)

OX
If u satisfies
Lu> f(xtu)
u(x,0)=f(x), u(0t)>h(t), u(Lt)>h,(t) (Olayiwola and  Ayeni,
2011)

Definition 3: A smooth function u is said to be a lower solution of the problem

Lu=f(x,u)
where
L:a(x)d—22+b(x)i+c(x)
dx dx
If u satisfies
Lu> f(x,u)
u(0)<h, wu(L)<h, (Olayiwola and Ayeni 2011)

Definition 4: A smooth function U is said to be an upper solution of the problem

Lu=f(x,u)

19



Where

d’ b(x)i+c(x)

L= -
a(x) dx? " dx

If u satisfies

Lu < f(x,u)

u(0)=h, u(L)=h, (Olayiwola and  Ayeni,
2011)
Eckert Number (Ec): This provides a measure of the kinetic energy of the flow relative

to the enthalpy difference across the thermal boundary layer. It is also used to

characterize heat dissipation in high speed flows for which viscous dissipation is

significant.
2
Ec=—1 (L5)
C,AT

Grashof Number (Gr): This is a dimensionless number which approximates the ratio

of the buoyancy to viscous force acting on a fluid. It is given by

Gr = gﬁ(TSV;Tw)B (1.6)

Hartmann Number (Ha): This is the ratio of electromagnetic force to the viscous

force, defined by

20



Ha = BL F (1.7)
7,

where B is the magnetic field, L the characteristic length, o the electrical conductivity

and p dynamic viscosity.

Incompressible fluids: These are fluids that do not change the volume of its container

due to external pressure.

Joule dissipation: This is the process by which the passage of an electric current
through a conductor releases heat. The amount of heat released is proportional to the

square of the current.

Laminar flow: Laminar flow occurs when fluid flows at low velocity, in parallel layers

with no disruption between the layers.

Lipschitz condition: A real valued function f:R — R is called Lipschitz continuous

if there exist a real constant K >0 such that for all x, and x,in X,

‘f(xl)—f(xz)‘£K|x1—x2|. (1.8)
Any such K is referred to as a Lipschitz constant for the function f.

Magnetohydrodynamics (MHD): This is a branch of science which deals with the

dynamics of conducting fluids moving in an electromagnetic field.
Prandtl Number (Pr): this is a ratio of momentum diffusivity to thermal diffusivity.

Poiseuille Flow: This is defined as the laminar fluid flow of a viscous fluid in the area

bounded by two stationary boundaries where the flow is induced by pressure gradient.
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Reynold Number (Re): This is the ratio of inertial forces to viscous forces and it is a
convenient parameter for predicting if a flow condition will be laminar or turbulent.
When the viscous forces are dominant, then the flow is laminar while when the inertia

forces dominate then the flow is turbulent.

Schmidt Number (Sc): This is a dimensionless number defined as the ratio of the shear
component of diffusivity viscosity/density to the diffusivity for mass transfer. It
physically relates the relative thickness of the hydrodynamic layer and mass transfer

boundary layer.

Viscosity: This is the measure of a fluid’s resistance to gradual deformation by shear or

tensile stress.

Viscous dissipation: This is defined as an irreversible process where kinetic energy of

the moving fluid is converted into thermal energy.
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CHAPTER TWO

2.0 LITERATURE REVIEW

2.1 Review of Previous Works

The study of unsteady magnetohydrodynamic (MHD) Couette flow in the presence of
transverse magnetic field has various and wide applications in many areas of science
and engineering such as MHD pumps, MHD generators, MHD accelerators and MHD
flow meters. Katagiri (1962) studied unsteady MHD Couette flow of a viscous,
incompressible and electrically conducting fluid in the presence of uniform transverse
magnetic field. The fluid flow through the channel was assumed to be induced by the
impulsive movement of one of the plates of the channel. He deduced that increase in
magnetic field brings about increase in skin friction while it retards the velocity of the
fluid. In recent years, the study of Couette flow in rotating systems enhances the interest
in researchers due to its applications in secular variation of earth’s magnetic field, the
internal rotation rate of the sun, the structure of rotating magnetic stars, rotating
hydromagnetic generators, vortex type MHD power generators and other centrifugal
machines. Taking these facts into cognizance, Hazem (2009) studied the ion slip effect
on unsteady Couette flow with heat transfer under exponential decaying pressure
gradient. Taiwo and Jha (2018) studied the transient pressure driven flow in an annulus
partially filled with porous material. They obtained the exact solution of the governing

equations using Laplace transform technique and deduced that as Darcy number
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increases the permeability of the porous region increases. Ajibade and Bichi (2019)
investigated the variable fluid properties and thermal radiation effects on natural
convection Couette flow through a vertical porous channel using the Adomian
decomposition method (ADM) and maintained that both fluid velocity and its
temperature within the channel were observed to increase with growing thermal
radiation and decreases with increase in thermal conduction of the fluid.Yusuf et
al.(2018) examined the boundary layer flow of a nanofluid in an inclined wavy wall
with convective boundary condition. They observed fluid flow back at the wavy wall.
Alsabery et al. (2017) studied using finite difference method, the natural convection
flow of a nanofluid in an inclined square enclosure partially filled with a porous
medium and they deduced that heat transfer is considerably affected by the porous layer
increment. Aiyesimi et al. (2015) analytically investigated the convective boundary
layer flow of a nanofluid past a stretching sheet with radiation. They solved the
governing equations using the Adomain decomposition method (ADM). They observed
that both thermal and concentration Grashof numbers enhance the velocity, temperature
and concentration profiles of the fluid. Laila and Marwat (2021) examined the nanofliud
flow in a converging and diverging channel of rectangular heated walls. They dedeuced
that both the temperature and concentration profiles are enhanced with increase in
thermophoretic forces. Recently, Jiya et al. (2015) studied using the Adomain
decomposition method the solutions of a boundary layer flow past a stretching plate
with heat transfer, viscous dissipation and Grashof number. They observed that ADM

provides highly precise numerical solution for non-linear differential equations.

Chutia et al. (2017) numerically studied the solution of unsteady hydromagnetic
Couette flow in a rotating system bounded by two porous plates with Hall effects. The

governing equations were solved using the finite difference method. Jana et al. (2012)
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investigated Couette flow through a porous medium in a rotating system and observed
that a thin boundary layer which increases in thickness as porosity parameter increases
is formed near the moving plate. In another related work, Seth et al. (2011) studied
using Laplace transform technique, the effects of rotation and magnetic field on
unsteady Couette flow in a porous channel. They observed that magnetic field retards
the fluid flow in both primary and secondary flow directions. Seth et al. (2010) studied
the unsteady hydromagnetic Couette flow within porous plates in a rotating system.
They observed that suction has a retarding influence on both the primary and secondary
flow where as injection and time have accelerating influence on the flow velocities.
Casson fluid as an example of non-Newtonian fluid is a shear thinning liquid with an
infinite viscosity at a zero rate of strain. It is an important fluid in mechanics due to its
practical applications such as in silicon suspension and suspensions of bentonic in
water. Pramanik (2014) focused on Casson fluid flow and heat transfer past an
exponentially porous stretching surface in the presence of thermal radiation.
Afikuzzaman et al. (2015) have investigated an unsteady MHD Casson fluid flow
through a parallel plate with hall current using an explicit finite difference technique. In
another related research, hydrodynamic impulsive lid driven flow and heat transfer of a

Casson fluid was studied by Attia & Sayed-Ahmed (2006).

Sayed-Ahmed et al. (2011) considered the time dependent pressure gradient effect on
unsteady MHD Couette flow and heat transfer of Casson fluid. The two components of

the momentum equation are given by:

ou ou op o ou) oB
p—+pVy—=——+—| u— |- 2[u+mw] (2.1)
ot oy ox oy\' oy) 1+m
M oy M _Of W) 0B, [w+mu] (2.2)
Pa Py Ty My ) 1w |
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The energy equation in dimensional form is given as

oT oT . o auY (ow) | oB?
C—+pC V. —=Kk—+ o 2= = u? e w? 2.3
Pa Py Ty ﬂ{(ayj (Wj] | ] &9

Subject to

u(y,0) =0,u(=h,t) =0,u(h,t) =U,
w(y,0)=0,w(-h,t) =0,w(h,t) =0 (2.4)
T(y,0)=T,T(-h,t)=T,T(ht)=T,

where apparent viscosity is given by

y2\?

u=K_+ fo

ROEE

(2.5)

where

P is fluid density,

4 s apparent of viscosity of the fluid,

KZ is Casson’s coefficient of viscosity,

7, 1S yield stress,

o is electric conductivity,

p is Hall factor,

B is ion slip parameter,
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m = of3B, is Hall parameter,
¢, is specific heat capacity of the fluid,

k is thermal conductivity of the fluid,
u is primary velocity,

w is secondary velocity,

T fluid temperature.

Bhattacharyya et al. (2013) studied analytically the solution for magnetohydrodynamic
boundary layer flow of Casson fluid over a stretching/shrinking sheet with wall mass
transfer. The unsteady boundary layer flow of a Casson fluid due to an impulsively
started moving plate was considered by Mustafa et al. (2011). Recently, Mukhopadhyay
et al. (2011) investigated the steady boundary layer flow and heat transfer over a porous
moving plate in the presence of thermal radiation. Makinde and Mhone (2005) studied

the heat transfer to MHD flow in a channel filled with porous medium.

Sharada and Shankar (2016) investigated steady three-dimensional Casson fluid over an
exponentially stretching surface in the presence of Lorentz force. They consider the
effect of heat generation and mixed convection. Their model equations were
transformed from partial differential equations to set of ordinary differential equations
using similarity transformations and the transformed equations were solved by applying
Keller Box method. The effects of magnetic parameter, mixed convection parameter,
heat source/sink, casson parameter and ratio parameter were investigated on the velocity

and temperature profiles graphically.
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Pushapalata et al. (2016) investigated the unsteady free convective flow of a casson
fluid bounded by a moving vertical plane in a rotating system. The governing equations
of the flow were solved analytically using perturbation technique. The effects of various
parameters such as casson, magnetic field, thermal diffusion, chemical reaction and

thermal radiations on velocity, temperature and concentration profiles were discussed.

Kushpala et al. (2017) analyzed the effects of cross diffusion on casson fluid over an
unsteady stretching surface with boundary effects. The governing equations were solved

numerically using Runge-Kutta fourth order along with shooting technique.

Maleque (2016) investigated an exothermic/endothermic binarychemical reaction on
unsteady MHD non-Newtonian casson fluid flow with heat and mass transfer past a flat
porous plate. Considering the effects of casson parameter on velocity profile for cooling
and heating plate, the exothermic/endothermic chemical reaction rate and Arrhenius
energy on the concentration, the governing equations were solved numerically by
adopting implicit Runge-Kutta and shooting method using the Nachtsheim-Swigert

iteration technique.

Vedavathi et al. (2016) examined the chemical reaction, radiation and dufour effects on
casson MHD flow over a vertical plate with heat source/sink and the problem was

solved numerically using perturbation technique.

Gireesha et al. (2016) examined similarity solution to the problem of two-dimensional
boundary layer flow, heat and mass transfer of non-newtonian Casson fluid over a
porous stretching surface. The governing equations were transformed into self-similar
nonlinear ordinary differential equations and solved numerically by an efficient Runge-

Kutta fourth-fifth order method.
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Kirughashankar et al. (2016) investigated Casson fliud flow and heat transfer over an
unsteady porous stretching surface and obtain analytical expression for axial velocity

and temperature field of the fluid.

Hussanan et al. (2016) examined the effects of Newtonian heating and inclined
magnetic field on two-dimensional flow of a casson fluid over a stretching sheet. The
governing partial differential equations were transformed into nonlinear ordinary
differential equation by using similarity transformation and the solution of the coupled

nonlinear equations obtained using analytical technique.

In most of these investigations, it was observed that the effects of Hall current are not
taken into account. Hall effects results in a development of an individual potential
difference between opposite surfaces of conductors for which a current is induced
perpendicular to both the electric and magnetic field. Hall current has many applications
such as in MHD power generators, nuclear power reactors, underground energy systems
and in several areas of astrophysical and geophysical interests. Keeping these facts in
view, Balamurugan et al. (2015) considered an unsteady MHD free convective flow
past a moving vertical plate with time dependent suction and chemical reaction in a slip
flow regime. The slip flow conditions for the velocity, jump in temperature and jump in
concentration are taken into account in the boundary conditions.

Murthy (2020) made numerical assessment on magnetohydrodynamic flow of Casson
fluid over a deformable porous layer with slip conditions. They observed that the liquid
velocity and solid displacements are found are rotted for higher estimations of magnetic
parameter and contrary nature was observed for the impact of Casson Parameter.
Nagaraju et al. (2020) investigated the radiation and chemical reaction effects on MHD

Casson fluid flow of a porous medium with suction and injection. They found that
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velocity decreases while temperature and concentration increases when magnetic field
and permeability parameter increases.

Gireesha and Roja (2020) made a second law analysis of MHD natural convection slip
flow of Casson fluid through an inclined microchannel. They observed an increasing
behaviour of heat transfer rate for enhancement values of Eckert number and heat
source ratio parameter. Also, drag force are retarded with higher estimation of Reynolds
number.

Samrat et al. (2021) studied the buoyancy effect on magnetohydodynamics flow of
Casson fluid with Brownian movement and thermophoresis. They observed that the
magnetic field signifies additional conflicting force to fluid motion and dissipation
impacts to accelerate the temperature.

Opanuga et al. (2020) examined the impact of Hall current on entropy generation of
radiative MHD mixed convection Casson fluid. Muhammed et al. (2021) examined the
Couette flow of viscoelastic dusty fluid in a rotating frame along with heat transfer.
Goud and Malga (2020) investigated the effect of heat source on an unsteady MHD free
convection flow of a Casson fluid past a vertical Oscillating plate in porous medium
using finite element analysis. Mohammed et al. (2015) investigated the simulation of
heat and mass transfer in the flow of incompressible viscous fluid past an infinite
vertical plate

In another related work, Ghosh and Pop (2004) investigated Hall effects on MHD
plasma Couette flow in a rotating environment. Hayat et al. (2004) studied the Hall
effects on the unsteady hydromagnetic oscillatory flow of a second grade fluid.
Recently, Das et al. (2017) analyzed Hall Effects on Unsteady MHD Reactive Flow
Through a Porous Channel with Convective Heating at the Arrhenius Reaction Rate.

The Hall effects on MHD Couette flow in a rotating system with arbitrary magnetic
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field was considered by (Ghosh 2002). Research on Hall effects on MHD couette flow
in a channel partially filled with porous medium in a rotating system was carried out by
(Chauhan & Agrawal 2012). Seth et al. (2009; 2012) studied the Hall effects on
oscillatory hydromagnetic Couette flow in a rotating system and Hall current and
rotation effects on unsteady hydromagnetic Couette flow within a porous channel
respectively. The effect of porosity on unsteady Couette flow with heat transfer in the
presence of uniform suction and injection was numerically analyzed by Hazem (2009).

Venkateswarlu and Padma (2015) analyzed unsteady MHD free convective heat and
mass transfer in a boundary layer flow past a vertical peameable plate with thermal
radiation and chemical reaction. Chamkha and Ahmed (2012) examined unsteady MHD
heat and mass transfer by mixed convection flow in the forward stagnation region of a
rotating sphere at different wall conditions. The effects of thermal radiation and
magnetic field on unsteady mixed convection flow and heat transfer over a stretching in
the presence of internal heat generation/absorption was studied by Elbashbeshy and
Aldawody (2011). Dulal and Bulal(2010) investigated the buoyancy and chemical
reaction effects on MHD mixed convection heat and mass transfer in a porous medium
with thermal radiation and ohmic heating. Mohammed et al. (2015) analyzed radiation
and mass transfer effects on MHD oscillatory flow in a channel filled with porous

medium in the presence of chemical reaction.

2.2 Eigenfunction Expansion Method

The approach of eigenfunction is closely associated to the Fourier’s method, which is
commonly known as the method of separation of variables that is intended in sorting out
a specific solution to differential equations. In using this approach, our primary
preoccupation is geared towards the peculiar function being solutions of an eigenvalue

problem. The technique of separation of variables was put forth by d’Alembert (1749).
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However, in the 18" century, the same approach was engaged by Euler, Bernolli and
Lagrange in tackling the question of oscillation of string. This method requires that both
partial differential equation (PDE) and boundary conditions be homogenous. We also
transform non-homogenous boundary conditions into homogenous one before using the
general formulation. The eigenfunction expansion method is easiest to apply to
diffusion problemsin space dimension. Eigenfunction expansion approach was used by

Ibrahimet al. (2017).
2.3 Summary of the Literature Review and Gap to Fill

In reviewing the above literature, several works have been carried out on transient and
steady Couette flow. Some authors considered time dependent pressure gradient without
considering thermal radiation. Others concentrated on heat source and ignored chemical
reaction. Most authors simulated their models numerically due to the complexity of the

equations.

However, this research work seeks to consider an analytical solution of transient and
steady Couette flow of an electrically conducting incompressible fluid bounded by two

parallel non-conducting porous plates incorporating the following:

(1) Thermal radiation
(i)  Chemical reaction
(ili)  Constant and time dependent pressure gradient

(iv)  Temperature dependent viscosity.
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CHAPTER THREE

3.0 MATERIALS AND METHODS

3.1 Mathematical Formulation

Following Sayed-Ahmed et al. (2011), we consider the unsteady flow of a viscous,
incompressible, non-conducting fluid through a channel with chemical reaction, thermal
radiation constant and variable pressure gradient in the presence of magnetic field. The
flow is assumed to be laminar, incompressible and flows between two infinite

horizontal plates located at y = +h which extends from x =—o0 to coand from z =—0

to oo as shown in Figure 1.

Uniform Suction

y=hu=U, T T T T T Upper Plate, T =T,
I | |

y T T
Flow Direction
B, e ——
X
z
T T T T T Lower Plate T =T,
y _ —h, u _ 0 T T T 1 1

Uniform Injection
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Figure 3.1: Schematic diagram of the problem

It is also assumed that:

(i)  Axial conduction in the fluid through the surfaces are negligible.
(i) The fluid is optically thin with relatively low density.
(iii)  There is small electrical conductivity and electromagnetic force in the region of
flow.

(iv)  No heat generation and constant thermo-physical properties.

The upper plate is suddenly set into motion and moves with a uniform velocity U,

while the lower plate is kept stationary. The upper and lower plates are kept at two

constant temperatures T, and T, respectively withT, >T,. The fluid flows between the

two plates under the influence of an exponential decaying with time dependent pressure

gradient in the x-direction which is a generalization of a constant pressure gradient. A
uniform suction from above and injection from below with constant velocity v, which
are all applied at t=0. The system is subjected to a uniform magnetic field B, in the

positive y-direction and is assumed undisturbed as the induced magnetic field is
neglected by assuming a small magnetic Reynolds number. The Hall effect is taken into
consideration and consequently a z-component of the velocity is expected to arise. Thus

the fluid velocity vector is given by:

V=Uui+V,]j+wk (3.2)

The fluid motion starts from rest at t =0, and the no-slip condition of the plates implies

that the fluid velocity has no z-component at y =+h. The initial temperature of the
fluid is assumed to be equal to T,. The flow of the fluid is governed by the momentum

equation-
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p%zv-(,qu)—Vp+JxBo (3.2)

where p is the density of the fluid and 4« is the apparent viscosity of the model which

is assumed to be a function of temperature only i.e, = u(T).

Introducing a Chapman-Rubesin viscosity law, with w=1as shown in Olayiwola (2016)

and using the condition at the lower plate, gives

Cﬂll
- 3.3
y2s ] ( )

where 1, is the Casson coefficient of viscosity, ¢ is a constant. If the Hall term is

retained, the current density J is given by

J =o(vx B, 0 xB) +E2 (1B Boj (3.4)

0

where o is the electric conductivity of the fluid, Bi is the ion slip parameter and g is

the Hall factor (Sutton and Sherman (1965)). Equation (3.4) above may be solved in J

to yield

Jx|30=_((1 B_ge;gz 2 2)(((1+ BiBe)u + Bew)i +((1+ BiBe)w— Beu)k) (3.5)
+ BiBe)” + Be

where Be = ofB, is the Hall parameter.

Following Sayed-Ahmed et al. (2011), the governing momentum equations in terms of

equation (3.5), in dimensional form are as follows:
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ou ou  op o ou oB? :
— PV —=——F+— | u— |- 1+ BiBe)u+ Bew)—
Pa TPy ™ 8y(ﬂ8yJ ((1+BiBe)2+Be2)(( ) )

(3.6)
u+ 0B (T-T)+ 94 (C-C))

ow ow_ o ow oB; e ma W
p5+pv°5_5[ﬂ5]_((1+5i8e)2+Be2)((1+B'Be)W Beu)—p 3.7

The energy equation from Sayed-Ahmed et al. (2011) in dimensional form is given by

e sy T (T (2 (2T,
"ot T ey Proyl” oy oy) oy
oB; 2, y2)_ L 9
(@ BiBe)2+Be2)(u W)

(3.8)

pCp Oy

The concentration equation in dimensional form is given as:

+ —=——|u—|+D—-np(C-C 3.9
a Py ooyl X =—n(C-C,) (3.9)

oc, ,€_1 a[ ac) o°T
oy oy

Subject to the initial and boundary conditions;

(3.10)

where apparent viscosity x is represented by equation (3.3) as:

_ Al
y —Tl
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where

p is the density,

u apparent viscosity of the fluid,

y is distance,

o is electrical conductivity,

A is Hall factor,

Biis ion slip parameter,

p is pressure

v, IS constant suction/injection velocity,

U, is upper plate velocity,

Be = 0B, is Hall parameter,

k is porous media permeability coefficient,

¢, is specific heat capacity,

u is primary velocity in x direction,

w is secondary velocity in y direction,
h is distance between the plates,

6 is dimensionless fluid temperature,

Gr, is solutal Grashof number,
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Gr, is thermal Grashof number,

[, is the coefficient of volume expansion due to temperature,

B is the coefficient of volumetric expansion due to concentration,

T is fluid temperature,

T, is lower plate temperature,

T, is upper plate temperature,

C is fluid concentration,

C,is lower plate concentration,

C, is upper plate concentration,

D is thermal diffusivity,

n is chemical reaction constant,

tis time,

g is radiative heat flux,

B, is uniform magnetic field,

a.. is coefficient of mean radiation absorption.

3.2 Methods of Solution

3.2.1 Non-dimensionlization
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To write the governing dimensional equations (3.6)-(3.9) with their corresponding
boundary conditions (3.10) in non-dimensional form, we use the following

dimensionless variables:

b= e Wy Y X g p ToT GG P (3.11)
U, U,” h'h' h T,-T,'" C,-C,' " pU!

Then,

G:Ui:,»uzuoﬁ, ou=Upu, du=Up% (3.12)
0

Vv:uﬂ:w=uov_v, ow=Uow, o°w=Uad*w (3.13)
0
T-T,

0 = T-T,=(T,-T,)0=T=(T,-T,)0+T,
T,-T, (3.14)

oT =(T,-T,)80,  &T =(T,-T,)o%0

c-C
=C2_Cll=>C—Cl=(Cz—Cl)¢:>C=(Cz—Cl)¢+C1, 015)

6C=(C,-C,)o¢, &°C=(C,-C,)d%

p=—"y=p=pUip=dp=pUidp (3.16)
PY,
i:%:x:hi:@x:hai (3.17)

Substituting the above transformations into (3.6) and multiplying through by

2
0
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h pUglou (_h pUyjou_ [ h pUg) dp
i h Jot (pU¢  h ooy pJZ h ) ox
h U,) o (cy ou

20 A ((T,-T,)0+T,)= |-
iR hzjay[n (%) +1)ayj

2

0 1

h ] oBU,
U3 ) ((2+BiBe)" + Be?)
%'gﬁT((Tz_T1)9+T1)_T1]+(pUL§'gﬂc((CZ_C1)¢+C1)_C1J

0

@_'_V_O@:_@_F C‘ul i (TZ_T1)9+1 @ _
ot U,y ox pUghaoy T, oy
2 f— p—

B, > ((1+ BiBe)u+BeW)—
pU, ((1+BiBe)’ +Be?)
hclul [((Tz _T1)9+1]6J+ gﬂT (Tz :Tl)h 0+ gﬂc (szcl)h¢
onk 1 on on
Dropping bar, we have
a—u+Sa—u:—@+ii((a€+l)a—uj— Ha’
ot oy Ox Redy (Re(1+ BiBe)’ + Be’
f((a9+1)u)+er 6 +Grgp
Re ’ ’
where

v :
S = —% =Suction parameter,
0

Re = AJeh =Reynold’s Number,
Hy

2 O'th2

H

Ha =Hartman Number,
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(3.18)

(3.19)

((1+BiBe)u + Bew) -

(3.20)



— _Tl)

or, N9 (T,
PUg
_ hgﬂc (CZ _Cl)

Gr 5
Y,

¢

=Coefficient of viscosity,

, P = % =Porosity parameter,

=Thermal Grashof number,

=Solutal Grashof number.

To write the second momentum equation (3.7) in its dimensionless form, we multiply

h

|

equation (3.7) by

(

0

h .
pUe

ow

J__

ot

h  pus
pUs
h ci
pPYs T

1

Simplifying, we obtain,

OW V0w cuy 0

AUV,

=3

0

)5+

h
U,w

P

h 0

5

U, (
oBU,

CHy
T

((T,-T,)6+T,)

E:‘%d

_[ éJ((

(Tz _Tl)

ot U,y pUshoy
oBZh
PU((1+BiBe)’ +Be?)

Dropping bar, we have

{

((1+BiBe)w—Beu )-

Tl

¢9+1j

4

ow
ay

1+BiBe)’ +Be’)

]_

hcyy

(Tz _Tl)

((T,-T,)6+T,)

((1+ BiBe)w-Beu)

{

PU ok T

1

9+1Jv_v]

ow

y

5

(3.21)
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@+S@:£§((a9+1)@j— Ha’ > ((1+ BiBe)w—Beu)—
ot~ dy Redy o) Re((1+BiBe)’ +Be?) (3.23)
P

To write the energy equation (3.8) in its dimensionless form, we introduce the

Rosseland approximation radiative heat flux vector by

a_ 40 (T —T,) (Venkateswarlu and Padma 2015). (3.24)

We rewrite equation (3.8) as

U o0 00 ¢, 0 (cu (T,-T,) 60

—\2 —\2
cu U, 8u] (Uo GWJ oB; [ 272 2_2}
—((T,-T,))0+T )| | ——= | +| ——=| |+ Usu +Ugjw
T (( >~ T1) 1)[( h oy h oy ((1+BiBe)2+Be2) ’ ’

1
_4a3 (T,-T,)0
hpc,

(3.25)

Where

a. is the mean radiation absorption parameter

Multiplying the above equation (3.25) by , We get
pc, (T,-T,)U,
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Simplifying, we obtain

s el
=55 J]
e

hu, oB? 2 2} 46¥*h
+ +W
pc, (T,-T,) ((1+ BiBe)? + Be?

Dropping bar for convenience yields

20 00 __c a(( 0. 1)aej S (s 1)[(auj {_
o 9y ReProy %) Re oy

EcHa® 2 2\ pa?
Re((1+BiBe)2+Be2)(u + W)~ Ra’0

where

4alh .
2% _Radiation parameter,
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h 06 U, h o6
- |pc (T,-T =24 pe v (T, T, Z =
pc, (T,-T)U, o )at h o )(pcp(Tz —Tl)UOJhay

h % 9 C“l((T ~T,)0+ T)(TZ_Tl)% +
pc, (T,-T,)U, JPrh oy h oy

h Ciy ou Vv, OW
-  |2A((T,-T,)6+T
PC, (T, _Tl)UO T (( ? l) " l){[h ayJ +(h ay] J+

h O'BO2 [ ,—2 2—2}

Usu +Usw |-
P, (T =TV J((1+BiBe) +Be?)L *

h 4ol (T,-T,)0

pc, (T,-T)U, hpc,

(3.26)

(3.27)
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Us

C, (T,-T,)

=Eckert number.

To write the species equation in its dimensionless form, we rewrite equation (3.9) as

p(C,=C )V, 3¢ pu(C,-Ci)og _ 1 a(ul((T T)M)( )aﬂ

h 8t h oy Schay h dy

(T,-T,) &% (529
D{ 2 O_VJ_U((CZ_QW)

L h .
Multiplying through by m gives

p(C, cua¢ h PV, (C,-C,) 09

p(C,-C,)U, p(C,-C,)U, h ay_
( ] ( ((T, T)0+Tl)(C2 Cl)%} (3.30)
p(C,—C,)U, JSch oy oy

(,-T)e%0 | h _

D[p(cz—cl)uo}( hz 892 p(Cg_Cl)UO U((CZ C1)¢)
Simplfying,
W Wob_ _Cm O (TZ_T19+1JQ o POh) (00w
ot U oy ScpU, hay T, oy PUy(C,-Cy)h oy AYg
Dropping bar and simplifying further, we get
9,409 __c i((aeﬂ)%]nﬁz—f—w (3:32)
ot oy ScReoy oy
where

U,h

Sc = —5 = Schimidt Number,
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- D(Tz_Tl)
TD _(pUO(CZ _Cl)h

J: Thermo diffusion parameter,

K, = hy_ _ Chemical reaction parameter.

"y,

Next is to write the initial and boundary conditions in dimensionless form. To do this,

we substitute the dimensionless variables into equation (3.10) and we have

u(y,0)=0, u(-1t)=0, u(Lt)=1
W(y,O):UJV(?,O)=%(1—y)=uo§(l—§) w(-h,t)=Uow(-1t)=0, w(ht)=U,w(Lt)=0
ie

W(y,O):y(l—y), w(-1t)=0, w(Lt)=0

T(v.0)=(T,-T)0(y,0)+T,=0, T (-ht)=(T,-T,)0(-1t)+T,=T,, T(ht)=(T,-T,)0(Lt)+T, =T,

v T1 T1 Tz_T1
e(y,o):—ﬁzﬁ, 0(-1)=0, o(1t)=—t=1
C(y,0)=(C,~C,)¢(y.0)+C, =0, C(-ht)=(C,~C,)¢(-1t)+C,=C,, c(ht)=(C,~C,)¢(Lt)+C,=C,
ie
v C1 C1 Cz_c1
q)(y,O):—C oo #(=0 (L) ==l

(3.33)

The corresponding initial and boundary conditions in dimensionless form become

u(y,0)=0, u(-1t)=0, u(lt)=1
w(y,0)=y(l-y), w(-Lt)=0, w(Lt)=0
0(y,0)=d, 6(-Lt)=0, o(Lt)=1 (3:34)
4(y.0)=d,, $(-1t)=0, p(1t)=1
where
d = L ;= S
Tl_TZ Cl_CZ
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Therefore, the dimensionless equations together with their initial and boundary

conditions are given by

2
M gM_ P ii[(lme)a—“]— e ((1+BiBe)u+ Bew)-
ot &y ox Redy %) Re((1+BiBe)’ +Be’)
® Gr,0+G
%( +af)u+Gr,0+Grg
2
W, @:LQ((H(Z@)@_WJ_ Ha’_ ((1+BiBe)w—Beu)-
ot oy Redy ) Re((1+BiBe)’ +Be’
;—Z(l+a9)w

%+S%: ¢ i((l+oa9)%j+@(Hocé?)[[@—uj +(@j J+
ot @y ReProy oy ) Re oy oy

EcHa?
Re((1+ BiBe) + Be)

(u2 +W2)— Ra%0

%Jrs%:Li{(lJraﬁ)%}rTD az—f— K¢
ot oy ScReoy oy oy

Subject to the initial and boundary conditions

u(y,0)=0, u(-1t)=0, u(l,t)=1
w(y,0)=y(1-y), w(-Lt)=0, w(Lt)=0
6(y,0)=d,, 0(-11t)=0, o(Lt)=1
$(y,0)=d,, $(-Lt)=0, $(Lt)=1

3.2.2 Transformation

Since the boundary conditions are from -1 to 1, we transform the problem into a half-

plane problem for singularity.

Let
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(3.35)

2
o_0a o _ofa (3.36)
oy 0z oy oy o7% ay

Using equation (3.36), the dimensionless equations together with their initial and

boundary conditions are transformed as follows:

First momentum equation (3.20) is transformed thus;

s e
ot o0z oy 6x Rel\ oz oy oz oy

Ha’ cP (3:37)
1+ BiBe)u + Bew)——(a0+1)u+Gr,0 +Gr ¢
Re((1+BiBe)2+Be2)( ) )" Re 0+ Ol
ie
N R
ot 0z 2 X oz 2 oz 2
) (3.38)
Ha - ((1+BiBe)u+Bew)—i(a9+1)u+Grgz9+Gr¢¢
Re((1+BiBe)’ + Be?) Re
Simplifying gives
2
a—u+§a—u:—a—p+ig((a +1)8_uj_ Ha : ((1+BiBe)u+Bew)-
ot 20z ox 4Red oz Re((1+BiBe) +Be2) (339)

;—Z(aml)u +Gr,0+Grg

Second momentum equation (3.23) is transformed to
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o))

—+S

o5 5 alE g e (s

Ha®

zj)_

af+1)w

2

Pe
Re

(1+BiBe)w—Beu ) -

—~

Re((1+BiBe)’ + Be’

Simplifying using equation (3.36) gives

ow ow 1 10
— +S| —.=
ot (82 2]

<28

2 01

7))

Ha? . cP
1+ BiBe)w—-Beu)——(af@+1)w
Re((1+ BiBe)2+Be2)(( ) )Re(@0 Y
i.e
g2 o)
Ha?

. cP
1+ BiBe)w—-Beu)—— (a8 +1)w
Re((1+ BiBe)2+Be2)(( ) )" Re 0+

Energy equation (3.28) is transformed as

@+S[a_0_azj c [a azJK( - 1)(89 azD+

ot oz oy) RePr\oz oy oL oy

cEc ou oz ow oz EcHa?
w3355 e

Re oz oy oz oy Re((1+BiBe)” + Be?)

Simplifying using equation (3.36) yields

@+S[a_0_azj c [a azJK( - 1)(89 azD+
ot oz oy) RePrioz oy o0z oy
cEc( - l)[[au 82) +(8w azj] Ec_Ha2

Re oz oy oz oy Re((1+ BiBe)’ + Be’
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(u2 +W2)— Ra%0

u’ +W2)—Ra29

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)



2,506 _c ﬁ[(aeﬂ)%j&(aeﬂ)[[@_uj (a_wj]
ot 20y 4ReProy 3y ) 4Re oy oy

EcHa®
Re((1+ BiBe)® + Be?

)(u2 +W2)—Ra29

Concentration equation (3.32) can be transformed as:

(@ a) (2.@][(a9+1)[%.6_zD+TD[ﬁ[@j JW
ot 0z 0y) ScRel\oz oy 0z oy oz° \ oy

Simplifying using equation (3.36), we get

2 A2
%+S[£%jZLGE)((WH)(E%D”D ((zj 5—?}—@
ot 20z ScRe\ 2 oz 2 0z 2) oz
This gives

ot 20z 4ScReaz

op So¢__ ¢ 0 ((a9+1)%j+TD§T§_Kr¢

Next, we transform the boundary conditions using (3.36) and obtain

u(y,0)=0, u(-1t)=0, u(lt)=1
=u(z,0)=0, u(0,t)=0, u(lt)=1
w(y,0)=y(1-y), w(-1t)=0, w(Lt)=0
= w(z,0)=(2z-1)(2-2z), w(0,t)=0, w(Lt)=0
6(y,0)=d,, 0(-1t)=0, o(Lt)=1
= 0(2,0)=4d,, 0(0,t)=0 o(Lt)=1
$(y,0)=d,, #(-Lt)=0 #(Lt)=1
= $(2,0)=d,, $(0,t)=0 #(Lt)=1
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Therefore the transformed equations together with their initial and boundary conditions

are given as

——_—

ot 2oz
Ha?
Re((1+ BiBe)" + Be?) e

oau Sou o ¢ 8((a6+1)8uj_

ow S ow c 0O oW
—_—t = (a¢9+1)— -
ot 20z 4Reoz 0z

Ha? . cP
1+ BiBe)w—-Beu)—— (a8 +1)w
Re((L+ BiBe)2+Be2)(( ) )Re(@+Y

+%(0{6+1)[(2—ij +(

(u2 +w2)— Ra%0

ot 2oz 4ReProz

EcHa’
Re((1+BiBe)* + Be?)

00 So60 ¢ a[(aéHl)i—f}

_

.50 __ _0(4,
ot 20z A4ScRe oz

u(z,0)=0, u(0,t)=0, u(lt)=1
w(z,0)=(2z-1)(2-2z), w(0,t)=0, w(Lt)=0
0(z,0)=d,, 6(0,t)=0, o(Lt)=1
¢(2,0)=d,, $(0,t)=0, g(Lt)=1

((1+BiBe)u+ Bew)—;—P(aHJrl)u +Gr,0+Gr,¢

ow
0z

)

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)

Next, we shall establish the conditions for the existence of unique solution of the

transient state.

3.2.3 Existence and uniqueness of solution of transient state
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Here, we consider equations (3.50) — (3.53) when u is constant i.e when o« =0and

B, = B, =1. Then equations (3.50) — (3.53) reduce to

2 2
a_u+§8_u:_@+ ¢ 61;_Ha (2u+w)—£u+Gr99+Gr¢¢ (3.55)
ot 20z ox 4Re oz 5Re Re
2 2
W Sow_ ¢ oW Ha oy )Py (3.56)
ot 20z 4Re oz 5Re Re

2 2 2 2
%JFE%: c 9 ‘29+ CEc|fou)  [ow) |, EcHa (u2+w2)—Ra2¢9 (3.57)
ot 20z 4ReProz® 4Rel|\ oz 0z 5Re

op Sop_ ¢ 0% Ty00
ot 20z 4ScRe 0z° 4 oz°

K¢ (358)

To scientists and engineers, the question of existence and uniqueness of solution remain
to be a pivot in models and designs. When a problem is formulated, we need to examine
the solution(s) so as to predict the behaviour of such solution(s). We are interested in
the existence and uniqueness of solution of system of equation (3.55) — (3.58) satisfying

(3.54) in order to be able to predict the behavior of the solution.

This question of existence and uniqueness of solutions to these equations has been
addressed by Ayeni (1978) who considered a similar set of equations and showed
among other results that existence and uniqueness are somewhat well known. In his

work, he studied the following system of parabolic equations

%:A¢+f(x,t,(p,u,v), xeR"t>0

ou n

E:Au+g(x,t,(p,u,v), xeR"t>0 (3.59)
%:Av+h(x,t,gp,u,v), xeR"t>0
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#(x.0)= f,(x)

u(x,0) = go(x)

v(x,0) = hy(x) (3.60)
X = (X, Xy 000 X, )

(S.1) f,(x), go(x) and hy(x) are bounded forx e R". Each has at most a countable

number of discontinuities.

(S.2) f, g, hsatisfies the uniform Lipschitz condition

|¢7(X!t1¢1!u11\/1)_@(X!t’¢2’uzivzx = 'V'(J¢1 _¢2|+|u1 _u2|+|V1 _V2|)’ (X,t)e G(3.61)
where
G={xt):xeR", O<t<r|.

Our proof of existence of unique solution of the system of parabolic equations (3.55) —

(3.58) will be analogous to his proof.

Theorem 3.1: There exists a unique solution u(z,t), w(z,t), 8(z,t), #(z,t) of equation

(3.55) — (3.58) which satisfies (3.54).
In the proof we shall need the following Lemma:

Lemma 3.1 (Ayeni (1978)):

Let (f,,9,.h,)and(f,g,h) satisfy (S.1) and (S.2) respectively, then there exists a

solution of problem (3.59).

Proof of Theorem 3.1: We rewrite the equation (3.55) — (3.58) as;

2
6_u+§a_uzia_l:+f(z,t,u,wﬂ,¢), zeR"t>0 (3.62)
ot 20 4Reoz
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T +9(z,t,u,w,8,4), zeR"t>0
e 0z

a_w @ c O*w
ot 0z

S
+_
2

2
%_FE%: ¢ a_f+h(z,t,u,w,0,¢), zeR"t>0
ot 20z 4ReProz

2
9,300 _ ¢ 09 \(Gtuw.4) zeR"t>0,
ot 20z 4ScRe oz

where

op Ha’ cP
f |t1 ) H ] :G G - - 2 —_——
(z,t,u,w,0,4)=Gr,0+Gr ¢ & 5Re( u+w) mgl
Ha’ cP
1t1 ] ,0, = — 2 — -
g9(z,t,u,w,0,9p) 5Re( w-u) me W

4Rel|l oz £l 5Re

h(z,t,u,w,9,¢)=ﬁ([auj +(8Wj ]+ EcHa’ (u? +w?)-Ra%0

To 06

k(z,t,u,w,0,¢)= Lo

o Kr¢

(3.63)

(3.64)

(3.65)

(3.66)

(3.67)

(3.68)

(3.69)

Ignoring the second term at the right hand side, the fundamental solutions of equation

(3.62) — (3.65) (Toki and Tokis (2007)) are:

2
F(z,t): yA exp ReSZ_ReS t_Rez
c 4c ct

2
Glzt)= z exp[Resz—ReS t_RezJ
1 c 4c ct
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2
H(z,t)= Z exp(ReCPrSz—RePrS t_RePer (3.72)

1, 4c ct
2 C V2
4RePr
z ScReS  ScReS%* ScRez
K(z,t)= - exp[ 7— - j (3.73)
1 c ) C 4c ct
2%2( jtz
4ScRe

Clearly, f(z,t,u,w,8,4), 9(z,t,u,w,0,¢), h(zt,uw6,¢), k(z,t,uw,8,¢) are
Lipschitz continuous. Hence by Lemma 3.1, the result follows. This completes the

proof.
Next, we shall examine the properties of solution of the transient state.
3.2.4 Properties of solution of transient state reaction

Here, we show that u(z,t),w(zt),0(zt)and #(zt)are bounded and increasing

functions of time.

Theorem 3.2:

Let Ec > 0, Ha2—>0,g—p—>0, $>0,¢>0 Re>0, P>0, Pr>0, Ra’ >0,
X

Gr, >0, Gr, >0, Sc>0, k, >0, T, >0. Then, the equations (3.50) — (3.53) have a

solution forallt>0.
Proof: Equations (3.50) — (3.53) can be written respectively as:
Lu=f(z,tu) Lw=f(ztw), LO=1T(z1,0) Lo="f(zt4), (3.74)

where
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ou Sou ¢ ou cP

lys—4>2>2_ > 2= >

T ot 207 4Redz’  Re

f(z,t,u)=Gr,0+Gr,¢

Sow ¢ o°w cP
+§___ +-—w

Lw= >+t —
0z 4Re oz Re

ow
ot
f(z,t,w)=0

2
Lg=20,500__ ¢ 00 pig

f(z,1,60)=0
2
L¢:%+§%:La_?+}(r¢
ot 20z A4ScRe oz
f(ztg)= 000
o 4 o7°

Consider

u(z,t)=0, w(z,t)=0, 6(z,t)=0,

We shall show that (3.79) are the lower solutions to equation (3.74)

Clearly,

u(z,0)=0, u(0,t)=0, u(Lt)=0
w(z,0)=0, w(0,t)=0, w(Lt)=0
0(z,0)=0, 6(0,t)=0, 9(Lt)=0
$(2,0)=0, ¢4(0,t)=0, ¢(Lt)=0
Now
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(3.75)

(3.76)

(3.77)

(3.78)

(3.79)

(3.84)



W_%_2_,_,
ot o0z oz =

These imply

f(ztu)=Cr,0+Gr,p, f(z,tw)=0,

Hence

Lu< f(ztu), Lw< f(z,t,w)

By definition 1, u(z,t)=0,

solutions of equation (3.74).

Also consider

|

(z,t)=1+(Gr, +Gr Jt,
(z,t)=z(1-2)+t,

é(z,t):1+dl+;—2t,

=

- cP
A)=1+d, +—t
#(z,t)=1+ 2+Re

f(2.t,0)=0,

Lo < f(z,1,6),

w(z,t)=0,
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Lo < f(z,t,¢)(3.92)

6(z.t)=0,

(3.85)

(3.86)

(3.87)

(3.88)

(3.89)

#(z,t)=0 are lower

(3.92)



We shall show that (3.92) are the upper solutions to equation (3.74). Here

u(z,0)=1 u(0,t)=1+(Gr,+Grt,
v_v(z,O)z z(1-2), \7v(0,t)=t,
6(2.0)=1+d, 5(0,t):1+d1+;—2t,

¢(2,0)=1+d,, ¢(0,t)=1+d, +;—F;t,

u au o%u
—=(Gr, +Gr,), — =0, =
_ _ -
a—W=1, a_W:].—ZZ, a \;Vz
ot o1 oz
A i
ot Re’ oz ' 822
T G
ot Re’ oz ' 822
These imply
_ P -
Lu:(Gr9+Gr¢)+R_eu,
|_\7v=1+§(1—2z)+ c_,°Pu
2 2RePr Re
Lé:;—Pmaze,
(<]
Lp= +kd
f(ztu)=Gro+Grg, f(ztw)=0,

u(Lt)=1+(Gr,+Gr, )t
w(Lt)=t
2 cP
(Lt)=1+d, +—t
a1

y cP
Lt)=1+d,+—t
put)=trd, +

0, u=1+(Gr,+Gr )t

-2, w=z(1-72)+t

- cP

=0, O=1+d +—t
Re

y cP

/ > Re

f(21,0)=0, f(z,t,<}5):%>_2
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(3.93)

(3.94)

(3.95)

(3.96)

(3.97)

(3.98)

(3.99)



Hence
Lu> f(z,t,ﬁ), Lw> f(z,t,v_v), LE > f(z,t,@), Lg> f(z,t,(z) (3.100)

By definition 2,

U(2,t)=1+(Gr,+6r )t W(z.t)=2(1-2)+t, 5(z,t):1+d1+CR—Zt, ;ﬁ(z,t):1+d2+;_zt

are the upper solutions of equation (3.74).
Hence, there exists a solution of problem (3.50) — (3.54). This completes the proof.

Theorem 3.3:

LetS — 0, B}»O,H&:%L§E>O,c:4RaF%>O,P>OJ%:Sc:L

OX
) . ou ow
Ra” >0, Gr, >0, Gr, >0, Sc>0, k, >0, T, >0 in (3.50) — (3.54). Then 520, 520,
%50, P50,
ot ot

In the proof, we shall make use of the following lemma of Kolodner and Pederson

(1966).

Lemma (Kolodner and Pederson (1966)):

Let v(x,t):O(e“‘x‘z)be a solution on R"x[0,t) of the differential inequality

%—Av+ K(x,tlv >0 where K is bounded from below. If v(x,0)>0, then v(x,t)>0
forall (x,t)e R" x[0,t,).

Proof of theorem 3.3:
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Given

%_%+é{cp+2Ha2ju:Gr90+Gr¢¢—|;;;W—% (3.101)
5_W_52‘2V+i[cp+ 2Ha2jW: Ha? y (3.102)
ot o0z° Re 5 5Re

2_9_279 +Ra20=0 (3.103)

Differentiating (3.101) — (3.104) with respect tot, we obtain

i(a_uj_ii(ﬂ‘}i[c +2Hazj(a“) Gr (aej +Gr (a¢j Hal (awj (3.105)
alat) a2\ ot ) Re 5 ) ot o ot ) 5Rel at

2 2 2
g(a_w)_a_z(a_w}ri o 2Ha (@j:Ha (a_“j (3.106)
alat ) a2\ at )" Re 5 J\ot) 5Rel ot
2
ﬁ(%}i{%} Ra? (%j 0 (3.107)
ala ) a2 at ot
2
P TRCEE
ale ) a2 a o) 4 a2 at
Let
w00 o
ot ot’ ot ot

Then (3.105) — (3.108) become
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h=Gr,r+Grs——m=—-—+K(z,t)h>0 (3.109)

oh azh+ 1 CP+2Ha2 Ha’ oh  o°h
5Re ot or°

+— =>————+K/(z,t)m>0 3.110
ot a2 Re 5 1(2) ( )

om o’m 1 2Ha? Ha? om  o°m
cP+ m = p 5
5Re ot oz

or  o%r ) or  o%r

———+Ra’r=0=>—-—+K,(z,t)r=0 3.111

ot oz’ ot oz’ :(2:1) G
2 2 2

ﬁ_a_‘}Krs=T_Da_Z:>@—a—f+K3(z,t)szo (3.112)

ot oz 4 oz ot oz

2Ha? 2Ha?

], K,(z,t)=Ra’?, K,(z,t)=K,

J,KALO=§%@P+

Clearly, K,K,,K,,K,are bounded from below. Hence by Kolodner and Pederson

lemma h(z,t)>0, m(z,t)>0, r(z,t)>0, s(zt)>0i.e,

This completes the proof.

Equations (3.50) - (3.53) satisfying (3.54) will be considered in three forms:
Case 1: When the pressure gradient is a function of time.

Case 2:When pressure gradient is a constant.

Case 3: When the reaction is in steady state.

% _dp__,
ox dx

3.2.5 Case 1: When the pressure gradient is a function of time: e
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In this case, equations (3.50) - (3.53) reduce to;

2
W SN _ e L—[( +a9)a_“j_ e ((L+BiBe)'u+ Be'w)-
& 2 4Re 0z oz) Re((1+BiBe)’ +Be?) (3.113)
C—Z(a6+1)u+Gr€0+Gr¢¢
2
% %;ﬂ:%aﬁ[(n(w)?j— e ((1+ BiBe)* w-Be'u) -
/A € oz /A i
Re(1+ BiBe) + Be (3.114)
P (b 4w
Re
2 2
%+§%= ¢ i((1+0{6’)%j+C—EC(1+056?) (a_uj +(8—W] +
ot 20z 4ReProz 0z) 4Re 0z 0z
2 (3.115)
E(,?Haz —(u®+w’)-Ra’0
Re((1+BiBe)’ + Be®)
2
%+§%:LE((1M@)%}T_D%_K{¢ (3.116)
ot 207 4ScRe oz oz 4 oz

3.2.5.1 Solution of Case 1

Here, we solve equations (3.113) — (3.116) satisfying (3.54) using perturbation method

and eigenfunction expansion technique.

LetO<a <<1such thatEc =bea,S =eq, Be= f«,Gr, =ga,Gr, =la and suppose the

solutions of equations (3.113) — (3.116) satisfying (3.54) can be expressed as

ey

(z,t)=uy(z,t)+au,(z,t)+..

(3.117)

Using (3.117) in (3.118) — (3.121) satisfying (3.54) and processing, we have
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a(u0+au1)+e_aa(u0 +aul):_le—gt+ig (a(e +a0)+1)M i
a2z @ 4Reqz| 0T pu
Ha’ _
1+ Bif 0 )+ f . L))— 3.118
Re((1+Bifa)2+(fa)2)(( +Bif &) (U, +au,) + fa (W, +aw,)) (3.118)
CR_Z((OZ(HO +at91)+1)(uo +aul))+ga(t90+a01)+la(¢o+a¢l)

Expanding, we have

%+a%+e—a%+£%:—ﬂe‘9‘+Lg((a(90+a91)+1)(%+a%jj—
ot ot 20 2 o 4Re 0z oz oz
Ha’
Re((1+Bif o)’ +(fa)’)

cP

R—e((a(eo +ab,)+1)(u, +aul))+ ga (6, +ab,)+la (4 +ag)

((1+Bif o) (u, + o, )+ far (W, +aw, ) - (3.119)

Collecting like powers of « , we obtain for

0

al:

du, ¢ dfau,) Ha® P a (3.120)
o= | |y -y, - Ae

ot 4Reoz\ oz Re Re

a

ou eou, cC 0(@o0u, ou ) Ha*, _. cP
o T e A T —Bifu, +u, + fwy ) —=— (6, +u, ) + 3.121
ot 2o 4Re az( oz  oz) Re ( RURRLY Re( o +U; ) ( )

g6, +14,

From equation (3.114) using equation (3.117), the second momentum equation becomes

ot 2 oz "~ 4Re oz oz
Ha®
Re((L+Bifa)’ +(fa)’)
cP

_%((a(eo +a6,)+1)(w, +aW1))

0wy +awy) ecr O(Wo+awy) ¢ Q((a(eo+a91)+1)a(w°+“wl)j—

((1+Bifa)(w, +aw,) - fa(u, +au,)) (3.122)
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Expanding, we obtain,

2
My, 00 oo oWy ea” oW ¢ 2((0{(6’0+0m91)+1)—6(wojLO[Wl)J_
ot ot 2 0z 2 0z 4Reoz oz

Ha?
Re((1+Bif )’ + fa?)
P
Re

((1+Bif &) (W, +aw, ) — far (U, +au, ) ) (3.123)

((a (6, +a6,)+1)(w, + awl))

Collecting like powers of « we obtain for:

0

a’:

ow, ¢ 9 (awoj Ha? cP (3.124)
= =~ - [Wo]__wo

ot 4Reoz\ oz Re Re

at:

2 3.125
%+E%=Lg(90%+%j—l_l—a(—8ifwo+Wl—fuo)—£(90w0+wl) ( )
ot 20z 4Recz 0L o1 Re Re
From equation (3.115) using equation (3.117), the energy equation becomes
0 ea 0 c 0 0
E(0°+“01)+7§(9°+“91):4ReprE((“(Q"+“91)+1)§(9°+“91)j+
cha o(Up+au)) (o(wy+aw)Y
m((90+a91)+1)((#} +(# - (3.126)

baHa’ 2 2 2
U, +au, ) +(w,+aw,) |-Ra“ (6, +ab,
Re((1+Bifa)2+(fa)2)(( o) + (s +aw)’)-Ra' (6, +a0)

Expanding we obtain,
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2
o, , 00, eadt ea’dl_ ¢ 2[(a<90+a91)+1)2(90+a91)j+
ot ot 2 oz 2 07 4ReProz oz

m_“(a(00+a6’1)+1)((a (“0*““1)]2+£5(W°+“W1)}2J- (3.127)

4Re 0z 0z

baHa?
Re((1+ Bifa)” +( fa)

((u0 +au,)’ +(w, +awl)2)— Ra’ (6, +ab))

Collecting like powers of « we obtain for:

0

a:

3.128
06, _ ¢ g(aeoj_Razeo (3.128)
ot 4ReProz\ oz
ot

2 2

%4_2%: ¢ i(e@o%+%j+£ (%j +(%j _ (3129)
ot 20z 4ReProy oz 0z 4Re |\ oz 0z
bHa? 2 2
= ((uo) +(w,) )—Raze1

From equation (3.116) using equation (3.117), the concentration equation becomes

0 e 0(¢, +ad, c 0 0
E(¢°+a¢1)+§ ( p. ):4SCR65((0¢(90+m91)+1)5(¢0+a¢1)j+

(3.130)
T, 6°

ZD?(HO +a¢91)— K, (¢O +a¢1)

Expanding, we obtain

Ofy | O eadg  ea’ g c 0 [ 0 j
— Te Sttt/ = - 0,+ab,)+1)—(¢, + +
o ‘ot 2 &2 2 oz 4ScReax (a(6+at) )62 (¢ +ady)

T, &
7?(00 +0(01)— Kr (¢0 +a¢1)

(3.131)

Collecting like powers of « we obtain
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al:

o, c o(og) T,0%, (3.132)
= ~ +— 2 _Kr¢0
ot 4ScReoz\ oz 4 oz
at:
2 3.133
o 80 __c ﬁ(go%%}wg_.% (3.133)
ot 20z 4ScReoz 07 02 4 oz

Therefore, the equations for u,,w,,8,,4,,U,,W,, 6, and ¢, together with their initial and

boundary conditions are given by

06, _ ¢ 3[5‘90)—%29
&t 4ReProz\ oz 0 (3.134)
6,(z,0)=d,, 6,(0,t)=0, 6,(1t)=1

2
%: ¢ 2[6¢0J+TD 8 020 _Kr¢0
ot 4ScReoz\ oz 0z (3.135)
4 (2,0)=d,, 4,(0t)=0, ¢ (1t)=1
o, _ ¢ g(awoj_Haz _cP
ot 4Reoz\ oz ) Re ° Re ° (3.136)
W, (z,0)=(2z-1)(2-2z), w,(0,t)=0, w,(Lt)=0

2

u, ¢ g[&uoj_Ha uo—ﬁ(uo)—ﬂe’“
ot 4Reoz\ oz Re Re (3.137)

U (2,0)=0, uy(0,t)=0, uy(Lt)=1
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ou, eau c 6((98u +%j_Ha (=Bifu, +u, + fw, )
8t 2 az 4Re oz\ 0z oz Re

90, +14,

u,(z,0)=0, u, (0,t)=0, u (Lt)=0

%+e89 c 0
o 2 oz 4RePray

bH
a’ ((u0)2+( )’ )-Ra%6,
e(z 0)=0, 6,(0,t)=0, 6, (Lt)=0
2
Do 2102002 P it s ) -
e 0z oz o1 Re
w, (2,0)=0, w, (0,t)=0, w (L,t)=0
%+Sa¢o_ c ( oa¢0 a¢1j+ ~K.4,
ot 20z 4ScReoz oz oz az
$,(2,0)=0, 4,(0,t)=0, 4 (Lt)=0

Consider equation (3.134) given by

06, ¢ 6 06, Ra200
ot 4RePraz 0z

0,(2,0)=d,, 6,(0,1)=0, 6,(1t)=1

2
00 % + % + _bC % + %
0z 0z 4Re |\ oz 0z

P
6,
Re( Ug +U, )+

I

cP
R—e(eowo +W,)

(3.138)

(3.139)

(3.140)

(3.141)

This is a non homogenous boundary condition problem. We first find a function,

4, (z,t) which satisfies the boundary conditions. We let

1 (z,t) =a(t)+f(ﬂ(t)—a(t)) =0+2(1-0)=12t°
We make the change of variables
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6,(z,t) =v,(z,t) + 14 (z,1) (3.143)
Then

00 _ OV O My g OV (3.144)
ot ot ot ot ot

06 _ M _ O _ M 4 (3.145)
oz oz oz oz
0’6, o, o’ 0%,

- T = 3.146
o> o7 o or? ( )
6, (2,0)=v,(2,0)+ £4(2,0)=v,(2,0)+z=d, =V, (2,0)=d, -z (3.147)
G (0,t) =V, (0,t)+24(0,t)= v (0,t)+0=0=V,(0,t)=0 (3.148)
G (Lt)=v,(Lt)+(Lt)= v (Lt)+1=1=v,(1t)=0 (3.149)
So, equation (3.134) reduce to
ov, c 0%, ) )

—+=————1_Ra‘,—Ra‘’z

&t 4RePr 67° ! (3.150)
v,(z,0) =d, -z, v,(0,t)=0 v;(4,t)=0

Now, consider the problem (Myint-U and Debnath, (1987))

a—u—k@+o:u+F(x t)

o ox ’ (3.151)
u(x,0) = f(x), u(0,t) =0, u(L,t)=0

For the solution of problem (3.151), we assume a solution of the form
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u(x,t) = > u, (t)sin LI
= L
where

[a—k(n% i (

) ]”)Fn (0)dz+ bne[

a—k(n{jz]t
F (1) :%JL‘F(X,t)sinnTﬁxdx
0

L
b, :EIF(x)sinn—ﬂxdx
LY L

Comparing equation (3.150) with equation (3.151) gives

a =—-Ra?, F(z,t) =—Ra’z, X=1,

Then,

b, = ZI:(dl —2)sinnzzdz

n

1 1
= 2le.sin nzzdz —2.[ zsinnzzdz
0 0

Nz

Z{Z(dﬁl)(—l)n _2d1]

L
F ()= —2Ra2_|' z.sinnzzdz
0
1 1

(3.152)

(3.153)

(3.154)

(3.155)

f(z)=d, -z, L=1

Nt )y § Nz nz

- 1
— _2Ra? ((Mj +jcos nndeJ _ oRa? (—cos Nz sin nz|
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|

(3.156)

(3.157)



F () = _2Ra’ (—cos nﬂj _ 2Ra’*(-D)"

Nz Nz

Then

c

t _(Ra2+4RePr
Vin (t) = Ie
0

(n |i-0) 2Ra2(=1)"
J- 2Ra*(-1) dos
Nz

Let q, - [Ra2+4RCePr(nn)2j
Then

20 q\n t
2Ra’(-1)° e*“itj.eqﬂfdf+bne“‘°t

0

Vin (t) = Nz

2 Ra2 (_1)n (

Vln (t) =
nzd,

—qot —qot
l1-e™ )+bne 0

Therefore,
Vin (t) = (bn - ql)e_th +0,
where

_ 2Ra’(-1)"
' QN7

Therefore, from equation (3.152)
v, (z,8) = > (o + (b, — 0y )e ¥ )sin nzz
n=1
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—[ Ra’+
b.e

c (M)z]

(3.158)

(3.159)

(3.160)

(3.161)

(3.162)

(3.163)

(3.164)



Thus,
6,(z,1) :z+i(ql+(bn —q,)e * )sinnzz (3.165)
n=1

Consider equation (3.135) given by

o, c 6¢0 820
= D -K ¢o
ot 4ScRe az 0z 0z°

#,(2.0)=d,, ¢,(0,t)=0, ¢ (1t)=1

Then

06, = ot

E—1+Z(ql +(b, — )& * Jnz cosnrz (3.166)
n-1

626’ e

—Z(q1 +(b, - q,) e“°‘)(n7r)zsinn7rz (3.167)

Substituting equations (3.166) and (3.167) into equation (3.135) gives

o4, ¢ %, T, & RO
- _K 4o b —g,)e
&t 4Resc o2 Py ;(Qﬁ( —a)e (e sinnzz (3.168)

¢0(Z’O)=d27 %, (O,t):O, %, (Lt):l

This is a non homogenous boundary condition problem. We first find a function,

1,(z,t) which satisfies the boundary conditions. We let

1 (2,t) = a(t) +— (ﬂ(t) a(t))=0+2z(1-0)=1zt° (3.169)

We make the change of variables
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B (2,1) =V, (z,1) + 1, (2,1)

Then
ot ot ot ot ot

0z 0z 0z 0z

%— 8V2 +%—%+1

Oy _ 3, Oy _ O,

o0z> o0 o7 o7t

#(2,0)= V,(2,0)+1,(2,0)= v,(z,0)+z=d,= Vv,(z,0)=d,-z2
% (0,t)= V,(0,t)+,(0t)= v, (0,t)+0=0=  v,(0,t)=0
¢ (Lt)= V,( L)+, (Lt)= v, (Lt)+1=1= Vv,(Lt)=0

Substituting equations (3.173) — (3.175), equation (3.135) reduces to

= —K o
ot 4ReSc oz " T 44
v,(2,0)=d, -z, v,(0,t)

ov, c 0, T i
=1

0, v,(Lt)=0
Comparing equations (3.176) with (3.151), we have

- ° 4=k, fx)=d,—z, L=1
4Resc

F(zt)= —(Krz +T7Di(ql +(b, — g, )" )(nz)’sin n;zz}

n=1

Nz

b,, = 2'1f(d2 —z)sinnzzdz —[M—Z%J
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(3.170)

(3.171)

(3.172)

(3.173)

(3.174)

(3.175)

(3.176)

(3.177)



Then

1 o 1
F,, (1) = —Z(Kr'fzsm nzzdz +72(q1 +(b, —ql)e‘%‘)(nzz)2 jsin n;zzdzj
0

n=1 0

an(t)=[+7'ji(ql+(bn ql)er‘)(nﬁ)zJ (3.178)

0 0

N\t © t
v2n(t)=e“*2‘[2Kr( ) J e‘”zfdf—TzDZ(nﬂ)z[ql e+ (b, ql)I e " ]}bzﬂe “(3.179)

v, (t) = 2K, (1) (1-e) —E’Z(nﬂ)2 [ql(l— e %)+ (b -a) (e —e® )] +b, e (3.180)
That is

=135 ),

n=1

where
2K, (1) To(nz)’q _TD(nﬂ)z(ql (bn—ql)]
Gg=—"T ", Q=—"" ", O = ]
nzdq, 4q, 4 a, (qz_qo)
q =T (nﬂ)z((bn—ql)]
° 4 (%_qo)
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Therefore, from equation (3.152)

0

v,(z,t) = i(qs (1— e %! ) - > (q, —gse ™ +gee ) +b, e % jsin nzz (3.181)
n=1

n=1

Thus

o0

¢ (z,0) =2+ i[qs (1— e %! ) - Z(q4 —ge % +ge ) +b, e~ jsin nzz (3.182)
n=1

n=1

Consider equation (3.136) given as

W, Cc Ofdw,) (Ha®+cP W
ot  4Reoz\ oz Re 0

W, (z,0)=(2z-1)(2-2z), w,(0,t)=0, w,(Lt)=0

This is a homogenous boundary condition problem. Compare (3.136) with (3.151),

gives

2
u=w, k =L,a=—(mR—:CPJ:—q7,L=L Fz)=0, x=2, f(2)=—(42°—62+2)

Then

1
b,, =2[~(42°~62+2)Sinn 724z (3.183)
0

73



1 1 1
= (—8.[228inn rzdz +12I zSinn 7 zdz —4ISinn ﬂZdZJ
0 0 0

—8((2—(n7r)2)cos n”_z) 12cosnz _ 4(1-cosnx)

(nﬂ')3 nz

((8(n7z)2—16)(—1)n+16) 8(-1 4

b, =
> (mz)3

Similarly,
1

R, )= Zjo-sin nzzdz=0
0

Let

So,

u,, (t) =0 +b, e™*

From equation (3.152), we obtain
Us, (£) = by,e”*

Thus,

W, (z,t) =D by e *Sinnzz

n=1

Consider equation (3.137) given as

Nz

nrx
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nz

(3.184)

(3.185)

(3.186)

(3.187)



%:Lg % _q7uo_le’5t
ot 4Reoz\ oz

U (z,0)=0, u,(0,t)=0, u,(Lt)=1

This is a non-homogenous boundary condition problem. We first find a function,

1;(2,t) which satisfies the boundary conditions. We let

14,(2,1) = a(t)+%(ﬂ(t)—a(t)):0+ 2(1-0)=2t°
We make the change of variables

Uo(Z,1) =V, (2,1) + 15(2,1)

Then

%: %_’_%: %4_0:%

ot ot ot ot ot

%: %4_%:%4_1

oz oz 07 oz

o’u, 0%, . Oy 0,

ot ot ot o

Uy (2,0)=V,(2,0)+ 1, (2,0)= v,(2,0)+2=0=v,(2,0)=-z
U, (0,t)= v, (0,t)+5(0,t)= v, (0t)+0=0=  v,(0,t)=0
U, (Lt)= v, L)+ Lt) = v, (Lt)+1=1= v,(Lt)=0

Then equation (3.137) reduces to
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(3.188)

(3.189)

(3.190)

(3.191)

(3.192)

(3.193)

(3.194)



2
Ny _ av“—q7v4—q7z—/1e"gt

ot 4Re 0z° (3.195)
v,(2,0)=-z, v,(0,t)=0, v, (Lt)=0
Comparing equations (3.195) and (3.151), we have
c e
TR a=-q,, f(x)=-z, L=1 x=z, F4n(t)=—(q7z+ae t)
Then,
1 _ n
b,, = —ijsin nrzdz = 2cosnz _ 2(-Y)
0 Nz Nz
1 1
F, (t)= —2(q7J‘ zsinnrzdz +ae"“J'sin nﬂzdzJ
0 0
_ 2[ 4 (Y, a (1— cosnz JJ
nz nz
n —st n
20, (1) o= (' 1)
F, (t)= 3.196
(1) — nz (3.196)
Then
20. (=1)" ¢ al(-1)" -1)t
V,,(t) =™ MjeqsfomM [e* T dr |+b, e (3.197)
Nz 0 Nz 0
_q) o((-1)" -1
Vo (1) = 26 (-1 (1—eq8‘)+—(( ) )(e“ft —e ®)+h, e
Nz, nz (g —¢)

Therefore from equation (3.152), we obtain
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v,(z,t) = Z(q9 +0,e % +q,e" )sin nrz (3.198)

n=1

Thus
Up(z,t)=2+ Zool(q9 + e * + e )sinnrz (3.199)
n=1
where
26, (1) 20,1 ()] el
q9:—’ 10 = br‘l_ - ' qllz—
N7zd, N7z, nz (g —¢) nz (g —¢)

Consider the equation (3.138) given below as

2
My e, ¢ 2(008u0+au1]—Ha (—Bifu, +u, + fwo)—;—P(eouo+ul)+
e

ot 26z 4Reoz\ oz oz ) Re
g6, +14,
u,(z,0)=0, u,(0,t)=0, u(1t)=0

This is a homogenous boundary condition problem. Rearranging the above equation, we

have
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ou, ¢ o edu, ¢ 60, ¢ (du, (a4
— QU ———2+ —2 + -
& 4Re az* 201 4Re o 4Re\ oz )\ oz
a’ . cP
e (Bifu, + mo)—%eouo +96, +14, (3.200)
u,(z,0)=0, u, (0,t)=0, u (1t)=0
But,
00, < ¢
a——1+ > (o + (b, —0,)e ™ )nz cosnzz (3.201)
z n-1
6uo _ . —Qgt —st
= =1+ Z(q9 + 0, % +q,e )er osnrzz (3.202)
n=1

8 (Z'l‘i(ql b q1 e %t)SII’I nﬂzji(qg+qloe—q3t+qlle_et)(n7[)2sin N7z

n= n=1

= ‘i(% + Qo€+ e )(rw)2 zsinnzz -

. h - 3.203
00l + Chlhoe ™ +hle ™ +0y (b, -y )e ™ + (3.203)

)e—(qw% L Oy (bn —q, ) o (Go+e)t

}(n;r)zsin2 nzz

=3
1
iR
>
I
iR
O
=
o
—~
O
O
=

n_

(aauz j( j (1+Z(ql +(b, ql e %t)nﬂ'COSﬂiZ'Zj[l-i-Z(qg+qloe W 1qe “)nﬂcosn;zzj

=1

=1+ i (0l + Choe ™ +0e* Jnz cosnzz + Zw:(ql +(b, —0,)e * Jrcosnzz +

n=1 n—1

>

n=1 n=1

(qlqg + 04k ™ + e + 0 (b, — 0 )&+ +

2 2
b (o)t b —q.)e (%relt ](n”) Cos” nzz
qu( ql) +q11( ql)e

(3.204)
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Upb, = (z Jri(q9 + Qo™ + e )sin nzzJ(z +i(q1 +(b, =, )e™*")sin n;rz]

n=1 n=1

0

-7 +Z(q1 +(b, —q, eq"‘)zsmnnz+2(qg+qme e zsinnzz +

o @ (qlqg + 0,0 * + 00,0 + 0y (b, —y e +] .
> sin?nrz

0o (B, — 0 )& ***) +q, (b, —q,)e (3.205)

1
f(z)=0=h,, = Zjo-sin nzzdz =0
2 (3.206)

Then,
_ 1
qu_[SIn nrzdz + Z(qu% + 0y 0ho® ™ + 008 Afgle + %efq‘ﬁ J n;zj cosnzzsinnzzdz —
» _ 1
Z(qlsqg + GyaCho€ ™ + Gaye " + Z—%+%eq“jf zsin® nzzdz +
n=1 0
ey (07)° 0o (07)" oy, COhtho (7)° o 0 (B~ ) (n7) s,
4Re 4Re 4Re 4Re
AN Ccho b ql)(n”) (g3 )t an (b ql)( ) ~(q+elt
nz nz 4Re 4Re ¢
1
J'(sin2 nzz+cos’ Nzzsinnr)dz
0
1
R () =2 +0y [ Zsinnrzdz +
0
Ha’Bifq, Ha?f , _. o Ha’Bifg, _,
o R ———R | -B b gt _ 1T PTMI1 4t 1
z ( Re +gql+ q3]+ e ( Iq10+ n)e Re e + -[sinZ nﬂ'ZdZ—
"g(b,—q)e ™ +1(b,—q)e ™
1
EIZZ sinnzzdz +
Rey
» 0,0y, % + 0,0, + 0y (b, —0,)e* + )1
D3 e N q(j;%l % (b, q:0)+e> [sin® nadz -
n=1 n=1 Cho(b Q3) +q11(b qs) 0
ii(m —lge ™ + Iqse‘qﬂ‘)jsin2 nrzdz
n=1 n=1 0
(3.207)
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—Cgt —ét —Cgt —gyt
q15+Z(q16+q17e T+ 0" 0 + Gy )"‘

R, (t)=2 B w”:l
DD (s + 0™ G+ Ui e P e g0
n=1 n=1
(3.208)
Then,
t © t t t t t
qlsj.eqsrdz- + Z[qmj‘eqsfdr + q17J.dT + qlsj.e(qsfc)fdz' + qng‘e(qr%)rdT + qzoj.e(qs%)rdz.] +
0 n=1 0 0 0 0 0
t t t t
Vo (1) =267 | |, [e¥dr+ay, [dr+a, e dr g, e P dr +
i qzsje’“°’dr + qzﬁje(qfq‘”)’d T+ qNJ.e(C'H’qZ)’dr
0 0 0
(3.209)
i.e
0 Zﬁ(l_ eiqst ) * q17te7q8t ’ (q ql—s S) (e_gt B eiqst ) +
%(1—e%t)+z ’ ? i
0s n=1 O (e—qot —e %t ) + Oz (e—qzt _e*%t)
(qa_%) (qa_qz)
Ve, (1) =2
% 1— e—qst + —ggt qzs —et 0t q24 Ot -Gt}
Q,te % +——2 (e —e %)+ —2__(e e
0 0 q8 ( ) 22 (qg_g)( ) (qg_qo)( )
22
n et | Oos (o-(Graolt _ oot ) + Os6 (e_(qu+£)t PSS ) 4 Yo (e—qzt _e—qgt)
o (0=t —¢) (G —0;)
Therefore,
ul(z,t):ivsn (t)sinnzz (3.210)

n=1
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Consider equation (3.139), given below
2 2

96, , ed0, ¢ 0 (0 690+%)+ bc (auoj +(8woj _

ot 20z 4ReProy oz oz 4Re\ oz oz

bHa 2

2 (o) +(we)") - Re6,

e(z 0)=0, 6,(0,t)=0, 6,(Lt)=0

Rearranging the above equation gives
30, ¢ 30 o, 00 ¢ (36

ot 4RePr oz° 4RePr ° 0z°  4RePr| oy

be ((éu, Y’ 8W0j2 bHa? [, . 2\ € a6,

+ — U,) +(w,) | -——— 3.211
4Re((azj (82 Re ((0) (0)) 2 0z ( )
6,(2,0)=0, 6,(0,t)=0, 6,(Lt)=0
i.e

c gt
6, ¢ 0% Ra%0 [4Rem 2jml(b -G )
S " aRePr ot + Uy + OpoZ — Uy +HZ; obe 1 Nz CoSNzz+

TGRSR
z . 20, (b, o
nZ:;ArR(;Pr(CIH—(bn*ql)e’q“‘)sinnzzz lel Rem{?;*q%)( 72%:11) ]n;rsinnzrzcosn;rm—
ii%e((qg+qloe +qe") +ble zqﬁ’) (nz)” cos? nzz - 22(q9+q0e ® +gpe ) ggzsinnzz -
ii ( 0o + Oyt ™™ +q11e’€) +b§ne’2qﬁ‘)sin nrz
6,(2,0) 6,(0,t)=0, 0,(1,t)=0
(3.212)

f(z)=0=>b, =0 (3.213)

Then
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1 1 1
qZSJ'sin nrzdz + ngj' zsinnzzdz - qSOJ' 2°sinnzzdz +
0 0 0

c e "

N (4RePr_EJ(ql+(b“_ql)eqt)+ L .
z 2blc WZ’ICOSHﬂ'ZSII’]ﬂﬂ'ZdZ—i—
| Jg (% e e ) °
© 1

¢ qt 2

0 d

;4Repr<ql -q,)e !sm nrzdz +

7 [Ms

o0 +2 b - € ! + h
z C oh qlg n ql) rwj'sin2 Nz cosnzzdz +
107 4RePr{ (b —q )’ e 0

- 1
_ 2 ) ) _
Z blR ((q9+qme “+que) +be qut)(nﬂ) [cos? nzzsinnzz -
0

n=.

1
2( Gy + G ™ + 0™ )qgof zsin® nrzdz -
0

i

®© 1
2 -
D G ((qg + 0 " + qlle““) +bZ e )J-sm3 nzzdz
0

n=1

I
uN

n

(3.214)

O (1—(—1)”) O (<1) %o ((2—(nﬂ)2)(_1)2 ~ 2)

+ - +
Nz nz (nﬂ)?’
C e gt
(1| (amem 3 (0 G|
n=1 2 2b1C

4Re (q9 + o€ ™ + e _gt)

- c
2 3Re

Pr
o w 1)
2.2, 4b1R ( 3(n ) J((qﬁqme‘%‘+qne‘“)2+b§ne‘2‘*gt)(nﬂ)z—

20, (1+(n7r) —(—1)2”)
4(n7r)2

R ((_1)3n B 3(_1)n + 2)

3Nz

(ql (b,—q,)e %t Ism nrzdz +

s

9 _q8t+ 11 )=
(0o +choe ™ +ay,e™)

>
Il
N

M
M

1
+\2 R .
((qg + 0,8 % + qﬂe““) +bZ e ) j sin® nrzdz

>
Il
N
>
Il
N

(3.215)
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Ve, () =2

where

L [0(-(2) qury wl(Z-0o)-2))
q_o nz " o (n7z)3 (l_e )+

il 2fane).

© :
2bc| q g q “at amag q -
re(i(l_eqt)-’_ 10%)(e ot eqt) (qong)(e t eqt)]

(qo_

nz;lsRcePr[g_:(1_6_%)*“’“_%)te_wj+
9y 1t 20,0, ~Ggt _ —Got
qo( ° )+(qo_q8)(e ° )+
2 9M11 —¢t —Cot
(q?_qg)(e e )+

L& blc(nﬂ')z (1_(_1)3”) q30 ((_1)3n_3(_1) +2) (b3’2n+q120) 20t —qqt

Z;Z; 4Re [ 3nrx " 3nr (g —20;) voer )+

Zquu 2zt ~Got

(qo—(qs+8))(e )
@z

i 2q30(1_(_1)2+( 1)2”) Oy t Gho — gt got Oy t A=t

n—l[ 4(n7r)2 {a(l ¢ )+(qo_qs)(e ¢ )+(q0_8)(e ° )]

(3.216)

Oy (167 )+

2 (q48 (1_ e ) +0gte ™ + 0y, (equt —e ) ~ O, (e_gt —e )) +

U39 (1_ e ™ ) + 0y (e_qst —e ) +0Q4, (eigt —e ) + 0y (e—qut —e % ) +

| O (e_(QS+6)t et ) + s (e—th _ e—qot)

(3.217)
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(c e) £+c(n7z) - +|_HazBif
%= JrRe 2)% 7| Re T4re |H 7|9 Re |

[0 (1-(Y) qu(-) P 2(-1) ~(-1) (nr)-2
s = nx - nx _R_e (n;z')3 ,
B [nglz 4cgl j(l—(—l)zn) (ngm ¢ qu((n ) +1- ( )2") 1 HaZBifqg |
Gis = 2 o 4(n72') +§[_R—e+gql+ qu )
1002 ){1-(-1 : hotis )| (N7 +1-(-)" a
N oy
B (Q11q12)(1_(_1)2n) (%1%3)((””)2 +1_(_1)2n) 1 Ha’Bifq,,
O = 2 - 4(n72')2 _E Re ’
(el —a)(21-(-1)") Pe(b,—a)((n7)°+1-(-1)") g(b, —q,)
Ghe 8Re - 4Re(nz)’ T ’

1
Uz ZEI(bzn _Q3)’

0 cqlqg(nﬂ)z{(l)s“3(1)”+2+1(1)3"J+qlqg((l)3”3(1)"+2) lg, J

4Re

4Re 3(n7z) 3(n7z)

_ CChqn(n”) ( ( 1) ] Q1q11((1)3n3(1)n+2)]

q,, = T (n”)z [3_3(_1)” ]_,_ o ((_1)3n _3(_1)" M Z)J

%= T Re (nz) 3(nz)
[ can (b, —a) (o) (1)), BB - @) (D7 -3(-2)"+2) g,

o = 4Re (n7) 3(nz) 2

o | el ma) () (1 (1" ) Go(ou-w)((-1)" -3(-1)"+2)

* 4Re (n7z) 3(nx) ’

cq,, (b, —,)(nz)” [ 1-(-1)" qn(bn—ql)((_l)sn_3(_1)n+2) g, bc e

U = 4ARe (I’Vr) + 3(nﬂ_) aq27=%v%8:[m_§j'

(

e g b i{qw(l(l)“)ng(w%(<2 nﬂ>2)<1>”2)}

T 4RePr’ ™ Re ’qSl_qO nz nz (nz)’
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0 2 ARePr 2

g, =% (1—(—1)2n) ( c ej’q33(bn_ql)[

o)

2n 2n
o/ () (25, (")
do 2 4Re (G —05) 2
__ac _c(b-a) | be(nr)’
q37_8RePr 1M38 T 8 1M39 T
Jo RePr Oo| 4Re

q4":(qo—qg) 4Re 3(n7)

26,y [blc(mr)z {1—(—1)3” J o (1) -3(-1)' +2)

Y=g -e)| aRe | 3(n7)

_ (b5 +a%) | be(na)* (1-(-1)"

20,0, [bp(nﬁ)z {1—(—1)3n }_ Uso ((—1)3n _3(_1)n + 2)

q42(qOZqB)( 4Re [ 3(n7) }r

20,0, [blc(nzr)z [1—(_1)3” } Go ((-2)" -3(-1)" +2)

q“3:(qo_(q8+5)) 4Re 3(n7)
@ [be(ep (1) (D7 -3(-1)+2)
s = (0,-2¢)| 4Re | 3(nx) i 3(nz

Thus from equation (3.152)

6(z,t)= iven (t)Sinnzz
n=1
Consider equation (3.140) given by

ow, eow, ¢ 6( oW, 8\/\/1) Ha’
—t——=——O,—+— |-
ot 20z 4Reoz 0z 01 Re

w,(z,0)=0, w, (0,t)=0,

Rearranging the above equation gives,

. cP
(—Bifw, +w, — fuo)—%(é’ow0 +W,)

w, (L,t)=0
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ow, ¢ o'w, cd, o°'w, ¢ (ow,\(06,) Ha?
= > W 2 T -

ot 4Re oz 4Re o0z 4Re\ oz 0z Re

cP e ow,

- W _—

Re( o) 2 0z

w,(z,0)=0, w, (0,t) =0, w, (Lt)=0

Then

0y,b,,e7* (n7z)cosnrz +

w_ ¢ ow — W Zbg{ (nz)’ +1+( (nz) +CPHe ®zsinnzz+

(2,0)=0, w, (0,t)=0, w,(Lt)=0

4Re 07° 4Re Re

Zw:bsn[(n”)erlJ{% ;F;De “(q, + (b, — )& )sin® nrz +

o0 2 2
zbgneq8t<ql+<bn—ql>ew{w_;ﬁsm ]
e e

2 2
Ha 1 (qg +(y + Biby, )™ + qlle"")sin nzz+ HI: f
e

A

Ha?f ¢

- 2
. J.ZSiﬂnﬂZdZ—Zb3n(C(n”) ije q‘*'.[zsm nzzdz +

4Re Re

quz 1€ (n7r) Icos nzzsin nzzdz
n=1

1
(t)=2 Z ( (0, + Bib,, )e ™ + qne‘“)'[sin2 nrzdz +

n=1

[Ms

ib3n[ (nz) +1+[CS]T”6) ;Pene qsl(q +(b,—q,)e “0‘ jsm nzzdz +

=1

>
]

W
>

M8

]
]

[N
]

=1

- \| €(n7) : Pt
> be (g, +(b,—q,)e ““‘){%!cosz nzzsin nnzdz—ﬂj.;sm%;rz
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(Bifw, — fu, ) -

(3.219)

(3.220)

(3.221)



Haf ib (1+n2”2_(_1)2n) C(nﬂ)2+£ eq8t+iq12b3”(l_(_l)2n)eqat
n;rRe i 4(nz)° 4Re  Re e~ 2
= Ha?f a
; T (0 + (0o + Biby ) e ® + e )+
Fn (1) =2 b, ((_) -3(-1)’ +2) c(nz)’
2 en CP | o at
8 b _ o
zlz 3nz { 4Re Re]e (ql (b, ~a)e ™)+
. 2(1_( g\ —1)3”—3(—1)”+2)
—Qgt - —0ot C(n”) 1 ( 1) _E ((
n:lnzz;b“e (+(b,-)e )[ 4Re { 3nz Re 3z
(3.222)
i.e
2 12b3n 1-(-1 o
Ha f(q10+B|b3n) w_
Ha? f 2Re 2
. dy (1_e—qsl)+ . te—%' +
_Hazf(—l) (1_e—q8t)+i 2Req, (1+n7z -(-1) ) c(n;r)z P .
nz Req, P} an 4(n,;)2 4Re Re
Ha’ fq,  oma
Fn(t)=2 2Re(q8—g)(e e )
by, ((-1)"" -3(-1)" +2) [c(m)z P ]+
3nz 4Re Re
SAY —0gt (bn ql) (0o +0g )t — 0t
ZZ 3n n (qlte ® —€ *
n=1 n-1 A C(nfr)z 1_(_1)3” _CP((—l) —3(—1) +2) Oy ( )
" 4Re 3nrz 3nrRe
(3.223)
Therefore, from equation (3.152)
W, (z,t) =D v, (t)sinnzz (3.224)

n=1

Consider equation (3.141) given as

oh eop ¢ ( ody , a¢1j+T Ze_Kr¢
ot 26z 4ScReoz\ ' oz oz oz° '
#(2,0)=0, 4(0,t)=0, 4(Lt)=0
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Rearranging the above equation gives

/4 .

ot 4ScRe o7% 0z> 2 0z 4ScRe 9z 4ScRe\ oz
4(2,0)=0, 4(0,t)=0, 4 (Lt)=0
o4, ¢ &

=— —Krg +T, Vv n;z sinnzz—
ot 4ScRe oz° A ZG”

%[H Z[qg —q;)e ™ i(% — 05 % +q.e ™ )j] Nz cosnzz+
n=1

n=1

¢ 3 ~G2t N —at —Qot
4Re5c[z+“[q3 —0)e ™ -3 (0, ~ae ' +q.e )nnnzcosnnu

n=1

(q1+(b ~q,)e qo‘)slnn;zz ii(qlJr b, —q, eq°‘)(q3+(b2n—q3)e’q2t)—
1 n=1

[Ms

n=1
o0

(q4 —ge ™ +q.e ™ )nzz cosnzzsinnzz+
n=1

4R - [l+;(q1 -q, )e’“‘°‘)n7rcosn7zz+g(q3 (b,, —a;)e qz‘) g(q4—qse‘q2‘+q6eq°‘)jn7rcosn7zz+
iZ(ql +(b,—q,)e™™ )(q3 +(by, — )™ —i(q4 -6 ¥ +q.e ™ )j(nﬂ)2 cos’ nrz
4,(2,0)=0, 4,(0,t)=0, 4(Lt)=0

(3.226)
f(Z)=O:>bSn =0 (3.227)
Then

1 © 1
qszj.sin nrzdz +Z(q1 +(b, -, ) e =T,V (t)(n;z)z)‘[sin2 nrzdz +
0 n=1 0

C - - -
4Re Sc 2)(% ( 2n_q3)e th_Z(%_qse qzt"'qee th)j"' 1

Z [ nﬁjcos nzzsinnzzdz +

n=1 _ —qot c 0
(q1+(b" %) )4ReSc

Fo(t)=2| * ¢ j'zsinn;zzdz+
LA 4ReSc

c 2 . ) h .
m[qa +(b,, —0,)e _nz:;(% —g,e ™ +qe )jn;z.!zcosn;rzsm nzzdz +

iﬂ ( b ql)e qot)[q3+(b2n g %t nz::( qse-qzt_l_qee,qot )j

n=.

1 n=1

o t— ﬁMS 'LMS

1
cosnzzsin® nrzdz + n;rJ. cos® nzzsin n;rzdz}

(3.228)
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+(b, =0, ) e —Tyve, (t )(n;r)z)+

n=1

e N gt ~qot
o (4Re Sc _Ej(qa + b, q3 Z(q4 —Qse ™ +0se )j"‘ 1_(_1)2“
2 |+

" ( (b -a)e” th)4ReSc
_ (-1
Fon (1) =  4ReScnr
- ¢(1-2(-1)") s ) )
;W[% +(by, —0;)e ™ —nz;(% —0se ™ +qqe th)j"‘

= = nr(l-(-1)"
il

(a+(b, —ql)e'q°‘)[qs +(b,, — ;)6

i.e
Uss + z(q54 + qSSeitJIOt — Os6Ven (t)) +
n=1
Z((QW + QSBe_th - Z (q59 - qsoe"‘zt + qele‘%t )J + (q62 + qese—%t )] _
n=1 n=1
I:8n (t) =2 Z(qm + qeseiqzt — Z(q% — qme*qzt + qGSe*%t )j n

I
N

n n=1

0

5 =
" (e — e @ e

n=1

s

Il
4N

n

Then
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-Gt -Gt gt -t ~(do+9
Qeo t 7€ ™ _Z(QH 0,€ ™ +05€ 0)+q € + 0,8 -

0

-2 (d, —ae +g.e™™)

=1

>

(3.229)

(3.230)

J




Vg, (1) =2

where

U5 =

2046k (1+(n7)" ~(-2)"")

s

2000 (1+(n7)" = (-1)")

(3.231)

20,00 (1+(n7)" ~(<2)"")

1q = ’q = 1
4(nz)’ g, * 4(n7 ) (do— ) Y a(nr) (g —¢)
C e
Uss :(q31 *+ 05 — Uy +Q34)aQ49 :(Q33 +QB8)’q50 :(Q35 _q4s)vq51 :(%e _q47)vq52 :(4RGSC_2\J,

q53

Os7 =

Oso =

Oe, =

Oes =

c(b,, —q3)(1—

% (1-(-0")  c(-ay G bt T (n)’
nr 4ReScnr s = 'q55 e = 2
l—(—l)2n c e l—(—l)zn ( c ej
-~ 1,q.. = b, — -=,
2 q3(4ReSc 2) Ges { 2 (620~ ) 4ReSc 2
1_(_1)2n ( c _ej _ 1_(_1)2n ( c _ej _ 1_(_1)2n ( c
2 Y| JResc 2) 2 %| 4Resc 2) M 2 %| ZResc
g ol
2 %| ZResc ) %~ 2 "% JRese )% T 16Resc

2(-1)")

ca, (1-2(-1)")

16 Re Sc

66 —

16 Re Sc

l

90

cds (1-2(-1)")

67 —

16 Re Sc

g (1-2(-1)"")

68 —

16 Re Sc

Z—i‘(l—e’q2‘)+(qz_qo) e o)
o1 (1 _gat)__ G Gt _ gt
qz( e ™) (qz_qo)(e e ™)+
Y —ay Gt _ -t
") g )(e%‘eqﬂ)%[(;ea; >(iq T )]+
2, 1 2 — o PR b, — 0o
50 ot _ ot G50 (pat _ gt sy ot ot
B (1-g4)1 Y (qz—qa)(e ) (@-a) )+(qz—£)(e )
R n=1 ( Os1 )(efqntiefqzl)Jr
c]27qo
Shelie S 1_e)_ 90 Gt p-pt Y40 ot _a-t) | a0 gt qt) _
Z;;[qz( =) (qfqo)(e ) )+(qrqg)(e ¢ )] (Qz*%)(e =)
Qa1 R A 1 —aot _ -0t 942 26t _ a-gt)__ Ua Gt _ oGt
(qz_“:)(e ) (qz_qo)(e ° )+(qz_2qe)(e ¢ ) (qz_qo)(e ) )+
Qs “(arel o) Oag Qb _ -t Qua 2t n-at)__ Oua Gt _ ot
(qz_(qs"'g))(e ¢ ) (qz_qo)(e )Jr(qz_zg)(e ¢ ) (qz_qo)(e ¢
i[[% (1 e"“)+q te %t — zq59( e"‘?‘)—qeote’q”+7q61 (e““’—qu‘)j}r[qez(l—e“Z‘)Jrq63 (e"‘“‘—e""?‘))—
L O, (9,-9) 9, (9,-9)
N [Z&t(l_eqz\)+q65te<12‘ _Z[%(l_efqzt)_qwtefqzt_'_ qssq )(e Wt _g-aut )]J+
n=1 2 n=1 2 2~ Mo
Ogo 1t te—t _ S [h 1_e®)_qg. te O3 ot _ a Gt j G4 ot _ ot ) _
iz’a‘ %( e )+qme HZ; ( e )—qg,te +7(qz_qo)(e e ) (qz_qo)(e e )
=1 n-1 h(e,(q e qz\) i[ Gz (e ot _efqzl)_'_h(e*(qrr%)t _e—qzt)+ O7s (e—unt e )]
(o} 1 dy) (o} (qz _2%)

e

2

)



qlqsnyz(l— (—1)3") o (b, — ;) nﬁ(l— (-1)" ) qlq4n7z(1— (-2)" )

Ogo = 3 1070 = 3 17 = 3 .
qlqsnzr(l—(—l)3”) qlqﬁnn(l—(—l)B”) g5 (b, - qg)nﬂ(l—(—l)gn)
Ur, = 3 1O73 = 3 1O7s = 3 )
(b, =) (b @)z (1-(-1)")  qy (b, —q)n7(1-(-1)")
Ors = 3 U6 = 3 ,
3n 3n
qs (b, —ql)nfz(l—(—l) ) gs (b, —ql)nn(l—(—l) )
G = 3 1 O7g = 3 .
Hence from equation (3.152) we obtain
4 (2.) =3y, (1)sinnzz (3.232)
=1

Therefore the solutions to the governing equations for case 1 are given as:

0(z,t) =z+ i(ql +(b,—q,)e™* )sin nrz+ aivGn (t)Sinnzz (3.233)
n=1

n=1

o0

#z,)=z2+ i(% (1— g % ) - Z(q4 -6 —ge ™ ) +b, "% js innzz+
n=1

"= (3.234)
aY Vg, (t)sinnzz
=1
w(z,t) = i b,.e *Sinnzz + aiv7n (t)Sinnzz (3.235)
n=1 n=1
u(z,t)=z+ i(q9 + 0o — e ) Sinnzz + aiv5n (t)Sinnzz (3.236)

n=1 n=1

®_d_,

3.2.6Case 2: When the pressure gradient is a constant: o dx

Since we are taking pressure gradient to be a constant, then solutions to the governing

equations of case 2 are obtained by setting £ =0in case 1.
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In this case, equations (3.50) - (3.53) reduce to

2
a—u+§a—u:—i+iﬁ((l+a0)a—u} Ha - ((1+ BiBe)2+Be2)—
a2 4Re 0z 0z) Re((1+BiBe) +Be’) (3.237)
cP
R—e(1+ af)u+Gr,0+Grg

2
@+§@=Lﬁ(( +a9)@j— ((L+BiBe)w-Beu)-
&t 201 4Red o) Re((1+BiBe)’ +Be’ (3.238)
cP
%((u ad)w)
2 2
%+§% - i((1+oa9)%j+C—EC(1+0(6?) (é_uj +(8—W] +
ot 20 4ReProz oz ) 4Re 0z 0z (3.239)
2 :
Ec.Ha (u*+w*)—-Ra’0
Re((1+BiBe)’ + Be?)
ot 20z 4ScRe oz oz) 4 e* "
3.2.7 Case 3: Steady State Reaction: % =0, *={u,w,0,¢}
In this case, equations (3.50) - (3.53) reduce to;
2
Li((uag)d_uj_id_u_/l_ Ha _ ((1+ BiBe)u + Bew) -
4Re dz dz) 2dz Re((1+ BiBe)’ + Bez) (3.241)
£(1+ af)u+Gr,0+Gr,g=0
Re
2
Li(( +a )d_wj_gd_w_ Ha - ((1+BiBe)w—Beu) -
4Re dz dz) 2dz Re((1+ BiBe) +Be2) (3.242)
L 1rap)w=0
Re
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2 2
¢ i((1+056’)d—‘9)—§d—9+£(1+050) (d_uj +(d_wj +
4RePr dz dz 2dz 4Re dz dz

, (3.243)
Ectia (u?+w?)-Ra0=0
Re((1+ BiBe) + Be)
2
¢ i((1+a¢9)%j—§d—¢+T—Dd—?—Kr¢:O (3.244)
4ScRe dz dz) 2dz 4 dz

Next, we shall examine the properties of solution of the steady state.
3.2.7.1 Properties of solution of steady state reaction
Here, we consider equations (3.241) — (3.244) when 4 is constant i.e when =0 and

B, = B, =1. Then equations (3.241) — (3.244) reduce to

¢ du Sdu 4 Ha?

4Redz? 2dz ~ 5Re

(2u+w)—;—2u+Grge+Gr¢¢:0 (3.245)

2 2
e dw _Sdw_Ha o, 1) Pu-o (3.246)
4Re dz 2 dz 5Re Re

2 2 2 2
¢ d—f—id—0+—CEC (d_uj +(d—wj EcHa (u2+wz)—Ra20=0(3.247)
4RePr dz® 2 dz 4Re(\dz dz 5Re

c d’¢ Sd¢g T,d

4ScRe dz2 2 dz 4 dz?

~K,$=0 (3.248)

Theorem 3.4: Let Ec >0, Ha? -0, 4 —>0,S>0,c>0, Re>0
P>0, Pr>0, Ra’>0Gr, >0, Gr, >0, Sc>0, k. >0, T, >0. Then the equations

(3.245) — (3.248) have a solution.
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Proof of Theorem 3.4:
Equations (3.245) — (3.248) can be written respectively as:
Lu=f(zu) Lw=f(z,w), LO=1(z,0) Lg="7(z9)

where

2
u-_¢ du_Sdu_cP u (3.249)
4Re dz 2dz Re

f(z,u)=-Gr,0 —Gr,¢

2
we_C dw_Sdw_cP (3.250)

" 4Redz? 2dz Re
f(z,w)=0

2
¢ 070 _5Sd9_pag (3.251)

T 4RePr d? 2 dz

f(z,0)=0

c_d Sdp_ (3.252)

Lg=—r -2
¢ 4ScRe dz? 2 dz

T, 0°60
fed)=-2 o

Let
u(z)=0, w(z)=0, o(z)=0, #(z)=0 (3.253)

We shall show that (3.253) are the lower solutions of equations (3.249 — 2.252)

respectively.
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u(0)=0, u@)=0

w(0)=0, w(1)=0

00)=0.  6@)=0 (5259

#(0)=0, ¢@1)=0

Now

du_du_, g (3.255)

dz dz

aw _ dz‘;—" —w=0 (3.256)
z dz

d_Q:dZZQ:QZO (3.257)
z dz

9 _ 49 s 9 (3.258)
z dz -

This imply

Lu=0, Lw=0, L&=0, Lg=0 (3.259)

f(z,u)=-Gr,0-Gr ¢, f(z,w)=0,f(z,0)=0, f (z,@):—%%(s.zao)

Hence

Lu> f(z,u),  Lw>f(z,w), L&>T(z,0) L > f(z,gﬁ) (3.261)

By definition 3, u(z)=0, w(z)=0,0(z)=0,¢4(z)=0 are the lower solutions of

equations (3.249 — 3.252) respectively.
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Also consider

. - _ P - cP
=1+(Gr, +G , =1+z, 6O(z)=1+—172, =1+—12(3.262
u(z)=1+(Gr,+Gr,)z, w(z)=1+z (2) o o(2) +Rez( )

We shall show that (3.262) are the upper solutions of equations (3.249 — 3.252)

respectively.

Clearly,
u(0)=1  u(1)=1+(Gr,+GCr,)
w(0)=1, w(1)=2
6(0)=1, 5(1)=1+E (3.263)
Re
— cP
0)=1, 1)=1+—
v(0) p(1)=1+ o
Now
du d’u -
E=(Gr(,+c3r¢), = =0, u=1+(Gr, +Gr,)z (3.264)
_ —
W _ ) dW g w=1+z (3.265)
dz dz
_ —_—
d_‘9:E1d_ZH:01g:1+£Z (3.266)
dz Re dz Re
_ —
dg _Pc d 0,1+ (3.267)
dz Re dz Re
These imply
LG:—%(Gr9+Gr¢)—CR—PG, LV_V=—%—;—PV_V,
o € . Pe (3.268)
Lo=-> _Ra?g, Lo=-> K ¢
2 Re 2 Re



f(20)=-61,0-Grg. 1 (2) =0, £ (28)=0.1 (29) =2 C7  (3269)
Hence
Lu< f(z,ﬁ),L\ng f(z,v_v),LQS f(z,g’),ngs f(z,?ﬁ) (3.270)

By definition 4,

u - 2 cP _ - cP
=1 =1 =1+— =14+
u(z) +(Gr6,+Gr¢)z,W(z) +2,0(z) +Rez,¢(z) togl e the upper

solutions to equations (3.249 — 3.252) respectively.
Hence, there exists a solution of problem (3.241) — (3.244). This completes the proof.
3.2.7.2 Solution of Case 3

Here, we solve equations (3.241) — (3.244) satisfies (3.54) using perturbation method.

LetO<a <<1 such that K, = g,a,Ra’ =b,Ha* =da, P =ea,Gr, = ga,Gr, =la and

suppose the solution of equations (3.241) — (3.244) satisfies (3.54) can be expressed as

U=u,+au; +...
W=W, +aW, +...

(3.271)
0=0,+ab, +..
p=¢,+ag +..
Processing and collecting like powers of « we have for:
a’:
c dzu()_gdu()_/1:0
4Re dz* 2 dz (3.272)

97



c d?, Sdg, cEc (duoj2 (dWoT
4RePr dz? 2 dz 4Re|\ dz dz

0,(0)=0.6,(1)=1

c d’¢ Sdg, T,d%,
4ReSc dz* 2 dz 4 dz?
¢,(0)=0,¢,(1)=1

4Rel d22 42 " dz dz ) 2 dz
d

Re((L+ BiBe)’ + Be’

u0(0)=0,u1(1)=1

c (dzul d’u, . d6, duO]_gdul_

((1+BiBe)u, + Bewo)—g—Zu0 +06,+1g, =0

c (d’w,  d’w, d6,dw,) Sdw
2 TOh——5 ) B

4Re | dz dz dz dz 2 dz
d

Re((1+ BiBe)’ + Be’

W, (0)=0,w;(1)=0

: ec
((1+BiBe)w, - Beuo)—éwO =0

aRePr| d2 " °dz2 \dz ) | 2dz " aReldz dz  dz oz
2 2
Eeo (%j +(%j + dEc . (ug +wg )—b6, =0
4Re "(\ dz dz ) ) Re((1+BiBe)’ + Be’)

6,(0)=0,6,(1)=0

c [dzel d%6, J{dgo jzj S dg, 2cEc[duO du, | dw, dw,
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(3.273)

(3.274)

(3.275)

(3.276)

(3.277)

(3.278)




c (d? d’¢, do, d Sdg T, d?6,
( ¢1+9 ¢0+ 0 ¢0j_5d_fl+TD dzzl_gl¢0:O

4Rel dz? °dz? dz dz
(3.279)

4,(0)=0,4(1)=0

Consider equation (3.272),

d’u, ,du,
dz® p az 7
Uy(0) =0,u,(1) =1

where

2ReS 4Reo
ﬂ: Y=

c c

Let

g% (3.280)

d
d_q =y (3.281)
YA

So

z z

q(z) = eﬁzjﬂfe_ﬁxdx+cleﬁz —ef Lot yceh = %(eﬂZ ~1)+ce”

0 0

q(z):(%+cl)eﬂz —% (3.282)
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a (B B
U, = i(lmljeﬁz Lz, (3.283)
P\ B B

p) e
(e
C = (ef—l) —% (3.284)
5
C,=— (e/i —1) (3.285)
Then
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Uy (z)=A(e” —1)-Bz

where
(7/ +1j
A P _7
- (e/’ —1) 8= g

Also consider equation (3.273)

d’w, _ dw,
pM_g
dz? p dz

W, (0)=0,w,(1)=0

Let

dw,

Then,

da,
M -0
& A%

So
z

q,(2) =e” J'O e Mdx +c,e”
0

=e.0+c,e” =ce”

That is

—2 =ce”
dz
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(3.287)

(3.288)

(3.289)



W, (2) =%3eﬂz ‘e, (3.290)

wo(l)zc—ﬂ?’eﬂ+c4 =0:>%(eﬁ —l)=0

=, =0andc, =0

Therefore,

w,(2)=0 (3.291)
Also consider equation (3.274) given as

—p =2 =y 1y e’ +
iz P TR (3.292)

6,(0)=0,0,(1)=1

where

B :@% =—EcPr A’B?,y, = 2EcPr ABS, y, = —EcPr B

Let

a, z% (3.293)

Then

Y po —ye?t iy eliyy (3.294)
dz e ? ’

So
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4
o, (2) =% [ (1,627 + 7,7 + 7, Jix+cie™
0

z

_ehr | N L@p-R)x V2 (B-B)x
i [(Zﬂﬂl)e R

_ & e(fﬂl)x

A

z
+c.ef
0

,(2)= 71 22 72 pr | V3 i 7 ! pz_Y3 (39205
=55 G- +{ﬂ1 (28-4) (ﬂ—ﬁl)“]e 5 &%

dé, W g Vo eﬁz+[ﬁ_ % V2

= - +csjeﬂlz—ﬁ
dz  (28-4,) (B-A B (28-5) (B-5) By

00 — 71 2p2 72 pz
W=282p-m)° Bpp)°

(3.296)
[ﬁ— h 7 +c5Jieﬂlz—ﬁz+c6
,31 (218_131) (ﬁ_ﬂ1) 131 131
6,(0)=0 .= N V2 Vs 7 . g J_C_s
(0)=0=c (ﬂl(zzf—ﬂl)%(ﬂ—ﬂl) 5 28(26-5) BB-5)) B

0,(1)=1 i 2p V2 s,V i 7 Sji B _ V3
O=1= 25— ) {ﬂl 26-5) B-8) °)a° B

[ V1 " V2 A i _ V2 ]_C_szl
ﬂl(zﬂ_ﬂl) ﬂ1(ﬂ_ﬂ1) ﬂl Zﬂ(zﬁ_ﬁl) ﬂ(ﬂ_ﬂl) 181

That is
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[eﬂl —1} V3 N (eZﬁ _1) 72 (eﬂ _1) 71(eﬂ _1) 72 (eﬂl _1)
C| — |=1+"—- - + +
:Bl :Bl 2ﬂ(2ﬂ—ﬂl) ﬂ(ﬂ_ﬂl) ﬂ1(2ﬂ_ﬂ1) ﬂ(ﬂ_ﬂl)

,3[1+}/3 71(e2ﬁ_1) —72(eﬁ_1)+ 71(eﬁ_1) +72(eﬂ11)J
1 B Zﬂ(zﬂ_ﬂl) ﬁ(ﬂ_ﬂl) ﬁl(zﬁ_ﬂl) ﬂl(ﬂ—ﬂl)

=, = = (3.297)
And

_ N V2 _ﬁ_ 7 _ V> _& 3.298
s (ﬂl(m—ﬂl)%(ﬂ—ﬂl) 5 2p(2p- 1) ﬂ(ﬂ—ﬂl)J A (52%8)
Therefore,

0,(2) = Ae*” + A" + A —Bz+c, (3.299)
where

_ % D 1l n __n B_"s

A= 2pesp) " B-n) " ﬂl[ﬂl (26-5) (ﬂ—ﬂl)“f‘}l A,

Also consider (3.275) given as

dz* dz

2
T p, Sy s e +7eeﬁlz}
¢(0)=0.¢,(1)=1

where
2ReScS 4ReScT,B°A Re ScT,S°A, Re ScT, A7 A,
ﬂzz ’7/4:_—175:_—’7/6:_—
C C C C
Let
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_ 44

G = (3.300)
Then
Lo 0, =i + e e (3.301)
So
qg(z):eﬂzzj(y4ex(2ﬂ—ﬁz) _,_},Sex(ﬁ—ﬂz) +7/6ex(ﬁ1—ﬁz))dx +c,e?
- [(2ﬂ7—4ﬂ < - ot - s ZJ+C7eﬁZZ
Va 2pz )2 Vs z 2 Ve z )2 2

:m(e B —eﬁ )+(ﬂ_ﬂ2)(eﬂ —eﬁ )+m(eﬂl —e'B )‘l'(:7e/)7

c _( Va )_

" (2B-8

25 Vs Yz Ve fiz 2 Boz

()= (2ﬂ ﬂz) +(ﬂ_ﬁ2)e +(ﬂ1_ﬂz)e ’ Vs 7 °

(ﬂ_ﬂz) (ﬁl_ﬂz)
That is

Va

c,— -
d¢0 — 74 e2/?z+ 75 eﬁ’z+ 76 e/i'lz+ (Zﬂ_ﬂZ) eﬁzz
dz (2ﬂ_ﬂ2) (18_182) (ﬂl_ﬂz) Vs _ Ve

(ﬂ_ﬂz) (ﬁ1_ﬂ2)

a2/t Vs yizi Vs Bz
SRy Ml vy M e
(3.302)

P 7 S £ by
ﬂz(“ 26-5,) (f-P5) (ﬂl—ﬂZ)Je o
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1 V4 Vs I
»(0)=0 8~ 5 e
hO)=0=¢ ﬁz((w—ﬁzf( -5) (B-5,) C]
Vs _ Vs _ Ve
Zﬁ(zﬁ_ﬁz) ﬁ(ﬂ_ﬂz) ﬂl(ﬁl_ﬁZ)

MO s ) a AT AR A
£2ﬂ(2ﬁ—ﬂz)+ﬂ(ﬂyiﬂzfﬂl(ﬂﬁﬂz)}eﬂz+ 5-5) AR

Va _ Vs _ I
2B(2B-p,) B(B-5,) B(B-5)

e’ —1 Va Vs Ve B
=1 2 _1)—
07( ﬂz ] +(ﬂ2(2ﬁ_ﬁ2)+ﬂ2(ﬂ_ﬂ2)+ﬂ2(ﬂ1_ﬁ2)j(e )
V4 (ezﬂ —l) B ys(eﬁ —1) B ;/G(eﬂl —l)

2B(28-5,) B(B-5.) B(B-5)

1 Va Vs Ye b_q)_
+£ﬂz(2,3—ﬂz)+ﬂz(ﬁ—,ﬁz)JrﬁQ(,Bl_ﬁz)](e )

i 7/4 (eZﬂ _l) ]/5 (eﬂ —l) 76 (eﬂl _1)
o \2802P-1) BB-F) A(A-F) 509

()

and
1 ( Va Vs Vs J Va

Cg=— + + G 0% 2
ﬂz (Zﬂ_ﬁz) (ﬂ_ﬂz) (ﬂl _:Bz) 2ﬂ(2ﬂ—ﬂ2) (3.304)
Vs Ve

B(B-5) B(B-5)
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Therefore,
¢ (2)= Ae®” + A" + A% + A’ +c,
where

Ve
ﬂl(ﬂl_ﬂZ)’

AZL, = 7/5 , =
" opepp) " -p)

_i . — V4 7 Ve
A?‘xz[? 25-5) (B-F) (ﬂl—ﬂz)J

Also consider equation (3.276),

dz’
u,(0)=0,u,(1)=0

du
1 _ 3 2 B+p)z z Pyt
_ﬂa—%eﬂz TV Vo~ 1 . —u® . _712e( ) "’7132eﬂZ "’7’1461)71 ~ 7158

where

4ReA| ec d(1+ BiBe) )
—+ - Ap°c,+ ABB, + B-
c {Re Re[(1+BiBe)2+Be2] P+ IR A

4RegA, 4RelA
C C
4RegB, 4ReB £+ d(1+ BiBe)
c c |Re Re((1+BiBe)*+Be’) ||

V4=

Ve =

Vo=

4Re A &c . d(1JTB|E;e) : +BBl+4Re9C6+4ReIC8,
¢ |Re Re[(L+BiBe)’ +Be’ | c c

4Re 4RelA
o= A A = A7, + HTEOA AREIA

Y12 = Aﬁp‘s(ﬂ+ﬂ1)’713 = AS°B,,
. :(ﬂlA3B—4RegA3 _4R6|A6j’715 _4RelA

—2ﬂAB)

C C C

Let
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Oy =—2= (3.307)

Then

d Z z Z
%_'B%:%eﬂ +7sz_79_710e3ﬁ _71162ﬂ -

(3.308)
So
q,(2) = eﬂz_z[ 7 ygxe*ﬁx _ygeiﬂx _7’1062ﬁX _711eﬁx _7’128'/jlx + X+C,e "
4 B _, olas) ;
1\ V13X + 7148 V158
—ﬂX z z z . ,
X 1
7/7X|(Z)+}/8 ° +_2€_ﬂx +ﬁe—ﬁx _@ezﬁx _&eﬂx
& 0 g 0 P 0o 2P o P 0 B
-° +Cqe
z z
Yo opx| [Nyl Tu ((BAx__ Tis (B
b o B (ﬁl_ﬂ) (ﬂz—ﬂ)

q,(2) = y,2¢” —%z—%(1—&2)+%(l—eﬂz)—@(e3ﬁz —eﬂz)—h(ezﬂZ —e”)-

2p
Y12 [ A(B+5)z -pz Y13 2, p2 Y14 Bz Bz V15 By Bz Yi:
—==(e —€ +—=—=z¢"+——"-|" —¢ ——\|e"" —¢ +C,e
181( ) 2 (131_:8)( ) (ﬂz_ﬁ)( ) °
That is

Zﬂ ﬂ ﬂl (ﬂl _ﬂ)

_ s eﬂ22+&e‘ﬁz_ﬁz+ Cg+ﬁ_ﬁ+@+ﬂ_ Y1 Vs e

B-8) B A 5 287 8 (h-B) (B-P)

Q(2) = L2 2% 4y 200 - Lo T T glehr T _ght_

(3.309)

du
d_Zl = q4(z)
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That is

2.p2 pz Pz yiri Bz
z°e 2ze 2e e’ e
ul(Z):@( _ + ) ( __j_ ]/10 eSﬂZ_ 7/11 EZﬁZ

2 B g B g B) 6p° 25
e gmry Ve ope N5 gpe Tugm Ts 2. (3310)
ﬂl(ﬂ"‘ﬁl) ﬁl(ﬁl_ﬁ) ﬂz(ﬂz_ﬂ) 18181 2:3
E(Cgﬁ‘ Yo Yo Jw Tu_ N T Jeﬂz+clo
p\E B 2 (B-B) (B-P)
u,(0)=0=¢,= L6 T - I ¢ B & WL 4 S i T—

Bﬂz 2182 ﬁl(ﬂl_ﬂ) ﬂs 182 ﬁl(ﬁl_ﬁ)

Vis " Y12 _[ 78 _7/9 4 S0 Y10 711 Via n V1s
B(B-B) B \B B B 28 B B(B-B) BB

] (3.311)

wa)o:;@ﬁg

{ 713[1 2 2) (i_i]_l(ﬁ_ﬁ_}_@_i_@_ Yu s j}eﬂ_i_
B B g p) B\ps B 28 B (B-B) (B-5)
&e?ﬁﬁ_’_ﬁeZﬂ_’_ V12 alAth) _ V14 N V15 e 4 V12 e’
6/32 Zﬂz 131(131"',3) ﬂl(ﬂl_ﬂ) ﬂz(ﬂz_ﬂ) ﬂﬁl
Vs Vo T Y12 s Y14 _ V15 T
Zﬂ 6/32 2[32 ﬂ1(ﬂ1+ﬂ) /33 IBZ ﬁl(ﬂl_ﬂ) 132 (ﬂz_ﬂ) ﬂﬂl
Vs Yo " Y10 +&_ Y14 " V1s

ﬁa ﬁz 2/32 ﬂz ﬂl(ﬂl_ﬂ) ﬂz(ﬂz_ﬂ)

(713_713_77}5/3 [77_713_78 ﬁ_ﬁ_h_l_ Tu Vs (eﬂ_1)+
B, 28 B gt g B 2 B B(B-B) B(B-B)

To (a3 T 4P B+p) 1\ T B

p Gﬁz(eﬂ 1)+2ﬁ' (e l)+ﬂ1(ﬂ1+ﬂ)(e 1) ﬂl(ﬂl_ﬂ)(e 1)+

s (eﬂ2 —1)+h(e’ﬂ —1)+ﬁ
. Bo(,~5) BB, 28 (3312)
9 G
Therefore,
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ul (Z) = Aezzeﬁz + Ageﬂz + A\loeﬂz + A11e3ﬂz - A12e2ﬂz - AiSe(ﬂJrﬂl)Z + 'A14eﬂlZ - 'A15eﬁ2Z - (3 313)
Aieeiﬂz - A1722 *Cyp

where

C9 7_82_ﬁ+@+ﬂ_
1 BB 28 B
B V14 n 715 ’

(B=F) (F:=P)
A, = 10 A, = T A, = V12 A, = Y14

N P N N P
A=ga A [ﬂ ﬂzj.Am T

6°" " 2877 7 B(B+B) T B(B-B)
ST el TR
Consider equation (3.277) given as
% %wlﬁynz—nge’”
where
. 4dBe ~ 4dBeB ~ 4dBeA

= Vg = Vg =
c|(1+BiBe) +Be? | " c[(L+BiBe)' +Be’ | cf (1+BiBe)" + Be? |

Let
dw,

s § 3.314
G = ( )
Then
d .
%_IBQS 2716+717Z_718eﬂ (3.315)
So
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z
05 (2)=e” I (7 168+ X — g )dx e
0

z

X
o B

z
-px +ie_ﬂx

0 B

B

z ﬂz
_ 7/18x|0 ] +c e

0

= @(eﬂz _1) }2’7 z +2 (eﬁz _1)_7/1f3zeﬁZ +c,,e”"

0 (2)= £c11+%+;17]eﬁ2 ylgzeﬂZ—%z—@ﬁ ;ﬂ (3.316)
i.e

dw,

d_zl_qS(Z)

i.e

e’ e
Wl(z)z(cn 7/16 7/17je ylg(___j_ﬁzz (}/16*‘&}2"'(:12 (3.317)

RN B B 28 g B
W1(0)=0:>012=—(i+@+&+&) (3.318)
g B BB

Wl(l) Ojcll(eﬂz_l) 16 717 &_i_@eﬂ_?/_lgeﬂ_y_lgeﬂ_y_lgeﬁ e 717+718
T A R A A A A

(7/18+}/16 +7/17j(eﬂ _1)j
pgpp

-1)

(3.319)

ﬂ[(m+7’17+717J L
_ B B 2p) B
(e
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Therefore,

W, (2) = Age” — Agze” — Az’ — A,z +cC, (3.320)

where

|G T T s B C TN £y N Ty A
A18 (ﬂ+ﬂ2+ﬁ3+ﬂ2]’A19 'B’AZO Zﬂ’AZl Lﬂ-l_ﬂZJ

Also consider (3.278), given by

d 291

dz?
7’26‘34/3Z - 72793’3Z —726€
7/3322eﬂZ - 7/34(3/32Z + 7/35(3%Z - 7/36eZﬂ1Z + 737 ze””
6,0)=0,6,) =0

da
1 _ 2p2 pz z Pz 2
- B dz =718 T V€ +]/21e,81 V2l T Vs T V28 — Vsl —

2,251

(2ﬁ+ﬂ1)z +7/29e(ﬂ+ﬂl)z +j/30292ﬁz _7312 e (ﬂ+ﬂz)z +

+ 736

where
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4RePrbA  4PrdEcA’
c c| (1+BiBe)" + Be? |

2PrEC(AAB+ AAGB” +2BA,B)~(2A8° + 4AB(c,3 - B))

—PrEc(AB® —2ABA, B+ A% ) -
Y19 =

2
4RePrb A, N 8PrdEcA —PrEc(AQBZ—ZABC /3)+
c c| (1+ BiBe)’ + Be’ 6
Voo = (1+BiBe)" +Be
2PrEc(BA, + BA,B)- A,B(c,8-2B)
4RePr
}/Zl: %—PrECASBZ+2PrECBAAﬂl_AS,Bl(CGﬂl_ZB)jI
v, =| 2REPIDB, 8PTAECAB b pcpp . 4precea, |,
c c| (1+BiBe)"+ Be” |
2
7, =| ARCPTOC  APTAECA’ b popec 2prEcad s -B? |
c c| (1+BiBe)" + Be? |
Vou = 8Pr-dEc;AB - —2PrEcABBl,6'+2PrEc(2AA17,B+B(2AB+A9ﬂ))+A2ﬂ2ﬂ1 :
c[(1+ BiBe)" +Be J
2
pom——tTVAER o (BAZS®+PrECAA +6PrECAA,4?),

¢| (1+BiBe)’ +Be? |
Var :(P_r Ec(AA® —2AB/_A1ﬂ)—2Pr Ec(2AA,A° ~3BA,B)+9AA B,
Vop = (Pr ECA,A’ —2Pr ECAA,B(B+ B )+ AA, (B +45° +4ﬁﬂ1)),
Voo = (2 PrECABA,B—2Pr Ec(AA, BB, +BA, (B+5,))+ AA (B + B + Zﬂﬁl)),
(
2

Va0 =(Pr EcB,A’ —2Pr EcAB? (Ag + Ag)"‘4A1ﬂ2ﬁ1)1731 =PrEcAA S, vy, = 2PrECAAf,,
Vs = 2PrECBAS, 75 = 2PT ECBA,f3,, 755 = 2PT ECBA B, 725 = 22 B, 7 = A

Let
O = 2 (3.321)

Then
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qu 2 4
- B0 = 719 +]/20€ﬂ +721 — V2l Vs "'7/2429/3Z — Vsl — V€ 2

20+p)z B z 2p 2.2 B+pP,)2 2
7/27 _7/28 el +7/298( *A) + 73028 — )52 € ﬂz+7/3ze( %) +V33Z eﬁz_(3-322)
7/34eﬁ22 + 7/35@713Z _7/3692ﬂ1Z VLY ze””
So
710€ el AN V206 /AN 4 Ve _7zzxe_ﬂlx + 7/23'3_'3lX + 7/24xe(ﬂ—ﬂ1)x -
l4B-A)x (38-B)x 2x Bx

q (Z)_eﬁlzj' 725X e _726 Y= Yg® — Vg€ T Y€+ X + c.eh?

6\&) = _ _ ~ 13

5 7/3oxe(2ﬂ )X _731)( e(zﬁ )X +7/32e(ﬁ+ﬁz )X +733X26(ﬁ Px
(B=B)x B+B)x

V348" + 7359_( - 736eﬂlx + 737X

e gl )

, pr _ Bz
@(1—eﬂiz)+724[( id _(e ° 2)] 725(22 22+£(1 eﬂlz)j

131 ﬁ_ﬂ1) (,3—,31) ﬂ1 ﬂl ﬁ
V26 41 BT\ _ Vo 31 _ AP _@ (2p+8)z _ APz
—(4,3—ﬂ1)(e P—ef) —(Sﬁ—,ﬁl)(e Pl 2,B(e e )+
720257

we (eoe)) | (28-5)
+
M 2ge 2(e2ﬂZ —eﬂll)
2 + 3
(28-8)  (25-5)
L((ﬁ%)z_em)ﬂ/sg 2%e” 22" 2 +2(eﬂz _eﬂ;z) .
(B+5,-B) (B-5) (B-5.) (B-5.)

_Tu )(eﬁzz—eﬁlz)+ Va5 (e eﬂlz) @(ezﬁlz—eﬂlz)+&zzeﬁlz+claeﬂ1Z

(,Bz _ﬂl (ﬂ"‘ﬁl) ﬂl

Va0 (alB+R)E _ a2 ze _
ﬂ(e e )+}’30£(2ﬂﬂ1) (Zﬁ—ﬂl)z

That is
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Yo Ta 2y p2h7 _

qa(z): 2 3
(28-8) (2p-5) (2B-5,)

V19 + Y20 +@_@_ Vas +2725_ Yo Y
(28-8) (B-B) B B (p-B) B (48-5) (3-5)

Yo Voo _ 730 2y, N V32 N 25 Va + e
28 B (2B-p) (28-p) (B+B=B) (B-B) (B-A)

V35 —@—C

(B+B) B

Yoo  Vu _ 2V 3Jeﬂz+yzlzeﬂlz+(@+2L§5jz+[7_2§_@+2L§5]+
(,B_ﬂl) (ﬂ—ﬂl) (ﬂ—ﬂl) ﬂl ﬂl ﬂl :Bl ﬂ

Yoo 203 st V25 2 Vo qapr__ Var o3p_ Vas (28+A)2
(B-5) (B-BY B~ (4B-B)  (38-B) 28
@e(ﬁ+ﬁ1)z+ Yo 2y . 76257 _ Va1 720267 | V32 MU AL
i (26-8) (28-5) (26-5) (B+B,~B,)

V33 2,82 YVu X V35 ~pz_ V36 262 | Va1 L2, p2
B-5)"" "(B-B) (BB AT 27T

(3.323)

That is
do,
E_qﬁ(z)
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91(Z)i(( ol 2 s )3Jezﬂz+

26\(28-5) (2p-B) (28-5
coo_ e Tw T Tw, Tu _2725_|_ Yoo . Va Tw _Tw
1 @R BB) KR (p-p) BPR) (BoR) 28|
B 730 + 21 _ 73 _ 23 Y3 735 736

2 3 3T
@5-) (2-5) P+hB) (B-A) (B-B) (B+h) A
1[ Yo  Vau N 275 ]e/”ﬂ/z [ﬁ_ﬁ}_l[?’zz 2725j2+
P\(B-B) (B-B) (B-B) A B) AL B
(7_25_@+27§5jz+ Yu 23 : _(Zeﬂz_i]_l_@f_ Vs e _
ﬂl ﬂl :B (ﬂ_ﬂl) (ﬂ—ﬂl) ﬂ ﬂ 3ﬂ1 4ﬂ(4ﬁ_ﬂ1)

Y ¥ _ Vs NC Y S ¢ SN 0 VL3 B £ S 27y [ 762 ) 2 j_
318(3ﬂ_151) 2ﬂ(2ﬂ+ﬂl) ,B(ﬂ+ﬁ1) (Zﬂ_ﬂl) (Zﬂ_ﬂl)z Zﬂ 4ﬂ2

24 21 pn2f
731 [Z e 2ze 29 V3 plB+h)

2p 4ﬁ2 8p° j (ﬂ+ﬁ2)(ﬁ+ﬂz ﬁl)

+

(zﬁ_ﬂl)
Va3 [Z e Zzejz N Zeﬁzj Yu g2 Vs oo _hszeZﬂlz N
(/B_ﬂl) ﬂ ﬂ ﬂ ﬂz (ﬂz ﬂl) ﬁ(ﬂ"’:@) 2131
Var [z e 2zeM Zeﬂlzj 5
hoBEOB)T

(3.324)
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91(0):0:>Cl4=i V30 =+ Yz - V1o _
28\ (28-B) (28-5) (2B-5)

e Mo Yo Ve Yn, Vw2 Vx
S 2p-8) (B-B) B B (B-pB) B (4B-8)
1 Yoo Y Yo V30 + 2y V32 _ _
B BB-B) 28 B (28-B) (28-8) (B+B-5)

23 + Yoo Vs Vs
(ﬂ—ﬂl) (,Bz_ﬁl) (182+ﬂ1) ﬁl

l{ Yoo Vo " 23 ]_I_@_i_i( Yos 2¥3 J+
ALB=B) (p-B) (B-p)) A B(B-B) (B-A)
Va6 n Yoz + Va8 _ V29

sp(ap—p) 3BEP-R) 28(2P+R) BB+F)
1 Yo 2y " 2y _ Va2 _
4ﬂ2 (Zﬂ_ﬂl) (Zﬁ—ﬁl)z Sﬂs(zﬂ_ﬂl) (ﬂ+:82)(:8+ﬂ2_:81)

233 " Va4 n V35 " V36 _2737
ﬂs(ﬂ_ﬂl) ﬂZ(ﬂZ_ﬂl) ﬂ(ﬁ+ﬂ1) 2ﬂ12 Zﬂlg

(3.325)
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6,(1)=0=¢, =

1[ £ + 2yy - Y19 J(em_l)_
2B\ (28-8) (2p-5.) (28-F)

I R 7 N ¢ 723 Yoo 2y Vs Vo @ Yo
+ — + +
((E‘ﬂ1 —l) (zﬂ_ﬂl) (ﬁ_ﬂl) :B1 :B1 (ﬂ_ﬂl) :B (4ﬁ_ﬂ1) (3ﬁ_ﬂ1) Zﬁ IB
B £ n 21y _ £ _ 21 Y Y35 7 T

255 (28-B) B+B-R) (p-p) (B-B) (B+h) A
1[ Yo Tw 273 ](eﬁ_l)_l_}/ﬂ(eﬂl_1)+(eﬁ_1)[ Yoo 23 ]
AUB-B) (B-B) (B-B) b F\(B-B) (B-B)

726<e4ﬂ _1) 727( % 1 Y (e 28+4) ) 7,29( ol6+4) 1)
+ +
AB(4p-p) 3B(38-B) 28(2+B)  B(B+A)

1 T 2 (eZﬂ_]_) 2yy (eZﬁ_)_ }/az(e(ﬂ+ﬁ2)—l) _
467\ (28-5,) (2p-p.) 84°(28- 1) (B+8,)(B+8,-B)

2733(eﬁ_1)+7’34(eﬂ2_1)+735(e_ _1)_|_7’36(82ﬁ1_]')_27/37(eﬂ1 1) [721 & 2737]eﬁ1
ﬁs(ﬂ_ﬁl) ﬁz(ﬂz‘@) IB(IB"'ﬂl) Zﬂlz 2/313

ﬂl ﬂl Zﬂl

[1[7zz+27’zsj+7’37+7’2a+27’zs 725]_ 1 e 2V + Vs 2y ef _
2 ﬁ1 ﬂlz 161 ﬂl 133 3ﬂ1 ﬂ (ﬂ_ﬂl) (,B—ﬁl)z :B(ﬂ_ﬂl) ﬂz(ﬂ_ﬂl)

1 T 21y _ Va1 4 21y o2
26 (26-1) (25-p) ) 28(28-5) 45 (25-5)

ﬁl (eﬂl _1)
(3.326)

Therefore,

0,(2) = A,e™" + A + A, 07" + Agze™ + Az + A 2+ Ajyze” + A2’ —
A30e4ﬂz _ Aglegﬂz _ %ze(zﬂ*'ﬂl)z + Asse(:ﬁ+ﬂl)z + A34ze2ﬂz _ A352282ﬂz + A36e(ﬂ+ﬂ1)z +
A, 7%e" — Ae” — Ae” — A + A 2%+,

(3.327)

where
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A, = 1 AT £ ) n 273 1 Yoo | 2y _ 27y
“\28\(28-8) (2p-8) (28-p) ) 45 \(28-5) (2p-p) ) 8F°(26-5) )

Cly— V19 T —Q+@+ Vo4 _27/25+ Va6 + Va1
(zﬁ_ﬁl) (,B_:Bl) 1812 ﬂl (ﬂ—ﬂl)z ﬂs (4ﬁ_ﬁ1) (3ﬂ ﬂl)
Azgzi @_@+ V30 n 2y4 _ Va2 _ 25 n Vaa

Bl28 B (28-5) (28-5) (B+B-B) (B-p) (B-5)
Yos Ve Var_Va
(BtB) B B A

Az4:l Yoo Vu + 2y _1( VYoo 2¥3 J+ 23 ,
B\(B-B) (B-B) (B-8) PB\(B-B) (B-B)) B (B-5)

| Ya_ YV Va2 Vas _ Q_@_%
AZS‘(ﬂl ﬂl]A” Eﬁl ﬂf]'A” (ﬁf 3 ﬂ3j'

:i VYoo 273 _ 273 Vo5 Va6 _ Yoz
P ﬂ((ﬂ—ﬂl) (B-B) ﬂ(ﬂ—ﬁl)] SRR 4B (4 - /31)/* 38(38-5,)

_ V2 _ Vag Y30 273 Va1
P 2ﬂ(2ﬂ—ﬂ1)’A33 B(B+B) = 2ﬂ[(2ﬂ—ﬂ1)+(zﬂ-ﬁl)2+ﬂ(2ﬂ—ﬂl)}

_ Va1 _ Va __ Vs _ YV
& Zﬁ(Zﬂ—ﬂl)’A% (ﬁ+ﬁz)(ﬂ+ﬁ2—ﬁl)’A” ﬂ(ﬂ—ﬁl)’ABs B,(B=5.)

- s E NS
Ao ﬂ(ﬂ+ﬁ1)’A4° 280" 2B

Also consider equation (3.279)

d’4

dz?
4p1 3pz 2p+p)z p+B)z 2,2p1 P+
Vasl T V€ +Vp€ +7/48e( ) _7496( ) +7/5029 +7/512 € —;/526( o)

PRy BBy okt

d¢1

_ Vit Bz B
_ﬂz 738 +739e Z+74oeﬂlz+7/4le Tty 7/4328 —Vaul8 -

2,01 -pz 2pz 2 z
Vs3Z e/ + 7s4€ / +75s€ — Vs6l e’ _7576(
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Therefore the solutions to case 3 are:
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CHAPTER FOUR
4.0 RESULTS AND DISCUSSION
4.1 Analysis of Results

In this analysis, we established the criteria for existence of unique solutions of the
model. This is to show the solution of the model formulated depends continuously on
the initial and boundary conditions; that is the model is well posed. Also, we examined
the properties of solution of the model formulated, this is to show the behaviour of the
solution when values are assigned to some key parameters of the model. We solved the
equations analytically using parameter expanding method and eigenfunction expansion
technique. This is to see the effect of parameters involved on the concentration,

temperature, primary and secondary velocities.

Finally, we examined the effect of the Reynolds number(Re), Radiation parameter
(Ra), suction parameter(S), porosity parameter (P), thermal diffusion parameter
(T,). constant pressure gradient (1), coefficient of viscosity (o), time dependent
pressure gradient (&), Prandtl number (Pr), Hartman number (Ha), chemical reaction
parameter (K, ), Eckert number (Ec) , ion slip parameter (Bi) and Hall parameter

(Be) on the steady and unsteady state problems. Analytical solutions of the model

equations were computed using computer symbolic algebraic package MAPLE 17. The
results obtained are shown in Figures 4.1 to 4.16 for case 1, Figures 4.17 to 4.27 for

case 2 and Figures 4.27 to 4.45 for case 3.

The relationships between primary velocity along distance and with time for different
values of radiation parameter and suction are displayed in Figures 4.1 to 4.3.

Relationship between secondary velocity with time and distance for different values of
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Reynolds number are displayed in Figures 4.4 to 4.5. The relationship of other
controlling parameters with the concentration, temperature, primary and secondary

velocities is depicted in Figures 4.6 to 4.45.
4.1.1 Graphs of case 1

In this section, the results of case 1 problem are presented as shown below

8.t}

Ra1 Ra=12= 1+ +Ra2|

Figure 4.1: Effect of radiation parameter (Ra) on temperature profile 9(y,t)along

distance
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Bt}

Figure 4.2: Effect of suction parameter (S) on temperature profile 8(y,t) along

distance

Figure 4.3: Effect of suction parameter (S) on concentration profile g(y,t)

130



Figure 4.4: Effect of suction parameter (S) on concentration profile ¢(y,t) along

distance y and time t. S=0.2(red), S=0.4(green) and S=0.6(blue)

Bly.t)

Figure 4.5: Effect of Prandtl number (Pr) on temperature profile 9(y,t)
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Figure 4.6: Effect of Hartman number (Ha) on temperature profile 9(y,t) along

distance

o 0.3 1
¥

Sc=022 Sc=0.62 = = = * §c=0.85 |

Figure 4.7: Effect of Schimdt number (Sc) on concentration profile ¢(y,t)
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[— Bt Bi=2 » - » * Bi=3|

Figure 4.8: Effect of ion slip parameter (Bi) on secondary velocity profilew(y,t)

—
W

111T||1|?11|1J

wiy.t)

Figure 4.9: Effect of ion slip parameter (Bi) on secondary velocity profilew(y,t)

along distance y and time t. Bi=1(red), Bi=2(green) and Bi=3(blue)
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B(y.t)

Figure 4.11: Effect of pressure gradient (1) on temperature profile 6(y,t)
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u{v. )

Figure 4.13: Effect of temperature dependent viscosity(a) on primary velocity

profileu(y,t)
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Figure 4.14: Effect of temperature dependent viscosity («) on primary velocity

profileu(y,t) along distance y and time t. («)=0.0(red), () =0.1(green) and («)

=0.3(blue)
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Figure 4.15: Effect of temperature dependent viscosity () on secondary velocity

profilew(y,t)

136



Bty

Figure 4.16: Effect of temperature dependent viscosity () on temperature profile

o(y.t)
4.1.1.1 Discussion of results for case 1

Figure 4.1 displays the graph of temperature profile(y,t) for different values of
radiation parameter(Ra). It is observed that temperature decreases as radiation
parameter increases. Also, the temperature profile is observed to increase along distance
y.

Figure 4.2 shows the graph of temperature &(y,t) for different values of suction
parameter(s). It is evident that increase in suction parameter leads to decrease in

temperature. It is also seen that temperature increases along distance y.
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Figure 4.3 presents the graph of concentrationg(y,t) for different values of suction
parameter (S). It is observed that concentration oscillates along y while increase in

suction parameter leads to increase in concentration.

Figure 4.4 presents the graph of concentration¢(y,t) for different values of suction

parameter (S)along distance y and with time t. It is observed that concentration

oscillates along y and decreases with time while increase in suction parameter leads to

increase in concentration.

Figure 4.5 depicts the graph of temperature &(y,t) for different values of Prandtl

number. It is observed that temperature increases along distance while increase in
Prandtl number leads to decrease in temperature.
Figure 4.6 depicts the graph of temperature &(y,t) for different values of Hartman

number (Ha). It is observed that temperature increases along distance while increase in

Hartman number leads to decrease in temperature.

Figure 4.7 illustrates the effect of Schmidt number (Sc) on concentration g(y,t). It is

observed that concentration oscillates along distance. Also, increase in Schmidt number

leads to increase in fluid concentration.

Figure 4.8 presents the graph of secondary velocity w(y,t) for different values of ion
slip parameter(Bi). It is observed that secondary velocity oscillates along distance y

while increase in ion slip parameter leads to increase in secondary velocity.

Figure 4.9 presents the graph of secondary velocity w(y,t) for different values of ion

slip parameter ( Bi) along distance and with time t. It is observed that secondary velocity
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oscillates along distance y and increases with time while increase in ion slip parameter

leads to increase in secondary velocity.

Figure 4.10 shows the graph of primary velocityu(y,t) for different values of pressure

gradient (o). It is observed that primary velocity oscillates along distance y. Also,

increase in pressure gradient leads to increase in primary velocity.

Figure 4.11 displays the graph of temperature 0(y,t) for different values of pressure

gradient (o). It is observed that fluid temperature increases along distance y. Also,

increase in pressure gradient leads to increase in temperature.

Figure 4.12 depicts the graph of primary velocityu(y,t) for different values of

Reynolds number (Re) . It is observed that primary velocity oscillates along distance y.

Also, increase in Reynolds number leads to decrease in primary velocity

Figure 4.13 depicts the graph of primary velocityu(y,t) for different values of

temperature dependent viscosity («) . It is observed that primary velocity is maximum

when viscosity is temperature dependent as compared to when it is independent on
temperature. Also, increase in temperature dependent viscosity leads to oscillation in
primary velocity along distance y.

Figure 4.14 presents the graph of primary velocityu(y,t) for different values of

temperature viscosity parameter (¢) along distance and with time t. It is observed that

primary velocity oscillates along distance y and increases with time.

Figure 4.15 depicts the graph of secondary velocity w(y,t) for different values of

temperature dependent viscosity («) . It is observed that primary velocity is maximum
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when viscosity is temperature dependent as compared to when it is independent on
temperature. Also, increase in temperature dependent viscosity leads to oscillation in

secondary velocity along distance y.

Figure 4.16 depicts the graph of temperature profile &(y,t) for different values of

temperature dependent viscosity («). It is observed that temperature increases with

increase in viscosity. Also, increase in temperature dependent viscosity leads to increase

in temperature along distance y.
4.1.2 Graphs of case 2

In this section the results of case 2 problem are presented as shown below

B(3.1)

Figure 4.17: Effect of radiation parameter (Ra) on temperature profile 9(y,t)
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u{v, t)

$=02 — — §=04 - - - - §=0.6]

Figure 4.18: Effect of suction parameter (S) on primary velocity profileu(y,t)

Figure 4.19: Effect of suction parameter (S) on concentration profile ¢(y,t) along

distance y and time t. S=0.2(red), S=0.4(green) and S=0.6(blue)
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Figure 4.20: Effect of Prandtl number (Pr) on temperature profile e(y,t)

Figure 4.21: Effect of ion slip parameter (Bi) on secondary velocity profilew(y,t)
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Figure 4.22: Effect of ion slip parameter (Bi) on secondary velocity profilew(y,t)

along distance y and time t. Bi=1(red), Bi=2(green) and Bi=3(blue)
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Figure 4.23: Effect of temperature dependent viscosity(a) on primary velocity

profileu(y,t)
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Figure 4.24: Effect of temperature dependent viscosity (o) on temperature profile
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Figure 4.25: Effect of pressure gradient (1) on primary velocity profileu(y,t)
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Figure 4.26: Effect of Hartman number(HaZ) on temperature profile 6(y,t)

4.1.2.1 Discussion of results of case 2

Figure 4.17 displays the graph of temperature profile 9(y,t) for different values of

radiation parameter (Ra). It is observed that temperature decreases as radiation

parameter increases. Also, the temperature profile is observed to increase along

distance.

Figure 4.18 shows the graph of primary velocityu(y,t) for different values of suction

parameter (S). It is evident that increase in suction parameter leads to decrease in

primary velocity. It is also seen that primary velocity increases along distance y.

Figure 4.19 illustrates the effect of suction parameter(s) on the concentration profile

#(y,t) of the flow along distance and with time t. It is observed that concentration
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increases with time while increase in suction parameter leads to decrease in the fluid

concentration.

Figure 4.20 presents the graph of temperature 6(y,t) for different values of Prandtl
number (Pr). It is observed temperature increases along distance y and increase in

Prandtl number leads to decrease in temperature.

Figure 4.21 depicts the effect of ion slip parameter (Bi) on secondary velocity w(y,t)

along y. it is seen that the secondary velocity oscillates along distance y and increase in

ion slip parameter leads to increase in secondary velocity.

Figure 4.22 displays the graph of secondary velocity w(y,t) along distance and time
for different values of ion slip parameter (Bi). It is observed that secondary velocity

increases with time and oscillates along distance while increase in ion slip parameter

leads to increase in secondary velocity.

Figure 4.23 depicts the graph of primary velocityu(y,t) for different values of

temperature dependent viscosity («) . It is observed that primary velocity is maximum

when viscosity is temperature dependent as compared to when it is independent on
temperature. Also, increase in temperature dependent viscosity leads to oscillation in

primary velocity along distance y.

Figure 4.24 depicts the graph of temperature profile &(y,t) for different values of

temperature dependent viscosity («). It is observed that temperature increases with

increase in viscosity. Also, increase in temperature dependent viscosity leads to increase

in temperature along distance y.
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Figure 4.25 illustrates the effects pressure gradient(c-) on primary velocity profile

u(y,t). Itis observed that primary velocity oscillates along distance y while increase in

pressure gradient leads to decrease in primary velocity.

Figure 4.26 shows the effect of Hartman number(Haz) on temperature profile 6(y,t)

along distance. It is observed that the temperature profile increases along distance y

while increase in Hartman number leads to decrease in fluid temperature.

4.1.3 Graphs of Case 3

In this section, the result of case 3 problem are presented as shown below

Table 4.1: Comparison between analytical and numerical results

y ¢(y)Perturbation Results  ¢(y)NumericalResults | ~ Boer
-1.0 0 0 0
-0.9 0.0422823619 0.0532818991 1.100 x1072
-0.8 0.0858952491 0.1065003323 2.061 x107
-0.7 0.1307244697 0.1596163670 2.889 x107
-0.6 0.1767410393 0.2125895971 3.585 x1072
-0.5 0.2239020289 0.2653779698 4,148 x107
-0.4 0.2721479199 0.3179376254 4,579 x107
-0.3 0.3213995380 0.3702227504 4.882 x107
-0.2 0.3715545147 0.4221854464 5.063 x1072
-0.1 0.4224832010 0.4737756156 5.129 x107

0 0.4740239398 0.5249408660 5.092 x1072
0.1 0.5259776533 0.5756264394 4,965 x107
0.2 0.5781016126 0.6257751639 4,767 x107
0.3 0.6301023141 0.6753274366 4,523 x102
0.4 0.6816273601 0.7242212372 4.259 x107
0.5 0.7322562239 0.7723921791 4.014 x102
0.6 0.7814897943 0.8197735995 3.828 x107
0.7 0.8287385948 0.8662966938 3.756 x102
0.8 0.8733095464 0.9118906966 3.858 x107
0.9 0.9143911649 0.9564831129 4.209 x102
1.0 0.9510366377 1.0000000000 4.896 x1072
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Figure 4.28: Effect of Reynolds number (Re) on secondary velocity profilew(y,t)
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Figure 4.29: Effect of Reynolds number (Re) on temperature profile 9(y,t)
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Figure 4.30: Effect of radiation parameter (Ra) on temperature profile (y,t)
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Figure 4.31: Effect of radiation parameter (Ra) on concentration profile ¢(y,t)
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Figure 4.32: Effect of suction parameter (S) on primary velocity profileu(y,t)
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Figure 4.34: Effect of suction parameter (S) on temperature profile H(y,t)
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Figure 4.35: Effect of suction parameter (S) on concentration profile g(y,t)
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Figure 4.36: Effect of Prandtl number (Pr) on temperature profile 6(y,t)
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Figure 4.37: Effect of Hartman number (Ha) on primary velocity profileu(y,t)

0.20 o el
0.15 ",
Y 510 - - :
. - T -
- . t -
- / 5 '..
. e ~ .
oos| & 7 '\\ i
.-/ .
-/ \'*-';
0
-1 -0.5 o 0.5 1
.".
[ Ha=02 — — Ha=0.4 * * * * Ha=0.6]

Figure 4.38: Effect of Hartman number (Ha) on secondary velocity profile w(y,t)
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Figure 4.39: Effect of Schimdt number (Sc) on concentration profile g(y,t)
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Figure 4.40: Effect of ion slip parameter (Bi) on primary velocity profile u(y)
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Figure 4.41: Effect of ion slip parameter (Bi) on secondary velocity profile w(y)
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Figure 4.42: Effect of Hall parameter (Be) on primary velocity profile u(y)
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Figure 4.43: Effect of temperature dependent viscosity («) on primary velocity

profile u(y)
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Figure 4.44: Effect of temperature dependent viscosity(a) on temperature profile
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Figure 4.45: Effect of porosity parameter (P) on primary velocity profile u(y)

4.1.3.1 Discussion of the results of case 3

Table 4.1 above demonstrates agreement between the results obtained using
perturbation technique and purely fourth-order Runge Kutta numerical integration
approach coupled with shooting method at small and moderate parameter values.

Generally, the difference is of order 1072,

Figure 4.27 depicts the graph of primary velocity for different values of Reynolds
number. It is observed that primary velocity increases and then decreases along distance

y. Also, increase in Reynolds number leads to decrease in primary velocity

Figure 4.28 displays the graph of secondary velocity for different values of Reynolds
number. It is observed that secondary velocity increases and then decreases along

distance y. Also, increase in Reynolds number leads to increase in secondary velocity
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Figure 4.29 shows the graph of temperature for different values of Reynolds number. It
is observed that fluid temperature increases and then decreases along distance y. Also,

increase in Reynolds number leads to decrease in temperature

Figure 4.30 shows the graph of temperature for different values of radiation parameter.
It is observed that fluid temperature increases and then decreases along distance y. Also,

increase in radiation parameter leads to decrease in temperature

Figure 4.31 shows the graph of concentration for different values of radiation
parameter. It is observed that fluid concentration increases and then decreases along

distance y. Also, increase in radiation parameter leads to increase in concentration

Figure 4.32 depicts the graph of primary velocity for different values of suction
parameter. It is observed that primary velocity increases and then decreases along

distance y. Also, increase in suction parameter leads to decrease in primary velocity.

Figure 4.33 depicts the graph of secondary velocity for different values of suction
parameter. It is observed that secondary velocity increases and then decreases along

distance y. Also, increase in suction parameter leads to decrease in secondary velocity.

Figure 4.34 depicts the graph of temperature for different values of suction parameter.
It is observed that temperature increases and then decreases along distance y. Also,

increase in suction parameter leads to decrease in fluid temperature.

Figure 4.35 depicts the graph of fluid concentration for different values of suction
parameter. It is observed that concentration increases and then decreases along distance

y. Also, increase in suction parameter leads to increase in concentration
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Figure 4.36 depicts the graph of temperature for different values of Prandtl number. It
is observed that temperature increases and then decreases along distance y. Also,

increase in Prandtl number leads to decrease in temperature.

Figure 4.37 depicts the graph of primary velocity for different values of Hartman
number. It is observed that primary velocity increases and then decreases along distance

y. Also, increase in Hartman number leads to increase in primary velocity.

Figure 4.38 depicts the graph of secondary velocity for different values of Hartman
number. It is observed that secondary velocity increases and then decreases along

distance y. Also, increase in Hartman number leads to increase in secondary velocity.

Figure 4.39 depicts the graph of concentration for different values of Schmidt number.
It is observed that concentration increases and then decreases along distance y. Also,

increase in Schmidt number leads to increase in concentration.

Figure 4.40 depicts the graph of primary velocity for different values of Hall parameter.
It is observed that primary velocity increases and then decreases along distance y. Also,

increase in Hall parameter leads to decrease in primary velocity.

Figure 4.41 depicts the graph of secondary velocity for different values of Hall
parameter. It is observed that secondary velocity increases and then decreases along

distance y. Also, increase in Hall parameter leads to decrease in secondary velocity.

Figure 4.42 depicts the graph of primary velocity for different values of Hall factor. It
is observed that primary velocity increases and then decreases along distance y. Also,

increase in Hall decrease leads to decrease in primary velocity.

Figure 4.43 depicts the graph of primary velocityu(y,t) for different values of

temperature dependent viscosity («) . It is observed that primary velocity is maximum
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when viscosity is temperature dependent as compared to when it is independent on
temperature. Also, increase in temperature dependent viscosity leads to oscillation in

primary velocity along distance y.

Figure 4.44depicts the graph of temperature profiled(y,t) for different values of

temperature dependent viscosity (). It is observed that temperature increases with

increase in viscosity. Also, increase in temperature dependent viscosity leads to increase

in temperature along distance y.

Figure 4.45 shows the effect of porosity parameter on primary velocity profile along
distance vy. it is observed that the primary velocity increases and then decreases along y

while increase in porosity parameter leads to increase in primary velocity.
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CHAPTER FIVE
5.0 CONCLUSION AND RECOMMENDATIONS
5.1 CONCLUSION

For constant and variable pressure gradient(s=0and & 0)respectively, we have

solved the equations governing the unsteady Couette flow of an electrically conducting
incompressible fluid bounded by two parallel non conducting porous plates using the
parameter expansion method and eigenfunction expansion technique. Also, we
examined the steady state reaction of the flow using the parameter expansion technique.
The effects of the dimensionless parameters as shown on the graphs were analyzed.
From the results obtained, all the parameters have appreciable impact on the system

since the

I.  Radiation parameter reduced the temperature and primary velocity.
Il.  Suction parameter decreases primary velocity, secondary velocity and
temperature while it enhances concentration.
I1l.  Radiation parameter reduced the temperature and primary velocity.
IV.  Prandtl number is observed to reduce temperature.
V.  Schmidt number enhanced concentration and primary velocity.
VI.  Hartman number enhance both primary and secondary velocities.
VII.  Reynolds number reduced primary velocity and temperature while secondary
velocity is enhanced.
VIIl.  Hall parameter reduced both primary and secondary velocities for steady state
flow while it enhances secondary velocity for unsteady state flow.
IX.  Constant pressure gradient enhances both temperature and primary velocity
while variable pressure gradient is observed to reduce both velocities.
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5.2 Contributions to Knowledge

From our findings, we achieve the following:

1. Model formulation by incorporating thermal radiation, chemical reaction
equation and temperature dependent viscosity.
2. Existence of unique solution of the model by Lipschitz continuity approach

3. Properties of solution of transient state by

- method of upper and lower solution.

- Kolodner and Pederson Lemma

4. Properties of solution for steady case by
- method of upper and lower solution.
5. Analytical solution.

6. The fluid concentration is at maximum value #(y,t) =2.5 when y=-0.5 while
the secondary velocity is at maximum value w(y,t) =8.0wheny =-0.5.
7. Fluid flow attained maximum velocity u(y) =55wheny=0.

8. Graphical representation of the solution via MAPLE 17.

5.3 Recommendations

We also recommend this work for scientific and industrial use and also recommend for
further study the flow of a viscous fluid through a cylinder or annulus with slip
boundary conditions. Flows through a wavy microchannel can also be investigated

under same boundary conditions as used in this research work.
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