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ABSTRACT

An exponentially fitted Improved Runge-Kutta (IRK) method with 5 stages is constructed. The new method integrates exactly
differential equations where the solution is oscillatory, that is, whose solutions can be expressed as linear combinations of the set
of functions {e*¢, e=*t},1 € C, and in particular {sin(wt) , cos(wt)}, where A = iw, w € R. Analysis of algebraic order of the new
method indicates that it is of order five like the classical five stages IRK method. Numerical experiments established the
effectiveness and efficiency of the exponentially fitted method over the non-fitted method.
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INTRODUCTION

In response to the need to find approximate solutions to
ordinary differential equations whose solutions cannot be
found analytically, a great many numerical methods have
been constructed. One of such methods is the classical
Runge-Kutta (RK) method. While the Improved Runge-
Kutta (IRK) methods represent an improvement on the
classical RK methods, the need to develop efficient and
accurate methods when solutions of initial value problems
exhibit exponential or oscillatory behaviour led to
exponentially fitted methods. Exponentially fitted methods
are thus generally derived to find the numerical integration
of initial value problems whose solutions are linear
combinations of the functions {x/e*¢, x/e =*t} where 1 € C
(4 can be a real or complex number). One procedure that has
proven to be very useful toward the construction of
numerical methods that approximate the solutions to first
order initial value problems (IVPs) is the adaptation
technique. The issue of how to choose the frequency in
exponentially fitted methods is very difficult. For linear
oscillators, the frequency of the method is the same as the
frequency of the solution of the differential equation.
However, for nonlinear problems, the frequency of the
method is, in general, different from the frequency of the
exact solution (Ramos and Vigor-Aguiar, 2010). In the case
of linear multistep methods, a first good theoretical
foundation, which required that the frequency be estimated
in advance, was proposed by Gautschi (1961). Following
this, Vigor-Aguiar and Ferrandiz (1998) proposed a general
procedure for the construction of adapted multistep
algorithms. Methods of this type require that the frequency
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w that appears in the numerical method be chosen near the
frequency of the exact solution, or it is assumed that the
frequency is known in advance.

The study of exponentially fitted Runge-Kutta (EFRK)
methods is a recent development and of minimal quantity.
One of the techniques to construct EFRK methods is to select
the coefficients of the method so that it integrates exactly a
set of linearly independent functions which are chosen
depending on the nature of the solutions of the differential
system is solved. In Paternoster (1998) some implicit Runge-
Kutta-(Nystrom) methods of low algebraic order were
derived by employing the linear stage representation of a
Runge-Kutta method introduced in Albrecht’s approach.
Also, in Simos et al. (1994) and Simos (1998), a fourth order
explicit Runge-Kutta-(Nystrom) method which integrates
certain particular first-order initial value problems with
periodic or exponential solutions was constructed. On the
other hand, Berghe et al. (2000) introduced a general
technique for the construction of exponentially fitted
methods. Of recent, quite a number of authors have studied
EFRK methods; they include, Berghe et al (2001), Williams
and Simos (2003), Franco (2004), Calvo et al. (2009), Rabiei
et al. (2014) and Monovasilis et al. (2015).

This research work is aimed at developing an exponentially
fitted fifth order Improved Runge-Kutta method (EFIRKS5),
applying the developed method to solving initial value
problems whose solutions are oscillatory or exponential and
comparing the results with those the classical IRK method
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MATERIALS AND METHODS

Order conditions for EFIRK5

The general explicit IRK method for solving the initial value problem
Similarly, if we let z = wh, then

Y =fxy),  y@) =y (1)
takes the form

Yn+1 = Vn + hblf(xmyn) - hb—lf(xn—liyn—l) + hZfzz bi(f(xn + Cih' Yr) _f(xn—l + Cihr Y—i)) (2)

where,
i—1
YE = }’i}’n + hE ij'f(xn + th, Yj)
j=1
i1 (3)
Y_!‘ = yiyn—l + hz a!‘j’f(xn_l + th. Y—j)
=1
(Rabiei ef al., 2013).
The IVP (1) is integrated exactly by an EFIRK if its solution y(x) takes the form
Yo = y(x,) = e'@*n €))]
Consequently,
Yass = ¥( + h) = el@Cnth) ©)
Yn-1 = y(xn’ - h) = ezw(ln_h) (6)
Yo = imelwxn =[x ) (7
Vi1 = iwe @t = £, 4,y 1) €5)]
And from (3) results
i-1
‘eiw(x,ﬁqh) — yieiw Xn L hz ai;‘ (iw)eic.u(xn+cjh) (9)
j=1
i1
el — y. 4 (iw)hz a; e (10)
j=1
Let wh = z, where w is the frequency and h the step size, then (10) becomes
i1
elciz = ¥+ izz ajj eiciz (11)
Jj=1
i-1
cos(c;z) +isin(c;z) =y; + izz a;j [cos(cjz) +i sin(cjz)] (12)|
j=1
i-1
cos(c;z) =y, — ZZ a;; sin(c;z), i=23,..,s (13)
j=1
i-1
sin(c;z) = ZZ ai; cos(cjz), i=23..,5 )]
j=1

Furthermore, manipulation of (2) results into
el@Cnth) = piwln) 4 pp (iw)e' @) — hb_, (iw)z
s

_I_hz by (i) [eleGntein) — giwCn—tren] (15)

i=2

iy
elw( =1 4 hb, (iw) — hb_; (iw)e W 1 h(iw) z b; [e"“’(‘i’h) (1 - e""”(h))] (16)
1=2
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e =1+izb, —izbh_je % + iz

i=
cos(z) +isin(z) =1+ izb, — izb_;[cos(z) —i
S
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Z bi [e!ciz _ elz(c,-—l)]

2

sin(z)]

17)

+izz b; [cos(cl-z) + isin(c;z) — (cos(z(ci - l)) + isin(z(ci - 1)))] (18)

cos(z) =1—zb_, sin(z) — ZZ b; sin(c;z) + ZZ b;sin(z(c; — 1)) (19)
i=2 i=2

S 5
sin(z) = zb, —zb_, cos(z) + ZZ b; cos(c;z) — ZZ b; cos(z(ci - 1)) (20)
i-2 i-2

Equations (13), (14), (19) and (20) are now the relations of
order conditions of the proposed exponentially-fitted
methods. These equations are solved in order to determine
the coefficients c;y;, a;j and b; of an EFRK5 method by
choosing values for a free parameter from existing

coefficients of an IRK5 method. They replace the equations
of order conditions of two-step IRK5 methods derived by
Rabiei et al. (2013) as represented by (21

order1l: b, —b_; =1
X 1
order 2: b_, + Z b; = >
i=2
5
order 3: Z b;c; = 1z
i=2
5
> 1
order 4: Zbi cf ==
: 3
=2
5
Z b;a;;c; = —
i=2,j=1 r (21)
= 31
order 5: Z by c; = 120
i=2
s
31
Z biei ai;¢ = 575
i=2,j=1
s
, 31
Z biaye = 350
i=2,j=1
3, nevmn 3
i AijAjC 720
i=2,f=1

Derivation of EFIRKS5 with s = p=>5

The Butcher table of coefficients for the Improved Runge-Kutta method of order five (IRK5-5) of Rabiei et al. (2013) is presented

in Table 1
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Table 1: Coefficients of IRK5-5 Method

0
1

4 4

1 (=727 732

4 | 1000 1000

1 573 —225 f 334

2 | 1000 1000 1000

3 175 12 56 552

1000 1000 1000 1000

1| 46 —96 29 —1 29
45| 45 1000 1000 10 45

To derive the fifth order five stages exponentially fitted IRK (EFIRK5-5) method, we make the substitution s = 5,¢; = 0,y; = 1
in the relations (13) and (14)

fori =2
cos(c,z) —y, =0 (22)
sin(c;z) —za,, =0 (23)

fori =3
cos(c3z) — y5 + zas, sin(c,z) = 0 (24)
sin(cyz) — z[ag, + a3, cos(c,z)] =0 (25)

fori =4
cos(cyz) — Y4 + Zay, sin(c,z) + za,; sin(czz) = 0 (26)
sin(c,z) — z[ay, + a4, cos(c,z) + a,; cos(czz)] = 0 27)

fori=5
cos(csz) — ys + z[as, sin(c,z) + ags sin(cgz) + ag, sin(cyz)] = 0 (28)
sin(cgz) — z[as, + as, cos(c,z) + ag; cos(cgz) + ag, cos(c,z)] = 0 (29)

And substituting s = 5, ¢; = 0 in (19) and (20) results in
cos(z) — 1 + zb_, sin(z) + z[b, sin(c,z) + by sin(c;z) + b, sin(c,z) + bs sin(csz) |
—z[b, sin((c2 - 1)2) + by sin((c3 - 1)2) + b, sin((q - 1)2)
+ by sin((cs - 1)2) (30)
sin(z) — zb, + zb_, cos(z) — z[b, cos(c,z) + b; cos c3z + b, cos ¢,z + b cos csz]
+ z[l’)2 (:os((c2 - 1)2) + b, cos((c3 - 1)2) + b, cos((c4 - 1)2)
+ by cos((c5 - 1)2)] =0 (31)
Equations (24) — (31) thus become the equations of order conditions; they now replace order conditions (21). We then substitute

the values of the free parameters c,, c3, ¢4, Cs, A32, A4z, 43, A5z, As3, As, from Table | into equations (22), (24), (26),(28) which
we again solve together with the four additional equations obtained from (21):

bl_b:1—1=0
1
b—1+’b1+b2+b3+b5—§=0
5 32
b2C2+b3C3+b4C4+b5C5—E=O (32)

1
bzazpCy + baaysCy + byayscy + bsas,cy + bsasacy + bsasacy — 6 =0
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The values of the remaining parameters in terms of the free parameters are computed thus:

1M,
ba=-3
1 M,
by =330
1 1‘;’47 ; (33)
3 1089 Mg
1 M,
be =5 i
b= -1
M, = —2zcos Gz) + 2zcos(§z) — 3sin(z) + 3z (34)
M2=[1—2cos(iZ)+2cos(4iz)—cos(z)]z (35)
M, = —3zcos(z) — 4zcos (%z ) + 4zc0s (Z 7 ) + 3sin(z) (36)
DVI4=Il—Zcos(%Z)+2cos(§z)—c05(z)]z (37)
Mg = —108 + 380sin ( % z) Z COS Gz) — 380sin (% z) Z COS (%z) — 66sin (% z) z cos(z)
+ 216cos(z) + - — 108zsin(z) + 513z sin (%z) (38)
M, =1z [—cos(z)sin ( % z) + 2cos(z)sin (% z) — cos(z)sin (% z) + 2cos (% z) sin (z z)
—4cos(%z)sin(§z)+~-+sin(%Z)] (39)
M. = =765 — 1070sin (% z) Z COS (%z) + 1070sin ( % z) Z COS (%z) + 51sin ( % z) 7. cos(z)
+1530c0(z) + - + 294z sin(%z) (40)
Mg =z [—cos(z)sin (;z) + 2cos(z)sin ( % z) — cos(z)sin G z) + 2cos (% z) sin (% z)
—4»cos(%z)sin(%z)+----I-Sin(iz)] (41)
M, = —6 + 4zcos (%z) sin(z) — 10z cos G z) sin (%z) — 10z cos G z) sin (;z)
— 47 cos (Zz) sin(z) + -+ + 12cos(z) + 12 cos GZ) (42)
My, =z [—cos(z)sin(%z) + 2cos(z)sin (% z) — cos(z)sin (i z) + 2cos (z z) sin(% z)
—4:cos(i—z)sin(%z)+~-+sin(}z)] (43)
M,, = 2zcos(z)sin Gz) — 6z sin( z)sin G z) + 4zsin Gz) —3+2zcos Gz) sin(z)
— 2Z cos (%z) sin(z) + -+ + 6¢os(z) + 6 cos (1—2) (44)
M, =z [—cos(z)sin Gz) + 2cos(z)sin (% Z) — cos(z)sin (% z) + 2cos (Z z) sin (% z)
- ton(22)sn(2) -+on(21) w
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yi=1
= cos(§ 7)
Y, =cos| ; z
(32)+ gzp2sin(4 )
= cos ——zsin| = z
s = 250 3 (46)
(39)+ pgzsin(22)
= coS ——zsin| - z
te 125
17 69
¥s =cos(3 ) 25025111(‘1l )+ ﬁzsm(% z)
Next, the Taylor expansions of (33) and (46) are obtained as (47) and (48) respectively:
b.=4 + 3780 z* 172300 f+0(z)
72 6
1 + 3780 ~ 17zanuz +0(z")
_ —157 85 2 4867 " 6
2= Tea7 276696 - 88542720 - +0(z%) 47)
_ 236 136807 5 452591 4 +0(z%
3 = §235 11067840 - 3541708800
_ 1 139 o 227 4 &
b, = 10 ' 10080 - + 3225600 = +0(E%)
_ 29 313 271 4 6
bs = 45 60480 - “+ 103536002 T 0(=")
¥, =1
1
Yz_l—a 2+EZ +O(Z)
_ 67 2 _ 131 4 6
Y5 = 2000 256000 - +0(z) (48)
_ . 387 4 8874 6
Yo = 2000 © 384000 © +0(z")
.29 5 1309
Ys = 2000 = 7680002 + O(Z )

The coefficients are substituted into the order conditions (21) and the Taylor expansion obtained as

order 1: by —b_, =1+ 0(z°) A
order 2: b_, + X35 _,b; = %+ 0(z%)
order 3: Yi ,b;c; = % + 0(z%)
order 4: % _,b;c? = % 46103 2 2052:1933424 + 0(z°)
im2j=1biaic; = %"‘ 0(z®) > (49)
order 5: ¥5_, b; cf = 2= 209 42 1223 4 4 0(29)
120 322560 103219200
Zf=2af'=1 bic; ajj = 12830206010 122223200 ° 38720675290907000 z% + 0(z°)
Z?=2J'=1 by ai,"cfz = 3372530 - 20223200 * 645j2§z000 z% + 0(z°)
=2.j=1bi @41 = Toso0005 T sacoose000 % T Torszeceossss . + O )

It is observed that (49) reduces to the order conditions of th
that the EFIRK5-5 method is of order five.

Choice of Frequency
According to Berghe et al. (2000), a mathematical theory to

determine the frequency w in an exact way is non-existent.
However, a study of the local truncation error (LTE) was

25 I Copyright © 2019. Federal University Birnin Kebbi, Nigeria

e IRK5-5, represented by (21), as z approaches zero; which confirms

made, with the goal of making the LTE as small as possible,
out of which follows a simple heuristically chosen algorithm
to estimate the w in each integration interval [x,, x,1] in
the following way
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, Y2 (xn) P .
w = . _W . n=20,--- ify(x,) =0 and} (50)

w = 0 otherwise

In the case where y(x) is a linear combination of w Vvalues used are then in each integration interval taken as
sin(ax) and cos(ax) and y(x,) # 0, then it is obtained the positive square root of the numerically obtained w?.
that w = a and y(x) will be integrated exactly. The Also, if negative w?-values are obtained, w is replaced in the
expressions for the occurring second derivatives can be corresponding formulae by (i? = —1). In fact, in this case,
obtained analytically from the given ODEs or calculated the exponential functions instead of the trigonometric ones
numerically using previously derived y(xn_j) values. The are integrated.Stability Analysis

The general exponentially-fitted improved Runge-Kutta (EFIRK) method (2) can be rewritten as

S
Yni1 = ¥n + hbyky —hb_k_, +h E bi(k; — k_;) (51)
i—2
where ki = f(xn, ). ko1 = f(n1,Vn-1). ki = flxn +cih,yvive + hE "1 a;; k) and k_; =

f(xn +C h Y—1V¥Yn-1 +h’2; 1(1,} k*])
Apply (51) with s = 5 to the scalar test problem
y' = Ay, where A€ C (52)

For finding the region of absolute stability, we set Ah = h to obtain the following expression for the stability polynomial

Vi1 = [( E bia,;; (J;kﬂkmt‘m) ( br’“:‘j"jk"-k) Rt + ( E Dia;; Cj) h
fe=2, .0 (=22, fe=1

+(Zz~-)h (2 )f~|y~

by QiU Apen Cme by g jCjp Ly h
:—Z;krn—l ,2,;(1

b, a,_,rj)h* -+ (Z b,c‘.)h -+ (.’J " +Zb)hl (53)

i=2,F
We note that the expressions for the coefficients of hit's in order conditions using values from the Taylor series
(53) are the order conditions up to order five given in (21). expansions presented in (47), as z tends to zero, we obtain
By setting y,.1 = &2 and y, = & and substituting for these the stability polynomials for the derived EFIRKS as
Z”— . (1 75, 428617 -4 1.3 5.2 3. 1 o5 428617 —a
(&™) =& = (330 f Too00000 " *&" tiz" 3 )€+ 126" *+To000000
+ %ES +5h +5h (54)
0.8
0.6 —
0.4 -
0.2 -
2 of
-0.2 | -
oal i
-0.6 -
o8 . . ‘ . ‘ . . ‘
-0.8 -0.6 -0.4 -0.2 (o] 0.2 0.4 0.8 0.8 1

Re("h)
Figure 1 The region of absolute stability for the EFIRKS5-5

Figure 1: shows the region of absolute stability of EFIRK5-5 and its interval of absolute stability is (-0.68, 1)
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RESULTS AND DISCUSSION
We apply the new method to two problems. We consider the following problems:

Problem 1:

v (x) = 10 cos(10x),

Which has a solution of the form y(x) = sin(10x). Equation (55) is solved numerically on the interval 0 < x < 1 and with w =

y(0) =0

10 using the aforementioned method.

Problem 2:

y'(x) =xe

With a solution of the formy(x) = x2 — Lye3x

3xX 4 2,

y(0) = — =

3

E)

In all our numerical illustrations, we compare the following methods.

Table 2: Comparison of results for petroleum 1 in [0, 1], h = 0.05, w =10

The original improved Runge-Kutta method of order five given Table I, that is method of table 1 without exponential

fitting, indicated as method IRK5-5
The new exponentially fitted improved Runge-Kutta method of order five indicated as method EFIRK5-5
The analytic method which gives the exact solution, indicated as y(x).

(555

(56)|

Savanna Journal of Basic and Applied Sciences

— %e_“, where the frequency w is computed as w = 5.

x y(x) EFIRK5-5 Error IRK5-5 Error
0.05 0.4794255380 0.4794255380 1.3934367E-24 0.4794294216 3.88300269500E-06
0.10 0.8414709848 0.8414709848 1.1943620E-24 0.8414117419 5.92429509959E-05
0.15 0.9974949866 0.9974949866 3.4378570E-24 0.9973107823 1.84204278485E-04
0.20 0.9092974268 0.9092974268 6.1811980E-24 0.9089531377 3.44289091319E-04
0.25 0.5984721441 0.5984721441 8.7527210E-24 0.5979718411 5.00303044164E-04
0.30 0.1411200081 0.1411200081 1.0522827E-23 0.1405059596 6.14048480185E-04
0.35 -0.3507832277 -0.3507832277 1.1058133E-23 -0.3514409042 6.57676549635E-04
0.40 -0.7568024953 -0.7568024953 1.0227575E-23 -0.7574230009 6.20505579529E-04
0.45 -0.9775301177 -0.9775301177 8.2345060E-24 -0.9780417540 5.11636319734E-04
0.50 -0.9589242747 -0.9689242747 5.5668960E-24 -0.9592819984 3.57723761994E-04
0.55  -0.7055403256 -0.7055403256 2.8778710E-24 -0.7057367766 1.96451068332E-04
0.60  -0.2794154999 -0.2794154999 8.2579700E-25 -0.2794828016 6.73034187396E-05
0.65 0.2151199881 0.2151199881 8.6907000E-26 0.2151180874 1.90066201770E-06
0.70 0.6569865987 0.6569865987 3.6322100E-25 0.6569703430 1.62556740129E-05
0.75 0.9379999768 0.9379999768 2.0659740E-25 0.9378931229 1.06853847140E-04
0.80 0.9893582466 0.9893582466 4.6044590E-24 0.9891067330 2.51513588897E-04
0.85 0.7984871126 0.7984871126 7.3571660E-24 0.7980722955 4.14817149315E-04
0.90 0.4121184852 0.4121184852 9.6501370E-24 0.4115617031 5.56782121394E-04
0.95 -0.0751511205 -0.0751511205 1.0921971E-23 -0.0757937709 6.42650528768E-04
1.00 -0.5440211109 -0.5440211109 1.0861282E-23 -0.5446725097 6.51398790545E-04
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Table 3: Comparison of Results for Problem 2in [0,1], h = 0.05, w = 5
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X y(x) EFIRK5-5 Error IRK5-5 Error
0.05 -0.1074793525 -0.1074793526 2.47189770E-11 -0.1074781472 1.205316372E-06
0.10  -0.0970070763 -0.0970070776 1.35991889E-09 -0.0970024177 4.658623556E-06
0.15  -0.0802289799 -0.0802289825 -0.0802289E-09 -0.0802200398 8.940196992E-06
0.20  -0.0575665131 -0.0575665165 3.39311803E-09 -0.0575535890 1.292404682E-05
0.25  -0.0293490519 -0.0293490561 4.14203276E-09 -0.0293323772 1.667471608E-05
0.30  0.00416862738 0.0041686226 4.75271549E-09 0.0041888719 2.024454367E-05
0.35 0.04279195715 0.0427919519 5.24914482E-09 0.0428156329 2.367581192E-05
0.40 0.08637474819 0.0863747425 5.65130128E-09 0.0864017507 2.700253273E-05
0.45 0.13480948749 0.1348094815 5.97581595E-09 0.134839739%4 3.025193119E-05
0.50  0.18801939996 0.1880193937 6.23651583E-09 0.1880528456 3.344567637E-05
0.55 0.24595197135 0.2459519649 6.44488239E-09 0.2459885723 3.660090092E-05
0.60  0.30857367922 0.3085736726 6.61043669E-09 0.3086134103 3.973104439E-05
0.65 0.37586572098 0.3758657142 6.74106276E-09 0.3759085675 4.284654969E-05
0.70 0.44782056360 0.4478205567 6.84327891E-09 0.4478665190 4.595543712E-05
0.75  0.52443916891 0.5244391619 6.92246526E-09 0.5244882327 4.906377667E-05
0.80  0.60572877320 0.6057287662 6.98305431E-09 0.6057809493 5.217607574E-05
0.85  0.69170112063 0.6917011136 7.02869059E-09 0.6917564162 5.529559665E-05
0.90  0.78237106698 0.7823710599 7.06236412E-09 0.7824294916 5.842461608E-05
0.95 0.87775548496 0.8777554779 7.08652209E-09 0.8778170496 6.156463634E-05
1.00 0.97787241406 0.9778724069 7.10316205E-09 0.9779371306 6.471655692E-05
Table 4: Comparison of Results for Problem 2 in [0,1], h = 0.05, w =5

h EFIRK5-5 IRK5-5 NFEs

0.05 1.10666180000E-23 6.577447507946E-04 10000

0.025 2.29628809000E-22 3.327995692713E-04 20000

0.0125 1.07980091732E-19 1.666193812173E-04 40000

0.00625 3.77879924219E-17 8.332803981257E-05 80000

0.003125 1.00321288098E-15 4.166602431409E-05 160000

0.0015625 3.33811029343E-13 2.0833253635942-05 320000

h EFIRK5-5 IRK5-5 NFEs
0.05 7.12276483049E-09 6.66292897824E-03 10000
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0.025 2.48840446673E-10
0.0125 8.20344713044E-12
0.00625 2.62930101153E-13
0.003125 6.91208257424E-12
0.0015625 9.53459932039E-10

3.33239766414E-03

1.66643253125E-03

8.33274769920E-04

4.16652022036E-04

2.08329671700E-04

20000

40000

80000

160000

320000

The error in each step of integration within the interval [0, 1]
as given in Table Il reveals that the EFIRK5-5 method is
more accurate than the original IRK5-5 with the same
number of function evaluations. From Table Il1, it is evident
that the new method also provides more accurate integration
to the problem than the existing IRK5-5 with the same
computational efficiency. It is clear from Table IV that the
EFIRK5-5 gives more accurate results than the IRK5-5
method. On the other hand, the accuracy of the new method
decreases as the step size grows smaller which also indicates
that the original method is recovered from our new method
as h approaches zero. In Table V It is observed that EFIRK5-
5 approaches the original IRK5-5 method as h tends to zero.

CONCLUSION

A new five-stage exponentially fitted improved Runge-
Kutta method has been constructed. The method was applied
to solve oscillatory and exponential problems. The results of
the numerical examples revealed that for all the problems
considered, the new exponentially fitted method is much
more efficient than the original method without exponential
fitting.

All computations were carried out using MAPLE 2019 S
oftware Package.
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