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COVID-19 is one of the greatest human global health challenges that causes economic meltdown of many nations. 
In this study, we develop an SIR-type model which captures both human-to-human and environment-to-human-

to-environment transmissions that allows the recruitment of corona viruses in the environment in the midst of 
booster vaccine program. Theoretically, we prove some basic properties of the full model as well as investigate 
the existence of SARS-CoV-2-free and endemic equilibria. The SARS-CoV-2-free equilibrium for the special case, 
where the constant inflow of corona virus into the environment by any other means, Ω is suspended (Ω = 0)
is globally asymptotically stable when the effective reproduction number 𝑅0𝑐 < 1 and unstable if otherwise. 
Whereas in the presence of free-living Corona viruses in the environment (Ω > 0), the endemic equilibrium 
using the centre manifold theory is shown to be stable globally whenever 𝑅0𝑐 > 1. The model is extended 
into optimal control system and analyzed analytically using Pontryagin’s Maximum Principle. Results from the 
optimal control simulations show that strategy E for implementing the public health advocacy, booster vaccine 
program, treatment of isolated people and disinfecting or fumigating of surfaces and dead bodies before burial 
is the most effective control intervention for mitigating the spread of Corona virus. Importantly, based on the 
available data used, the study also revealed that if at least 70% of the constituents followed the aforementioned 
public health policies, then herd immunity could be achieved for COVID-19 pandemic in the community.
1. Introduction

The World Health Organization (WHO) reported the outbreak of 
coronavirus disease (COVID-19) in Wuhan city of China in Decem-

ber 2019. The disease, caused by severe acute respiratory syndrome 
coronavirus-2 (SARS-CoV-2) [1], spread rapidly over 210 countries 
across Europe, Asia, sub-Saharan Africa and America, with the utmost 
prevalence in America. COVID-19 resulted in over 237 million con-

firmed cases and 4.8 million deaths worldwide [2]. After the first case 
of COVID-19 on February 27,2020 in Lagos, Nigeria has been one of the 
leading epicentres of SARS-CoV-2 in Africa, with about 259,007 cases 
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and 3,144 confirmed deaths as at 19th July, 2022 [3]. SARS-CoV-2 is 
mainly transmitted from one person to another via close contact with in-

fected individuals (dead and alive) [4]. Experimental proofs had it that 
human corpses are transmissible source of the virus [5], and through 
human faeces the virus can be shed to the environment [6]. In uphold-

ing African traditions and customs of burial practices such as washing 
of dead bodies before dressing, has in deep sense fuelled the transmis-

sion of the virus in Africa [7].

The diagnosis of a probable case was based on the first clinical symp-

toms such as fever, dry cough, sore throat, loss of smell and taste, head 
and body aches with, dyspnoea often accompanied by pneumonia [8] 
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and exposure to SARS-CoV-2 [9]. The incubation period for SARS-CoV-

2 is 2 to 14 days, and most infected persons recover after 2 to 6 weeks 
of illness [4]. The pandemic nevertheless has recorded a huge rate of 
mortality, especially among the elderly and people with co-morbidities 
[10].

Based on the rapid transmissiblity of the virus and fast spreading 
of the pandemic worldwide, the WHO recommended efforts to curtail 
the spread of SARS-CoV-2. In the absence of licensed anti-SARS-CoV-2 
treatment, these efforts were focused on social distancing, use of face 
masks, quarantine of suspected cases and isolation of persons infected 
with SARS-CoV-2 to prevent them from infecting others [8]. At present, 
COVID-19 vaccine has been developed and administered to individuals 
globally. However, like any other human vaccines, SARS-CoV-2 vaccine 
is considered to be imperfect at first dose [11]. Such imperfections can 
be seen in terms of waning immunity or failure to completely protect 
the immuned persons against the infection. That is, the primary vacci-

nation series (the first and second doses of COVID-19 vaccine) would 
allow breakthrough of infection at a reduced rate [12, 13]. Despite all 
these, it is assumed in this study that the additional dose(s) of booster 
vaccine will confer permanent immunity to those individuals who re-

ceived it as reported in [14, 15].

The goal of this study is to examine, through mathematical modelling 
approach, whether a public health strategy under booster vaccine pro-

gram and environmental contamination protection can lead to the suc-

cessful control of SARS-CoV-2. For the purpose of this study, booster 
vaccine means an extra administration of vaccine dose after primary 
vaccination series in order to gain complete or lasting immunity. Al-

though many mathematical models have been formulated to assess the 
impact of anti-SARS-CoV-2 control strategies based on social distancing 
and face masks, denial effect, quarantine and isolation (see for instance 
[16, 17, 18, 19, 20, 21]). Few authors [22, 23] investigated the impli-

cations of environmental contamination on the transmission dynamics 
of COVID-19 without considering the shedding from dead bodies. Other 
researchers formulated mathematical models for assessing the effect of 
primary vaccination series on the dynamics of COVID-19 without the 
inclusion of booster vaccine dose(s) [24, 25]. In view of the above, the 
present study develops a mathematical model for COVID-19 transmis-

sion dynamics that enriched the existing works in the following aspects:

i. We incorporate the shedding of SARS-CoV-2 virus from dead bod-

ies as one of the key drivers of COVID-19 transmission based on 
African perspective.

ii. We include the potential impact of booster vaccine program on the 
transmission of corona virus.

iii. Apart from shedding of the virus from the infected people and dead 
bodies into the environment, we add an external source of pool of 
SARS-CoV-2 (denoted by Ω) to cater for the uncertainty associated 
with the reservoir of the virus.

The rest of the paper is organized as follows: The new COVID-19 model 
is formulated in Section 2. Section 3 considers the well-poseness and 
equilibria analysis of the model. Using partial rank correlation coeffi-

cients (PRCCs), sensitivity analysis of model parameters is presented in 
Section 4 and the optimal control system is analyzed by Pontryagin’s 
maximum principle in Section 5. Simulations of the model to support 
the theoretical results are presented and discussed in Section 6. The pa-

per is concluded in Section 7.

2. Model formulation

We propose a mathematical model that accounts for the roles of 
booster vaccine, public health advocacy, environmental contamination 
and dead bodies on the spread of corona virus. Here, two main epi-

demiological classes are considered: the human population (alive and 
2

Fig. 1. Flow diagram of COVID-19 transmission dynamics under booster vaccine 
program and environmental contamination.

dead) and the population of corona virus pathogens present in the envi-

ronment. Thus, the human population is subdivided into seven classes, 
namely: susceptible individuals S(t), vaccinated individuals V(t) (who 
received the first and second doses of the vaccine), Latent individ-

uals L(t), infectious individuals I(t), Isolated/hospitalized individuals 
Q(t), recovered/protected individuals R(t) and the deceased individ-

uals/dead bodies D(t) at time t, respectively. The population of the 
corona virus pathogens present in the environment at time t is denoted 
by P(t). Susceptible individuals are recruited at a constant rate Λ. The 
susceptible individuals may acquire infection after effective contacts 
𝜂1, 𝜂2, 𝜂3 with Latent, infectious individuals and dead bodies respec-

tively. They can also contract the virus via contaminated environment 
at rate 𝜂4. Both infectious and isolated individuals experience an addi-

tional death burden caused by the pandemic at their respective rates 
𝛿1 and 𝛿2. Dead bodies are buried directly at a rate, 𝜌. All individuals 
who are alive may die naturally at a rate 𝜇. Based on the assumption, 
the environment is contaminated by corona virus at a constant rate 
Ω, and the respective shedding rates, 𝑑1, 𝑑2, 𝑑3 of the virus from the 
latent, infectious individuals and the dead bodies. The pathogens de-

cay from the environment at a rate 𝜑 via environmental fumigation. 
Under booster vaccine program, the susceptible humans are given the 
complete primary vaccine series at a rate 𝜈1 before attaining lasting im-

munity via the administration of the booster dose(s) at a rate, 𝜈2 . The 
vaccine wanes at a rate 𝜔 and those vaccinated contracts the virus at 
reduced rate (1 − 𝛽)𝛼, where 𝛼 is the force of infection defined by equa-

tion (1) and 𝛽 is the degree of protection due to the complete primary 
series of vaccine administered. Meanwhile, the individuals in the latent 
class progress to the infectious compartment at a rate 𝜎 and gain self-

immune recovery at a rate 𝜃, and infectious individuals are isolated at 
a rate 𝜉 and treated to become permanently protected at a rate 𝛾 .

𝛼 = 𝑐(1 − 𝜖𝜙)
( 𝜂1𝐿+ 𝜂2𝐼 + 𝜂3𝐷 + 𝜂4𝑃

𝑁

)
, (1)

where

𝑁 = 𝑆 + 𝑉 +𝐿+ 𝐼 +𝑄+𝑅+𝐷 (2)

In equation (1), 𝑐 denotes the number of contacts made between the 
susceptible and the agents of virus transmission, 𝜖𝜙 gives the product 
of public health advocacy and its efficacy. Equation (2) represents the 
total human population of both the living and the dead. The following 
assumptions and Fig. 1 were used in deriving equation (3).

A.1 Human dead bodies can still infect susceptible individuals during 
burials. This assumption is motivated by the African practices such 
as preparation of dead bodies before dressing. It is supported by 
the work of [5]

A.2 Both latent and Infectious individuals shed Corona Virus to the en-

vironment through human faeces. Dead bodies also shed the virus 
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Table 1. The parameter values used for numerical simulations.

Parameter Symbol Value Ref.

Recruitment rate of susceptibles Λ 7,828,143 day−1 estimated

Inflow rate of corona virus into the environment

by any other means Ω 148,347,347 day−1 estimated

Degree of protection induced by primary

vaccination series (first and second doses) 𝛽 0.33 estimated

Shedding rates of the virus from

(latent, infectious, dead bodies) (𝑑1 , 𝑑2 , 𝑑3) (0.93,0.067,0.00088) day−1 estimated

COVID-19 induced death rates for

(infectious, Isolated) individuals 𝛿1 , 𝛿2 0.031 day−1 estimated

Effective contact rates for (Latent, infectious) (𝜂1 , 𝜂2) 0.82 ∈ (0.1-1.5) [23]

Effective contact rate of the dead bodies 𝜂3 0.82 Assumed

Effective contact rate of the pathogens 𝜂4 0.82 ∈ (0.1-1.5) [23]

Rate of administering the primary vaccination series 𝜈1 0.71 day−1 estimated

Rate of administering the booster vaccine dose(s) 𝜈2 0.29 day−1 estimated

Rate at which the primary vaccine wanes with time 𝜔 0.02 day−1 Assumed

Isolation rate for infectious individuals 𝜉 0.043 day−1 estimated

Self-immune recovery rate for latent individuals 𝜃 0.072 day−1 estimated

Proper burial rate of dead bodies 𝜌 0.95 day−1 Assumed

Decay rate of Corona virus from the environment 𝜑 0.02 day−1 Assumed

Recovery rate due to treatment 𝛾 0.94 day−1 estimated

Rate of public health awareness 𝜖 0.9 Assumed

Efficacy rate of public health awareness 𝜙 0.6 Assumed

Number of contacts made 𝑐 0.2 day−1 estimated

Progression rate 𝜎 0.072 day−1 estimated

Natural death rate 𝜇 0.01138 day−1 estimated
when the process of burial is improper. This assumption is sup-

ported by the work of [6]

A.3 We considered hospitalized individuals to be confined, as such they 
have negligible contacts with the susceptibles, thus does not con-

tribute in the force of infection.

A.4 We also assumed that poor sanitary practices may result in the pro-

motion of corona virus in the environment. This can be prevalent 
in the African countries e.g. Nigeria, where poor hygiene is more 
pronounced.

A.5 We assume that administering booster vaccine dose(s) on vacci-

nated people and recovery after infection yields lasting immu-

nity/protection for a particular variant of the disease. This is sup-

ported by the reports given in [14, 15, 26].

A.6 We considered the recruitment of corona virus pathogens into the 
environment at a constant rate due to uncertainty since the source 
of the virus is not yet confirmed at the moment. This assumption is 
supported by the works of [27, 28].

The parameter values for the model are summarized in Table 1.

𝑑𝑆(𝑡)
𝑑𝑡

= Λ+𝜔𝑉 − 𝛼𝑆 − (𝜇 + 𝜈1)𝑆,

𝑑𝑉 (𝑡)
𝑑𝑡

= 𝜈1𝑆 − (𝜇 +𝜔+ 𝜈2 + (1 − 𝛽)𝛼)𝑉 ,

𝑑𝐿(𝑡)
𝑑𝑡

= 𝛼𝑆 + (1 − 𝛽)𝛼𝑉 − (𝜇 + 𝜎 + 𝜃)𝐿,

𝑑𝐼(𝑡)
𝑑𝑡

= 𝜎𝐿− (𝜇 + 𝜉 + 𝛿1)𝐼,

𝑑𝑄(𝑡)
𝑑𝑡

= 𝜉𝐼 − (𝜇 + 𝛾 + 𝛿2)𝑄.

𝑑𝑅(𝑡)
𝑑𝑡

= 𝜈2𝑉 + 𝜃𝐿+ 𝛾𝑄− 𝜇𝑅,

𝑑𝐷(𝑡)
𝑑𝑡

= 𝛿1𝐼 + 𝛿2𝑄− 𝜌𝐷,

𝑑𝑃 (𝑡) = Ω+ 𝑑1𝐿+ 𝑑2𝐼 + 𝑑3𝐷 −𝜑𝑃 ,

(3)
𝑑𝑡

3

System (3) is obviously accompanied with the initial conditions 𝑆(0) =
𝑆0, 𝑉 (0) = 𝑉0, 𝐿(0) = 𝐿0, 𝐼(0) = 𝐼0, 𝑄(0) =𝑄0, 𝑅(0) = 𝑅0, 𝐷(0) =𝐷0, 𝑃 (0) =
𝑃0.

Adding the first six equations of the system above gives the conservation 
equation

𝑑𝐺(𝑡)
𝑑𝑡

=Λ− 𝜇𝐺 − 𝛿1𝐼 − 𝛿2𝑄, (4)

where 𝐺 = 𝑆 + 𝑉 +𝐿 + 𝐼 +𝑄 +𝑅 is the total human population that are 
alive.

3. Boundedness, invariance and equilibria analysis

3.1. Boundedness and invariance

Lemma 3.1. Suppose the system (3) has a global solution with respect to 
the non-negative initial conditions. Then the solution is non-negative at all 
time.

Proof. Assume that 𝑆(0) ≥ 0, 𝑉 (0) ≥ 0, 𝐿(0) ≥ 0, 𝐼(0) ≥ 0, 𝑄(0) ≥ 0, 𝑅(0) ≥
0, 𝐷(0) ≥ 0 and 𝑃 (0) ≥ 0. The first equation of System (3) can take the 
form

𝑑𝑆(𝑡)
𝑑𝑡

≥Λ−𝐵(𝑡)𝑆,

where 𝐵(𝑡) = 𝜇 + 𝛼. This linear first order equation has a solution

𝑆(𝑡) = 𝑆(0)𝑒𝑥𝑝
( 𝑡

∫
0

−𝐵(𝑠)𝑑𝑠
)

+ 𝑒𝑥𝑝

( 𝑡

∫
0

−𝐵(𝑠)𝑑𝑠
)
×

𝑡

∫
0

Λ𝑒𝑥𝑝
( 𝑤

∫
0

𝐵(𝑢)𝑑𝑢
)
𝑑𝑤≥ 0.

From the second equation of system (3), we have

𝑑𝑉 (𝑡) = 𝜈1𝑆 − (𝜇 +𝜔+ 𝜈2 + (1 − 𝛽)𝛼)𝑉 ≥ −(𝜇 +𝜔+ 𝜈2 + (1 − 𝛽)𝛼)𝑉 ,

𝑑𝑡
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This implies that

𝑉 (𝑡) = 𝑉 (0)𝑒𝑥𝑝
[
− (𝜇 +𝜔+ 𝜈2)𝑡

]
× 𝑒𝑥𝑝

[
− (1 − 𝛽)

𝑡

∫
0

𝛼(𝑠)𝑑𝑠
]
> 0

Thus, 𝑆(0) ≥ 0, 𝑉 (0) ≥ 0∀𝑡 ≥ 0. In a like manner, it can be shown known 
that 𝐿(0) ≥ 0, 𝐼(0) ≥ 0, 𝑄(0) ≥ 0, 𝑅(0) ≥ 0, 𝐷(0) ≥ 0 and 𝑃 (0) ≥ 0 for all 
𝑡 > 0. This completes the proof. □

The proof of boundedness of system (3) is provided in Lemma 3.2.

Lemma 3.2. Suppose the given initial conditions of system (3) satisfy

𝐺(0) ≤ 𝐺𝑛, 𝐷(0) ≤ 𝐷𝑛, 𝑃 (0) ≤ 𝑃𝑛, where 𝐺𝑛 =
Λ
𝜇

, 𝐷𝑛 =
(𝛿1+𝛿2)Λ

𝜇𝜌
and 𝑃𝑛 =

Ω
𝜑
+ (𝑑1+𝑑2+𝑑3)Λ

𝜇𝜑
. Then the solution when exist on interval I, satisfies the 

following bounds: 𝐺(𝑡) ≤ 𝐺𝑛, 𝐷(𝑡) ≤ 𝐷𝑛, 𝑃 (𝑡) ≤ 𝑃𝑛.

Proof. In the absence of COVID-19 related deaths 𝛿1 = 𝛿2 = 0, we obtain 
from equation (4) that

𝑑𝐺(𝑡)
𝑑𝑡

≤Λ− 𝜇𝐺.

Onward integration gives

𝐺(𝑡) ≤ Λ
𝜇
+ (𝐺(0) − Λ

𝜇
)𝑒𝑥𝑝(−𝜇𝑡).

Thus, 𝐺(𝑡) ≤ 𝐺𝑛 whenever 𝐺(0) ≤ 𝐺𝑛. Since 𝐼(𝑡) ≤ 𝐺𝑛 and 𝑄(𝑡) ≤ 𝐺𝑛, we 
see that the seventh equation of the system (3) yields

𝑑𝐷(𝑡)
𝑑𝑡

≤ (𝛿1 + 𝛿2)𝐺𝑛 − 𝜌𝐷

from which we obtain 𝐷(𝑡) ≤𝐷𝑛. In addition, the last equation of system 
(3) can be given as

𝑃 (𝑡)
𝑑𝑡

≤Ω+ (𝑑1 + 𝑑2 + 𝑑3)𝐺𝑛 −𝜑𝑃

and consequently accounts for 𝑃 (𝑡) ≤ 𝑃𝑛. From the above Lemmas 3.1

and 3.2, we have the following theorem

Theorem 3.3. The closed set
𝐶ℝ
Ω =

{
(𝑆(𝑡), 𝑉 (𝑡), 𝐿(𝑡), 𝐼(𝑡), 𝑄(𝑡), 𝑅(𝑡), 𝐷(𝑡), 𝑃 (𝑡)) ∈ ℝ8

+ ∶ 𝐺(𝑡) ≤ Λ
𝜇
, 𝐷(𝑡) ≤

(𝛿1+𝛿2)Λ
𝜇𝜌

, 𝑃 (𝑡) ≤ Ω
𝜑
+ (𝑑1+𝑑2+𝑑3)Λ

𝜇𝜑

}
. is positively invariant and attracting for 

all non-negative starting conditions in ℝ8
+.

However, for the special case (Ω = 0), the dynamical behaviour of 
the system may be found biologically useful within the feasible region 
𝐶ℝ
0 .

Theorem 3.4. The closed set
𝐶ℝ
0 =

{
(𝑆(𝑡), 𝑉 (𝑡), 𝐿(𝑡), 𝐼(𝑡), 𝑄(𝑡), 𝑅(𝑡), 𝐷(𝑡), 𝑃 (𝑡)) ∈ ℝ8

+ ∶ 𝐺(𝑡) ≤ Λ
𝜇
, 𝐷(𝑡) ≤

(𝛿1+𝛿2)Λ
𝜇𝜌

, 𝑃 (𝑡) ≤ (𝑑1+𝑑2+𝑑3)Λ
𝜇𝜑

}
. for the system (3) at Ω = 0 is positively in-

variant and attracting for all non-negative initial conditions in ℝ8
+ . □

3.2. Equilibria analysis

3.2.1. Stability of SARS-CoV-2-free equilibrium

In this subsection, we consider the situation where there is no 
presence of corona virus in the environment (Ω = 0). This scenario 
refers to SARS-CoV-2 free equilibrium, 𝐸0. However, when Ω > 0, 
no disease-free equilibrium exists. Following system (3), we have 
𝐸0(𝑆0, 𝑉 0, 𝐿0, 𝐼0, 𝑄0, 𝑅0, 𝐷0, 𝑃 0), where

𝑆0 =
Λ(𝜇 +𝜔+ 𝜈2)

𝜇(𝜇 +𝜔+ 𝜈2) + 𝜈1(𝜇 + 𝜈2)
, 𝑉 0 =

𝜈1Λ
𝜇(𝜇 +𝜔+ 𝜈2) + 𝜈1(𝜇 + 𝜈2)

,

𝐿0 = 0, 𝐼0 = 0, 𝐷0 = 0, 𝑄0 = 0, 𝑃 0 = 0,
4

𝑅0 =
Λ𝜈1𝜈2

𝜇

[
𝜇(𝜇 +𝜔+ 𝜈2) + 𝜈1(𝜇 + 𝜈2)

] ,
The system (3) at Ω = 0 can be rewritten as in equation (5)

�̇� = 𝑓 (𝑥) =𝐻(𝑥) −𝑈 (𝑥), (5)

where

𝐻(𝑥) =

⎛⎜⎜⎜⎜⎜⎝

𝛼(𝑆 + (1 − 𝛽)𝑉 )
0
0
0
0

⎞⎟⎟⎟⎟⎟⎠
and 𝑈 (𝑥) =

⎛⎜⎜⎜⎜⎜⎝

(𝜇 + 𝜎 + 𝜃)𝐿
−𝜎𝐿+ (𝜇 + 𝜉 + 𝛿1)𝐼
−𝜉𝐼 + (𝜇 + 𝛾 + 𝛿2)𝑄
−𝛿1𝐼 − 𝛿2𝑄+ 𝜌𝐷

−𝑑1𝐿− 𝑑2𝐼 − 𝑑3𝐷 +𝜑𝑃

⎞⎟⎟⎟⎟⎟⎠
,

are the new infections and transfer terms respectively. Evaluating the 
Jacobian of 𝐻(𝑥) and 𝑈 (𝑥) at SARS-CoV-2-free equilibrium 𝐸0 gives

𝐹 =

⎛⎜⎜⎜⎜⎜⎝

𝜅𝜂1 𝜅𝜂2 0 𝜅𝜂3 𝜅𝜂4
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

⎞⎟⎟⎟⎟⎟⎠
and

𝑉 =

⎛⎜⎜⎜⎜⎜⎝

𝜇 + 𝜎 + 𝜃 0 0 0 0
−𝜎 𝜇 + 𝜉 + 𝛿1 0 0 0
0 −𝜉 𝜇 + 𝛾 + 𝛿2 0 0
0 −𝛿1 −𝛿2 𝜌 0

−𝑑1 −𝑑2 0 −𝑑3 𝜑

⎞⎟⎟⎟⎟⎟⎠
,

with the inverse of V given by

𝑉 −1 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
𝑞𝑚

0 0 0 0
𝜎

𝑞𝑚𝑞𝑤

1
𝑞𝑤

0 0 0
𝜉𝜎

𝑞𝑚𝑞𝑤𝑞𝑛

𝜉

𝑞𝑤𝑞𝑛

1
𝑞𝑛

0 0

𝜎
𝜉𝛿2+𝛿1𝑞𝑛
𝜌𝑞𝑚𝑞𝑤𝑞𝑛

𝜉𝛿2+𝛿1𝑞𝑛
𝜌𝑞𝑤𝑞𝑛

𝛿2
𝜌𝑞𝑛

1
𝜌

0
𝜌𝑞𝑛(𝑑2𝜎+𝑞𝑤𝑑1)+𝑑3𝜎(𝜉𝛿2+𝑞𝑛𝛿1)

𝜌𝜑𝑞𝑚𝑞𝑤𝑞𝑛

𝜌𝑞𝑛𝑑2+𝑑3(𝜉𝛿2+𝑞𝑛𝛿1)
𝜌𝜑𝑞𝑤𝑞𝑛

𝑑3𝛿2
𝜌𝜑𝑞𝑛

𝑑3
𝜌𝜑

1
𝜑

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

where 𝑞𝑚 = 𝜇 + 𝜎 + 𝜃, 𝑞𝑤 = 𝜇 + 𝜉 + 𝛿1 and 𝑞𝑛 = 𝜇 + 𝛾 + 𝛿2.

The largest eigenvalue of the next generation matrix 𝐹𝑉 −1 denoted 
by 𝑅0𝑐 is given by

𝑅0𝑐 =
𝜅𝜂1
𝑞𝑚

+
𝜅𝜂2𝜎

𝑞𝑚𝑞𝑤
+ 𝜅𝜂3𝜎

𝜉𝛿2 + 𝛿1𝑞𝑛
𝜌𝑞𝑚𝑞𝑤𝑞𝑛

+ 𝜅𝜂4
𝜌𝑞𝑛(𝑑2𝜎 + 𝑞𝑤𝑑1) + 𝑑3𝜎(𝜉𝛿2 + 𝑞𝑛𝛿1)

𝜌𝜑𝑞𝑚𝑞𝑤𝑞𝑛
.

(6)

with

𝜅 = 𝑐(1 − 𝜖𝜙)
𝜇𝐻0

𝜇(𝜇 +𝜔+ 𝜈2) + 𝜈1(𝜇 + 𝜈2)
.

and 𝐻0 = 𝜇+𝜔 +𝜈2 + (1 −𝛽)𝜈1. The effective reproduction number 𝑅0𝑐 is 
defined as the expected number of secondary COVID-19 cases produced 
by one infected individual during its entire period of infectiousness in 
an entire susceptible population in the presence of control strategies 
[29]. We observe from equation (6) that 𝑅0𝑐 is given as the sum of four 
infection contributions:

(i) 𝑅𝐿
0𝑐 =

𝜅𝜂1
𝑞𝑚

, is the contribution of Latent humans, L;

(ii) 𝑅𝐼
0𝑐 =

𝜅𝜂2𝜎
𝑞𝑚𝑞𝑤

, is the contribution of infectious humans, I;

(iii) 𝑅𝐷
0𝑐 = 𝜅𝜂3𝜎

𝜉𝛿2+𝛿1𝑞𝑛
𝜌𝑞𝑚𝑞𝑤𝑞𝑛

, is the contribution due to the handling of dead 
bodies. That is, infected corpses, D;

(iv) 𝑅𝑃
0𝑐 = 𝜅𝜂4

𝜌𝑞𝑛(𝑑2𝜎+𝑞𝑤𝑑1)+𝑑3𝜎(𝜉𝛿2+𝑞𝑛𝛿1)
𝜌𝜑𝑞𝑚𝑞𝑤𝑞𝑛

, is the contribution due to the 
environmental contamination by the SARS-CoV-2 virus, P.

From the well-known Theorem 2 of [29], the following result holds
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Theorem 3.5. The SARS-free equilibrium, 𝐸0 of the system (3) in 𝐶ℝ
0 is 

locally asymptotically stable if 𝑅0𝑐 ≤ 1 and unstable if 𝑅0𝑐 > 1.

Proof. The stability of 𝐸0 is established from the roots of the charac-

teristic polynomial, which says that the equilibrium is stable if the roots 
of the characteristic polynomial are all real and negative. Now, at 𝐸0, 
the Jacobian matrix of system (3) is defined by

𝐽 (𝐸0) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−𝑞𝑥 𝜔 −𝑛𝑝 −𝑛𝑟 0 0 −𝑚𝑝 −𝑚𝑟

𝜈1 −𝑞𝑦 −𝑛𝑞 −𝑛𝑤 0 0 −𝑚𝑞 −𝑚𝑤

0 0 𝑞𝑧 𝑚𝑥 0 0 𝑚𝑦 𝑚𝑧

0 0 𝜎 −𝑞𝑤 0 0 0 0
0 0 0 𝜉 −𝑞𝑛 0 0 0
0 𝜈2 𝜃 0 𝛾 −𝜇 0 0
0 0 0 𝛿1 𝛿2 0 −𝜌 0
0 0 𝑑1 𝑑2 0 0 𝑑3 −𝜑

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

with 𝑞𝑥 = 𝜇 + 𝜈1, 𝑞𝑦 = 𝜇 + 𝜔 + 𝜈2, 𝑞𝑤 = 𝜇 + 𝜉 + 𝛿1, 𝑞𝑛 = 𝜇 + 𝛾 + 𝛿2, 𝑛𝑝 =
𝑐(1 −𝜖𝜙)𝜂1

𝑆0

𝑁
, 𝑛𝑞 = 𝑐(1 −𝜖𝜙)(1 −𝛽)𝜂1

𝑉 0

𝑁
, 𝑞𝑧 = 𝑛𝑝+𝑛𝑞−(𝜇+𝜎+𝜃), 𝑛𝑟 = 𝑐(1 −

𝜖𝜙)𝜂2
𝑆0

𝑁
, 𝑛𝑤 = 𝑐(1 −𝜖𝜙)(1 −𝛽)𝜂2

𝑉 0

𝑁
, 𝑚𝑝 = 𝑐(1 −𝜖𝜙)𝜂3

𝑆0

𝑁
, 𝑚𝑞 = 𝑐(1 −𝜖𝜙)(1 −

𝛽)𝜂3
𝑉 0

𝑁
, 𝑚𝑟 = 𝑐(1 − 𝜖𝜙)𝜂4

𝑆0

𝑁
, 𝑚𝑤 = 𝑐(1 − 𝜖𝜙)(1 − 𝛽)𝜂4

𝑉 0

𝑁
, 𝑚𝑦 =𝑚𝑝 +𝑚𝑞 and 

𝑚𝑧 =𝑚𝑟 +𝑚𝑤. The characteristic polynomial is given by

(−𝜇 − 𝜆𝑒)(𝜆7𝑒 +𝐴6𝜆
6
𝑒
+𝐴5𝜆

5
𝑒
+𝐴4𝜆

4
𝑒
+𝐴3𝜆

3
𝑒
+𝐴2𝜆

2
𝑒
+𝐴1𝜆𝑒 +𝐴0) = 0, (7)

where,

𝐴6 = 𝜌+𝜑+ 𝑞𝑥 + 𝑞𝑦 − 𝑞𝑚(𝑅𝐿
0𝑐 − 1) + 𝑞𝑤 + 𝑞𝑛,

𝐴5 = (𝑞𝑥𝑞𝑦 −𝜔𝜈1) + (𝑞𝑥 + 𝑞𝑦)(𝑞𝑤 + 𝑞𝑛) + 𝜌(𝜑+ 𝑞𝑥 + 𝑞𝑦 + 𝑞𝑤 + 𝑞𝑛)

+𝜑(𝑞𝑥 + 𝑞𝑦 + 𝑞𝑤 + 𝑞𝑛) + 𝑞𝑤𝑞𝑛

[
1 −

𝜅𝜂2𝜎

𝑞𝑤𝑞𝑛
−
𝑑1𝜅𝜂4𝜎

𝑞𝑤𝑞𝑛

]

− 𝑞𝑚(𝑅𝐿
0𝑐 − 1)(𝜌+𝜑+ 𝑞𝑥 + 𝑞𝑦 + 𝑞𝑤 + 𝑞𝑛),

𝐴4 = −𝜅𝜂2𝜎(𝜌+𝜑+ 𝑞𝑥 + 𝑞𝑦 + 𝑞𝑛) − 𝑞𝑚(𝑅𝐿
0𝑐 − 1)

[
𝜌(𝜑+ 𝑞𝑥 + 𝑞𝑦 + 𝑞𝑤 + 𝑞𝑛)

+𝜑(𝑞𝑥 + 𝑞𝑦 + 𝑞𝑤 + 𝑞𝑛) + 𝑞𝑥𝑞𝑦 −𝜔𝜈1 + (𝑞𝑥 + 𝑞𝑦)(𝑞𝑤 + 𝑞𝑛) + 𝑞𝑤𝑞𝑛

]

− 𝜅𝜂4

[
𝑑1(𝜌+ 𝑞𝑥 + 𝑞𝑦 + 𝑞𝑤 + 𝑞𝑛) + 𝑑2𝜎

]
− 𝜅𝜂3𝛿1

+ 𝜌

[
(𝑞𝑥 + 𝑞𝑦)(𝑞𝑤 + 𝑞𝑛) + 𝑞𝑤𝑞𝑛 + 𝑞𝑥𝑞𝑦 −𝜔𝜈1] + 𝜌𝜑(𝑞𝑥 + 𝑞𝑦 + 𝑞𝑤 + 𝑞𝑛)

+𝜑

[
(𝑞𝑥 + 𝑞𝑦)(𝑞𝑤 + 𝑞𝑛) + 𝑞𝑤𝑞𝑛 + 𝑞𝑥𝑞𝑦 −𝜔𝜈1

]
+ 𝑞𝑤(𝑞𝑥𝑞𝑦 −𝜔𝜈1 + 𝑞𝑥𝑞𝑛)

+ 𝑞𝑛(𝑞𝑦𝑞𝑤 + 𝑞𝑥𝑞𝑦 −𝜔𝜈1),

𝐴3 = −𝑞𝑚𝑞𝑤
[
(𝑅𝐿

0𝑐 − 1 + 𝜌𝑅𝐼
𝑜𝑐
)
(
𝜌𝜑+ 𝑞𝑛(𝜌+𝜑) + (𝑞𝑥 + 𝑞𝑦)(𝜌+𝜑+ 𝑞𝑛)

+ 𝑞𝑥𝑞𝑦 −𝜔𝜈1

)
+ 𝜌𝑞𝑛𝑅

𝐷
0𝑐

]
− 𝜅𝜂3𝜎𝛿1(𝜑+ 𝑞𝑥 + 𝑞𝑦)

− 𝑞𝑚𝑞𝑛(𝑅𝐿
0𝑐 − 1)

[
𝜌𝜑+ (𝜌+𝜑)(𝑞𝑥 + 𝑞𝑦) + 𝑞𝑥𝑞𝑦 −𝜔𝜈1

]

− 𝑞𝑚𝑞𝑛(𝑅𝐿
0𝑐 − 1)

[
(𝜌+𝜑)(𝑞𝑥𝑞𝑦 −𝜔𝜈1) + 𝜌𝜑(𝑞𝑥 + 𝑞𝑦)

]

+ 𝑞𝑛

[
(𝜑+ 𝑞𝑤)(𝑞𝑥𝑞𝑦 −𝜔𝜈1) + 𝜌𝜑𝑞𝑤 + (𝑞𝑥 + 𝑞𝑦)(𝜌𝜑+ 𝑞𝑤(𝜌+𝜑))

]

+ 𝜌𝜑

[
𝑞𝑥𝑞𝑦 −𝜔𝜈1 + 𝑞𝑤(𝑞𝑥 + 𝑞𝑦)

]
+ (𝑞𝑥𝑞𝑦 −𝜔𝜈1)

[
𝜑𝑞𝑤 + 𝜌(𝑞𝑤 + 𝑞𝑛)

]

− 𝜅𝜂4𝜎
[
𝑑2(𝜌+ 𝑞𝑦 + 𝑞𝑛) + 𝛿1(𝑑3 + 𝑞𝑛)] − 𝜅𝜂4𝑑1

[
𝜌(𝑞𝑥 + 𝑞𝑦 + 𝑞𝑤 + 𝑞𝑛)

+ 𝑞𝑤(𝑞𝑥 + 𝑞𝑦 + 𝑞𝑛) + 𝑞𝑛(𝑞𝑥 + 𝑞𝑦) + 𝑞𝑥𝑞𝑦 −𝜔𝜈1

]
,

𝐴2 = 𝜌𝜑𝑞𝑚𝑞𝑤𝑞𝑛(1 −𝑅0𝑐) + 𝑞𝑚𝑞𝑤(1 −𝑅𝐿
0𝑐 −𝑅𝐼

0𝑐)
[
(𝑞𝑥 + 𝑞𝑦)(𝜌𝜑+ 𝑞𝑛(𝜌+𝜑))

+ (𝑞𝑥𝑞𝑦 −𝜔𝜈1)(𝜌+𝜑)
]

+ 𝑞𝑚𝑞𝑤𝑞𝑛(𝑞𝑥𝑞𝑦 −𝜔𝜈1)
[
1 −𝑅𝐿

0𝑐 −𝑅𝐼
0𝑐 − 𝜌𝑅𝐷

0𝑐

( 𝑞𝑥 + 𝑞𝑦

𝑞𝑥 + 𝑞𝑦 −𝜔𝜈1

)]

+ (𝑞𝑥𝑞𝑦 −𝜔𝜈1)
[
𝜌𝜑(𝑞𝑤 + 𝑞𝑛) + 𝑞𝑤𝑞𝑛(𝜌+𝜑+ 𝜌𝜑(𝑞𝑥 + 𝑞𝑦))

]

𝐴

𝐴

A

o

S

𝐴

T

1

T

𝐶

P

s

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
T

𝑑

𝑑

5

+ 𝑞𝑚(1 −𝑅𝐿
0𝑐)

[
𝜌𝜑𝑞𝑛(𝑞𝑥 + 𝑞𝑦) + (𝑞𝑥𝑞𝑦 −𝜔𝜈1)(𝜌𝜑+ 𝑞𝑛(𝜌+𝜑))

]

− 𝜅𝜂4

[
(𝜌𝑑1 + 𝑑2𝜔)(𝑞𝑥𝑞𝑦 −𝜔𝜈1) + 𝑑2𝜎𝑞𝑛𝑞𝑦

]

− 𝜅𝜂4𝑑1(𝑞𝑤 + 𝑞𝑛)
[
𝑞𝑥𝑞𝑦 −𝜔𝜈1 + 𝜌𝑞𝑥 + 𝑑1𝑞𝑦

]

− 𝜅𝜂3𝜎
[
𝛿1(𝑞𝑥𝑞𝑦 −𝜔𝜈1) +𝜑(𝜉𝛿2 + 𝑞𝑥𝛿1)

]

− 𝜅𝜂3(𝑞𝑥 + 𝑞𝑦)
[
𝑑1𝑞𝑤𝑞𝑛 + 𝜎(𝜌𝑑2 + 𝑑3𝛿1)

]

− 𝜅𝜂4(𝑞𝑥 + 𝑞𝑦)
[
𝑑1𝑞𝑤𝑞𝑛 + 𝜎(𝜉𝛿2 + 𝛿1𝑞𝑛 + 𝜌𝑑2 + 𝑑3𝛿1)

]
,

1 = −𝑞𝑚𝑞𝑤𝑞𝑛
[
(𝑅𝐿

0𝑐 − 1)(𝜌𝜑(𝑞𝑥 + 𝑞𝑦) + (𝜌+𝜑)(𝑞𝑥𝑞𝑦 −𝜔𝜈1))

+𝑅𝐼
0𝑐(𝜌+𝜑)(𝑞𝑥𝑞𝑦 −𝜔𝜈1) +𝑅𝑃

0𝑐𝜌𝜑(𝑞𝑥 + 𝑞𝑦) + 𝜌𝑅𝐷
0𝑐(𝜑(𝑞𝑥 + 𝑞𝑦)

+ 𝑞𝑥𝑞𝑦 −𝜔𝜈1)
]
− 𝜅𝜂3𝜎𝜑𝛿1(𝑞𝑥𝑞𝑦 −𝜔𝜈1)

− 𝜅𝜂4(𝑑3𝜎𝛿1 + 𝑞𝑛(𝑞𝑥𝑞𝑦 −𝜔𝜈1)(𝑑2𝜎 + 𝜌𝑑1 + 𝑞𝑤𝑑1))

+ 𝜌𝜑𝑞𝑤𝑞𝑛(𝑞𝑥𝑞𝑦 −𝜔𝜈1)
[
1 −

𝜅𝜂2𝜎

𝑞𝑤𝑞𝑛

(
1 + 𝑞𝑛

𝑞𝑥 + 𝑞𝑦

𝑞𝑥𝑞𝑦 −𝜔𝜈1

)

− 𝑞𝑚(𝑅𝐿
0𝑐 − 1)

( 𝑞𝑤 + 𝑞𝑛

𝑞𝑤𝑞𝑛

)]
,

0 = 𝜌𝜑𝑞𝑚𝑞𝑤𝑞𝑛𝐻0(1 −𝑅0𝑐).

ccording to [30], if 𝐴6, 𝐴5, 𝐴4, 𝐴3, 𝐴2, 𝐴1, 𝐴0 are positive, then the roots 
f equation (7) have negative real parts whenever 𝑅0𝑐 < 1. Thus, the 
ARS-CoV-2-free equilibrium, 𝐸0 is locally asymptotically stable since 
𝑖 > 0, 𝑖 = 0, 1, 2, ..., 6 when 𝑅0𝑐 < 1. However when the 𝑅0𝑐 > 1, 𝐴0 < 0. 
his implies that positive real parts exist, as such 𝐸0 is unstable if 𝑅0𝑐 >

. □

For the global stability, we prove the following result

heorem 3.6. The SARS-CoV-2-free equilibrium, 𝐸0 of the system (3) in 
ℝ
0 is globally asymptotically stable if 𝑅0𝑐 ≤ 1 and unstable otherwise

roof. As in [31], we consider a Lyapunov function Φ𝑓 = 𝐿. From the 
ystem (3) at Ω = 0 by setting 𝑑𝐼

𝑑𝑡
= 𝑑𝑄

𝑑𝑡
= 𝑑𝐷

𝑑𝑡
= 𝑑𝑃

𝑑𝑡
= 0, we obtain

𝐼 = 𝜎𝐿

𝜇 + 𝜉 + 𝛿1
,

𝑄 = 𝜉𝜎𝐿

(𝜇 + 𝜉 + 𝛿1)(𝜇 + 𝛾 + 𝛿2)
,

𝐷 =
[ 𝛿1𝜎

𝜌(𝜇 + 𝜉 + 𝛿1)
+

𝛿2𝜉𝜎

𝜌(𝜇 + 𝜉 + 𝛿1)(𝜇 + 𝛾 + 𝛿2)

]
𝐿,

𝑃 =
[𝑑1
𝜑

+
𝑑2𝜎

𝜑(𝜇 + 𝜉 + 𝛿1)
+

𝑑5𝜎(𝛿2𝜉 + 𝛿1(𝜇 + 𝛾 + 𝛿2))
𝜌𝜑(𝜇 + 𝜉 + 𝛿1)(𝜇 + 𝛾 + 𝛿2)

]
𝐿.

(8)

hus,

Φ𝑓

𝑑𝑡
= 𝑑𝐿

𝑑𝑡

= 𝑐(1 − 𝜖𝜙)(𝜂1𝐿+ 𝜂2𝐼 + 𝜂3𝐷 + 𝜂4𝑃 )
(
𝑆

𝑁
+ (1 − 𝛽) 𝑉

𝑁

)
− (𝜇 + 𝜎 + 𝜃)𝐿.

Plugging in the equation (8) into the above gives

Φ𝑓

𝑑𝑡
= 𝑐(1 − 𝜖𝜙)

(
𝑆

𝑁
+ (1 − 𝛽) 𝑉

𝑁

)[
𝜂1 +

𝜂2𝜎

𝜇 + 𝜉 + 𝛿1

+ 𝜂3

( 𝛿1𝜎

𝜌(𝜇 + 𝜉 + 𝛿1)
+

𝛿2𝜉𝜎

𝜌(𝜇 + 𝜉 + 𝛿1)(𝜇 + 𝛾 + 𝛿2)

)

+ 𝜂4

(𝑑1
𝜑

+
𝑑2𝜎

𝜑(𝜇 + 𝜉 + 𝛿1)

+
𝑑5𝜎(𝛿2𝜉 + 𝛿1(𝜇 + 𝛾 + 𝛿2))
𝜌𝜑(𝜇 + 𝜉 + 𝛿1)(𝜇 + 𝛾 + 𝛿2)

)]
𝐿− (𝜇 + 𝜎 + 𝜃)𝐿.

Recall that at SARS-CoV-2-free equilibrium

𝑆 ≤ 𝑆0
and

𝑉 ≤ 𝑉 0
.

𝑁 𝑁0 𝑁 𝑁0
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Therefore,

𝑑Φ𝑓

𝑑𝑡
≤ 𝑐(1 − 𝜖𝜙)

(
𝑆0

𝑁0 + (1 − 𝛽) 𝑉
0

𝑁0

)[
𝜂1 +

𝜂2𝜎

𝜇 + 𝜉 + 𝛿1

+ 𝜂3

( 𝛿1𝜎

𝜌(𝜇 + 𝜉 + 𝛿1)
+

𝛿2𝜉𝜎

𝜌(𝜇 + 𝜉 + 𝛿1)(𝜇 + 𝛾 + 𝛿2)

)

+ 𝜂4

(𝑑1
𝜑

+
𝑑2𝜎

𝜑(𝜇 + 𝜉 + 𝛿1)

+
𝑑5𝜎(𝛿2𝜉 + 𝛿1(𝜇 + 𝛾 + 𝛿2))
𝜌𝜑(𝜇 + 𝜉 + 𝛿1)(𝜇 + 𝛾 + 𝛿2)

)]
𝐿− (𝜇 + 𝜎 + 𝜃)𝐿,

≤ (𝜇 + 𝜎 + 𝜃)
(
𝑅0𝑐 − 1

)
𝐿.

Clearly, 𝑑Φ𝑓

𝑑𝑡
≤ 0 (negative semi definite) when 𝑅0𝑐 ≤ 1 and equality 

holding when 𝑅0𝑐 = 1. Thus, the largest compact set 𝐶𝑅
0 such that 

𝑑Φ𝑓

𝑑𝑡
= 0 when 𝑅0𝑐 ≤ 1 is the singleton 𝐸0. Hence, by LaSalle invariance 

principle [32], the SARS-CoV-2 free equilibrium is globally asymptoti-

cally stable in 𝐶ℝ
0 and unstable otherwise. □

3.2.2. Stability of SARS-CoV-2-endemic equilibrium

Here, we investigated the existence of equilibrium points of equa-

tions (3) and noted from the model that, the presence of the con-

stant recruitment rate Ω (if always positive) of the virus into the 
environment makes the disease-free equilibrium of the system unob-

tainable. This sounds unique as far as COVID-19 model is concerned. 
Our justification for this assumption is that, the main reservoir for 
SARS-CoV-2 is still under scientific investigations [27, 28]. Let 𝐸∗∗ =(
𝑆∗∗, 𝑉 ∗∗, 𝐿∗∗, 𝐼∗∗, 𝑄∗∗, 𝑅∗∗, 𝐷∗∗, 𝑃 ∗∗

)
be an equilibrium solution of the 

following equation:

0 = Λ+𝜔𝑉 ∗∗ − 𝛼∗∗𝑆∗∗ − (𝜇 + 𝜈1)𝑆∗∗,

0 = 𝜈1𝑆
∗∗ − (𝜇 +𝜔+ 𝜈2 + (1 − 𝛽)𝛼∗∗)𝑉 ∗∗,

0 = 𝛼∗∗𝑆∗∗ + (1 − 𝛽)𝛼∗∗𝑉 ∗∗ − (𝜇 + 𝜎 + 𝜃)𝐿∗∗,

0 = 𝜎𝐿∗∗ − (𝜇 + 𝜉 + 𝛿1)𝐼∗∗,

0 = 𝜉𝐼∗∗ − (𝜇 + 𝛾 + 𝛿2)𝑄∗∗.

0 = 𝜈2𝑉
∗∗ + 𝜃𝐿∗∗ + 𝛾𝑄∗∗ − 𝜇𝑅∗∗,

0 = 𝛿1𝐼
∗∗ + 𝛿2𝑄

∗∗ − 𝜌𝐷∗∗,

0 = Ω+ 𝑑1𝐿
∗∗ + 𝑑2𝐼

∗∗ + 𝑑3𝐷
∗∗ −𝜑𝑃 ∗∗.

(9)

Then, we obtained the expressions in (10) from system (9) after a 
lengthy algebraic calculation.

𝑆∗∗ =
Λ(𝜇 +𝜔+ 𝜈2 + (1 − 𝛽)𝛼∗∗)

𝑓 (𝛼∗∗)
, 𝑉 ∗∗ =

𝜈1Λ
𝑓 (𝛼∗∗)

,

𝐿∗∗ =
𝛼∗∗Λ

[
(1 − 𝛽)𝛼∗∗ +𝐻0

]
(𝜇 + 𝜎 + 𝜃)𝑓 (𝛼∗∗)

,

𝐼∗∗ = 𝑌1

𝛼∗∗Λ
[
(1 − 𝛽)𝛼∗∗ +𝐻0

]
(𝜇 + 𝜎 + 𝜃)𝑓 (𝛼∗∗)

, 𝑄∗∗ = 𝑌2

𝛼∗∗Λ
[
(1 − 𝛽)𝛼∗∗ +𝐻0

]
(𝜇 + 𝜎 + 𝜃)𝑓 (𝛼∗∗)

,

𝐷∗∗ = 𝑌3

𝛼∗∗Λ
[
(1 − 𝛽)𝛼∗∗ +𝐻0

]
(𝜇 + 𝜎 + 𝜃)𝑓 (𝛼∗∗)

, 𝑃 ∗∗ = Ω
𝜑

+
𝑌4
𝜑

𝛼∗∗Λ
[
(1 − 𝛽)𝛼∗∗ +𝐻0

]
(𝜇 + 𝜎 + 𝜃)𝑓 (𝛼∗∗)

,

𝑅∗∗ = Λ𝑔(𝛼∗∗)
𝜇(𝜇 + 𝜎 + 𝜃)𝑓 (𝛼∗∗)

,

(10)

where

𝑌1 =
𝜎

𝜇 + 𝜉 + 𝛿1
, 𝑌2 =

𝜉𝑌1
𝜇 + 𝛾 + 𝛿2

, 𝑌3 =
𝛿1𝑌1 + 𝛿2𝑌2

𝜌
,

𝑌4 = 𝑑1 + 𝑑2𝑌1 + 𝑑3𝑌3,

𝑓 (𝛼∗∗) = (1 − 𝛽)(𝛼∗∗)2 +
[
𝜇 +𝜔+ 𝜈2 + (1 − 𝛽)(𝜇 + 𝜈1)

]
𝛼∗∗
6

+ 𝜇(𝜇 +𝜔+ 𝜈2) + 𝜈1(𝜇 + 𝜈2),

𝑔(𝛼∗∗) = (1 − 𝛽)(𝜃 + 𝛾𝑌2)(𝛼∗∗)2 +𝐻0(𝜃 + 𝛾𝑌2)𝛼∗∗ + 𝜈1𝜈2(𝜇 + 𝜎 + 𝜃),

and 𝛼∗∗ is the solution of the cubic equation (11)

𝐵3(𝛼∗∗)3 +𝐵2(𝛼∗∗)2 +𝐵1𝛼
∗∗ −𝐵0 = 0, (11)

where

𝐵3 = 𝜑Λ(1 − 𝛽)
[
𝜃 + 𝛾𝑌2 + 𝜇(1 +

3∑
𝑖=1

𝑌𝑖)
]
,

𝐵2(Ω) = Λ𝜇𝜑(1 − 𝛽)(𝜇 + 𝜎 + 𝜃)
[
1 −𝑅0𝑐

(𝜇(𝜇 +𝜔+ 𝜈2) + 𝜈1(𝜇 + 𝑛𝑢2)
𝜇𝐻0

)]

+Λ𝜑𝐻0

[
𝜃 + 𝛾𝑌2 + 𝜇(1 +

3∑
𝑖=1

𝑌𝑖)
]
−Ω𝜇𝜂4𝑐(1 − 𝜖𝜙)(1 − 𝛽)(𝜇 + 𝜎 + 𝜃)

𝐵1(Ω) = Λ𝜑(𝜇 + 𝜎 + 𝜃)
[
𝜇(𝜇 +𝜔+ 𝜈2) + 𝜈1(𝜇 + 𝜈2)

]
(1 −𝑅0𝑐)

− Ω𝜇𝑐(1 − 𝜖𝜙)𝜂4(𝜇 + 𝜎 + 𝜃)
[
𝜇 +𝜔+ 𝜈2 + (1 − 𝛽)(𝜇 + 𝜈1)],

𝐵0(Ω) = Ω𝜂4𝑐(1 − 𝜖𝜙)𝜇(𝜇 + 𝜎 + 𝜃)
[
𝜇(𝜇 +𝜔+ 𝜈2) + 𝜈1(𝜇 + 𝜈2)

]
It is obvious that 𝐵0(0) = 0 if Ω = 0, then 𝛼∗∗ = 0 is a root of this 

cubic equation (11), that defines the SARS-CoV-2 free equilibrium and 
a unique positive root of equation (11) exists if and only if 𝐵1(0) < 0
which is possible with 𝑅0𝑐 > 1. Consequently, equation (11) reduces to 
the following

𝐹 (𝛼∗∗) =𝐵3(𝛼∗∗)2 +𝐵2(0)𝛼∗∗ +𝐵1(0) = 0, (12)

where 𝐵3 remains the same as above, but

𝐵2(0) = Λ𝜇𝜑(1 − 𝛽)(𝜇 + 𝜎 + 𝜃)
[
1 −𝑅0𝑐

(𝜇(𝜇 +𝜔+ 𝜈2) + 𝜈1(𝜇 + 𝑛𝑢2)
𝜇𝐻0

)]

+Λ𝜑𝐻0

[
𝜃 + 𝛾𝑌2 + 𝜇(1 +

3∑
𝑖=1

𝑌𝑖)
]

𝐵1(0) = Λ𝜑(𝜇 + 𝜎 + 𝜃)
[
𝜇(𝜇 +𝜔+ 𝜈2) + 𝜈1(𝜇 + 𝜈2)

]
(1 −𝑅0𝑐).

(13)

The endemic equilibria of the system (13) at Ω = 0 with 𝛼∗∗ a positive 
root of equation (12). Note that negative endemic equilibria are biolog-

ically meaningless, the conditions for 𝐹 (𝛼∗∗) to have positive real zeros 
are determined below.

Suppose 0 ≤ 𝛽 < 1. Then clearly, 𝐵3 > 0 and so the quadratic 𝐹 (𝛼∗∗)
concave upwards. We carry out a case analysis just as in [33] to obtain 
the number of positive real zeros of 𝐹 .

Case 1. Suppose that 𝑅0𝑐 > 1. Then 𝐵1(0) < 0 and so the vertical inter-

cept of 𝐹 (𝛼∗∗) is negative. Adding to the fact that 𝐹 is quadratic, 
it follows that it has two real roots of opposite signs. Therefore, 
the system (3) has a unique positive equilibrium when 𝑅0𝑐 > 1.

Case 2. Suppose that 𝑅0𝑐 = 1. Then 𝐵1(0) < 0. Thus, the quadratic re-

duces to 𝐹 (𝛼∗∗) = 𝐵3(𝛼∗∗)2 + 𝐵2(0)𝛼∗∗, with 𝛼∗∗ = 0 (for disease-

free equilibrium) and 𝛼∗∗ = −𝐵2(0)
𝐵3

. However, computationally, the 
numerical value of 𝐵2(0) from equation (13) based on Table 1 is 
positive for 𝑅0𝑐 = 1.

Case 3. Suppose 𝑅0𝑐 < 1. Then 𝐵3, 𝐵2(0), 𝐵1(0) > 0. Therefore, it is clear 
there is no positive real root for 𝑅0𝑐 < 1.

Case 3 emanates from Theorem 3.6, since global stability of SARS-CoV-2 
implies that no other equilibria exist. For ease of handling, we consider 
the case where 𝐹 (𝛼∗∗) is linear with 𝐵1(0) = 0 and 𝐵2(0) = Λ𝜑𝐻0

[
𝜃 +

𝛾𝑌2 +𝜇(1 +∑3
𝑖=1 𝑌𝑖)

]
. The existence of a positive root of equation (12) is 

then reduced to the sign of 𝐵1(0) being negative, which occurs precisely 
at 𝑅0𝑐 greater than unity. We then conclude with the following result.
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Proposition 3.7. The system (3) (for Ω = 0) exhibits a unique positive 
endemic equilibrium if 𝑅0𝑐 > 1 and no positive endemic equilibrium when 
𝑅0𝑐 < 1.

Biologically, Proposition 3.7 implies that a stable SARS-CoV-2-free 
equilibrium does not co-exist with a stable endemic equilibrium.

In the following, we use the Centre Manifold Theory as in [34] to 
study the global asymptomatic stability of the full model when Ω ≠ 0. 
For the sake of uniformity, we let 𝑆 = 𝑥1, 𝑉 = 𝑥2, 𝐿 = 𝑥3, 𝐼 = 𝑥4, 𝑄 = 𝑥5, 
𝑅 = 𝑥6, 𝐷 = 𝑥7, 𝑃 = 𝑥8 such that 𝑁 =

∑7
𝑖=1 𝑥𝑖. With the vector notation 

𝑥 = (𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥5, 𝑥6, 𝑥7, 𝑥8)𝑇 , the system (3) in compact form is given 
by �̇� = 𝑓 (𝑥), where 𝑓 = (𝑓1, 𝑓2, 𝑓3, 𝑓4, 𝑓5, 𝑓6, 𝑓7, 𝑓8)𝑇 is as follows:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

�̇�1 = 𝑓1 = Λ+𝜔𝑥2 − 𝑐(1 − 𝜖𝜙)
𝜂1𝑥3 + 𝜂2𝑥4 + 𝜂3𝑥7 + 𝜂4𝑥8

𝑥1 + 𝑥2 + 𝑥3 + 𝑥4 + 𝑥5 + 𝑥6 + 𝑥7
𝑥1

− (𝜇 + 𝜈1)𝑥1,

�̇�2 = 𝑓2 = 𝜈1𝑥1 − 𝑐(1 − 𝜖𝜙)(1 − 𝛽)
𝜂1𝑥3 + 𝜂2𝑥4 + 𝜂3𝑥7 + 𝜂4𝑥8

𝑥1 + 𝑥2 + 𝑥3 + 𝑥4 + 𝑥5 + 𝑥6 + 𝑥7
𝑥2

− (𝜇 +𝜔+ 𝜈2)𝑥2,

�̇�3 = 𝑓3 = 𝑐(1 − 𝜖𝜙)
𝜂1𝑥3 + 𝜂2𝑥4 + 𝜂3𝑥7 + 𝜂4𝑥8

𝑥1 + 𝑥2 + 𝑥3 + 𝑥4 + 𝑥5 + 𝑥6 + 𝑥7
(𝑥1 + (1 − 𝛽)𝑥2)

− (𝜇 + 𝜎 + 𝜃)𝑥3,

�̇�4 = 𝑓4 = 𝜎𝑥3 − (𝜇 + 𝜉 + 𝛿1)𝑥4,

�̇�5 = 𝑓5 = 𝜉𝑥4 − (𝜇 + 𝛾 + 𝛿2)𝑥5.

�̇�6 = 𝑓6 = 𝜈2𝑥2 + 𝜃𝑥3 + 𝛾𝑥5 − 𝜇𝑥6,

�̇�7 = 𝑓7 = 𝛿1𝑥4 + 𝛿2𝑥5 − 𝜌𝑥7,

�̇�8 = 𝑓8 = Ω+ 𝑑1𝑥3 + 𝑑2𝑥4 + 𝑑3𝑥7 −𝜑𝑥8,

(14)

The Jacobian of equation (14) at the SARS-CoV-2-free equilibrium, 𝐸0
is given by

𝐽 (𝐸0) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−𝑞𝑥 𝜔 −𝑛𝑝 −𝑛𝑟 0 0 −𝑚𝑝 −𝑚𝑟

𝜈1 −𝑞𝑦 −𝑛𝑞 −𝑛𝑤 0 0 −𝑚𝑞 −𝑚𝑤

0 0 𝑞𝑧 𝑚𝑥 0 0 𝑚𝑦 𝑚𝑧

0 0 𝜎 −𝑞𝑤 0 0 0 0
0 0 0 𝜉 −𝑞𝑛 0 0 0
0 𝜈2 𝜃 0 𝛾 −𝜇 0 0
0 0 0 𝛿1 𝛿2 0 −𝜌 0
0 0 𝑑1 𝑑2 0 0 𝑑3 −𝜑

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (15)

with 𝑞𝑥 = 𝜇 + 𝜈1, 𝑞𝑦 = 𝜇 + 𝜔 + 𝜈2, 𝑞𝑤 = 𝜇 + 𝜉 + 𝛿1, 𝑞𝑛 = 𝜇 + 𝛾 + 𝛿2, 𝑛𝑝 =

𝑐(1 − 𝜖𝜙)𝜂1
𝑥01
𝑁

, 𝑛𝑞 = 𝑐(1 − 𝜖𝜙)(1 − 𝛽)𝜂1
𝑥02
𝑁

, 𝑞𝑧 = 𝑛𝑝 + 𝑛𝑞 − (𝜇 + 𝜎 + 𝜃), 𝑛𝑟 =

𝑐(1 − 𝜖𝜙)𝜂2
𝑥01
𝑁

, 𝑛𝑤 = 𝑐(1 − 𝜖𝜙)(1 − 𝛽)𝜂2
𝑥02
𝑁

, 𝑚𝑝 = 𝑐(1 − 𝜖𝜙)𝜂3
𝑥01
𝑁

, 𝑚𝑞 = 𝑐(1 −

𝜖𝜙)(1 −𝛽)𝜂3
𝑥02
𝑁

, 𝑚𝑟 = 𝑐(1 −𝜖𝜙)𝜂4
𝑥01
𝑁

, 𝑚𝑤 = 𝑐(1 −𝜖𝜙)(1 −𝛽)𝜂4
𝑥02
𝑁

, 𝑚𝑦 =𝑚𝑝+𝑚𝑞

and 𝑚𝑧 =𝑚𝑟 +𝑚𝑤.

We choose 𝑐 as a bifurcation parameter. Therefore, if 𝑅0𝑐 = 1, we 
obtain 𝑐∗ as in equation (16)

𝑐 = (𝐽𝑎𝐽𝑏)−1 = 𝑐∗, (16)

where

𝐽𝑏 =
𝜂1

(𝜇 + 𝜎 + 𝜃)
+

𝜂2𝜎

(𝜇 + 𝜎 + 𝜃)(𝜇 + 𝜉 + 𝛿1)

+ 𝜂3𝜎
𝜉𝛿2 + 𝛿1(𝜇 + 𝛾 + 𝛿2)

(𝜇 + 𝜎 + 𝜃)(𝜇 + 𝜉 + 𝛿1)(𝜇 + 𝛾 + 𝛿2)𝜌

+ 𝜂4

𝜌(𝜇 + 𝛾 + 𝛿2)
[
𝑑1(𝜇 + 𝜉 + 𝛿1) + 𝑑2𝜎

]
+ 𝑑3𝜎

[
𝜉𝛿2 + 𝛿1(𝜇 + 𝛾 + 𝛿2)

]
𝜑(𝜇 + 𝜎 + 𝜃)(𝜇 + 𝜉 + 𝛿1)(𝜇 + 𝛾 + 𝛿2)𝜌

,

𝐽𝑎 = (1 − 𝜖𝜙)
𝜇𝐻0

𝜇(𝜇 +𝜔+ 𝜈2) + 𝜈1(𝜇 + 𝜈2)
7

At 𝑐 = 𝑐∗, the Jacobian (15) has a simple zero eigenvalue since 𝐴0 = 0
in equation (7), and all other eigenvalues are real and negative. This 
shows that 𝐸0 is a non-hyperbolic point. On this basis, the Center Mani-

fold Theory [35] can be used to analyze the system (3) near 𝑐 = 𝑐∗. The 
right eigenvector 𝑤 = (𝑤1, 𝑤2, 𝑤3, 𝑤4, 𝑤5, 𝑤6, 𝑤7, 𝑤8)𝑇 associated with 
the zero eigenvalue of 𝐽 (𝐸0) manipulated at 𝑐 = 𝑐∗ is

𝑤4 =
𝜎

𝑞𝑤
𝑤3 = 𝜋1𝑤3, 𝑤5 =

𝜉𝜎

𝑞𝑛
𝑤3 = 𝜋2𝑤3,

𝑤7 = (
𝛿1𝜋1 + 𝛿2𝜋2

𝜌
)𝑤3 = 𝜋3𝑤3,

𝑤8 =
𝑑1 + 𝑑2𝜋1 + 𝑑3𝜋3

𝜑
𝑤3 = 𝜋4𝑤3,

𝑤6 =
𝜈2
𝜇
𝑤2 +

𝜃 + 𝛾𝜋2
𝜇

𝑤3 =
𝜈2
𝜇
𝑤2 + 𝜋5𝑤3,

𝑤2 = −
𝑞𝑥𝜋6 + 𝑛𝑞 + 𝑛𝑟𝜋1 +𝑚𝑝𝜋3 +𝑚𝑟𝜋4

𝑞𝑥𝑞𝑦

𝜈1
−𝜔

𝑤3, 𝑤1 =
𝑞𝑦

𝜈1
𝑤2 +

𝜋6
𝜈1
𝑤3,

and 𝑤3 =𝑤3 > 0 with 𝜋6 =
𝑛𝑞+𝑛𝑤𝜋1+𝑚𝑝𝜋3+𝑚𝑤𝜋4

𝜈1
.

In a similar fashion, we obtain the left eigenvector as follows;

𝑣1 = 𝑣2 = 𝑣6 = 0, 𝑣8 =
𝑚𝑧

𝜑
𝑣3, 𝑣7 =

𝑚𝑦𝑣3 + 𝑑3𝑣8

𝜌
, 𝑣5 =

𝛿2
𝑞𝑛
𝑣7,

𝑣4 =
𝑚𝑥𝑣3 + 𝜉𝑣5 + 𝛿1𝑣7 + 𝑑2𝑣8

𝑞𝑤
,

and 𝑣3 = 𝑣3 > 0.

For the direction of the bifurcation, we determine the sign of the 
bifurcation parameters 𝑎 and 𝑏. For 𝑎, one has

𝑎 =
8∑

𝑘,𝑖,𝑗=1
𝑣𝑘𝑤𝑖𝑤𝑗

𝜕2𝑓𝑘
𝜕𝑥𝑖𝜕𝑥𝑗

(𝐸0, 𝑐
∗)

since 𝑣𝑘 = 0, for 𝑘 = 1, 2, 6. We shall concentrate on 𝑘 = 3, 4, 5, 7, 8. Hence, 
the second partial derivatives at 𝐸0 are as follows:

𝜕2𝑓3
𝜕𝑥1𝜕𝑥3

=
𝜕2𝑓3
𝜕𝑥3𝜕𝑥1

=
𝑐∗(1 − 𝜖𝜙)𝜂1

𝑁
,

𝜕2𝑓3
𝜕𝑥1𝜕𝑥4

=
𝜕2𝑓3
𝜕𝑥4𝜕𝑥1

=
𝑐∗(1 − 𝜖𝜙)𝜂2

𝑁
,

𝜕2𝑓3
𝜕𝑥1𝜕𝑥7

=
𝜕2𝑓3
𝜕𝑥7𝜕𝑥1

=
𝑐∗(1 − 𝜖𝜙)𝜂3

𝑁
,

𝜕2𝑓3
𝜕𝑥1𝜕𝑥8

=
𝜕2𝑓3
𝜕𝑥8𝜕𝑥1

=
𝑐∗(1 − 𝜖𝜙)𝜂4

𝑁
,

𝜕2𝑓3
𝜕𝑥2𝜕𝑥3

=
𝜕2𝑓3
𝜕𝑥3𝜕𝑥2

=
𝑐∗(1 − 𝜖𝜙)(1 − 𝛽)𝜂1

𝑁
,

𝜕2𝑓3
𝜕𝑥2𝜕𝑥4

=
𝜕2𝑓3
𝜕𝑥4𝜕𝑥2

=
𝑐∗(1 − 𝜖𝜙)(1 − 𝛽)𝜂2

𝑁
,

𝜕2𝑓3
𝜕𝑥2𝜕𝑥7

=
𝜕2𝑓3
𝜕𝑥7𝜕𝑥2

=
𝑐∗(1 − 𝜖𝜙)(1 − 𝛽)𝜂3

𝑁
,

𝜕2𝑓3
𝜕𝑥2𝜕𝑥8

=
𝜕2𝑓3
𝜕𝑥8𝜕𝑥2

=
𝑐∗(1 − 𝜖𝜙)(1 − 𝛽)𝜂4

𝑁
.

Therefore,

𝑎 = 2𝑣3
[
𝑤1𝑤3

𝜕2𝑓3
𝜕𝑥1𝜕𝑥3

+𝑤1𝑤4
𝜕2𝑓3
𝜕𝑥1𝜕𝑥4

+𝑤1𝑤7
𝜕2𝑓3
𝜕𝑥1𝜕𝑥7

+𝑤1𝑤8
𝜕2𝑓3
𝜕𝑥1𝜕𝑥8

]

+ 2𝑣3
[
𝑤2𝑤3

𝜕2𝑓3
𝜕𝑥2𝜕𝑥3

+𝑤2𝑤4
𝜕2𝑓3
𝜕𝑥2𝜕𝑥4

+𝑤2𝑤7
𝜕2𝑓3
𝜕𝑥2𝜕𝑥7

+𝑤2𝑤8
𝜕2𝑓3
𝜕𝑥2𝜕𝑥8

]

from which we obtain

𝑎 = 2𝑣3
𝑐∗(1 − 𝜖𝜙)

𝑁

[
𝜂1𝑤3 +𝜂2𝑤4 +𝜂3𝑤7 +𝜂4𝑤8

][
𝑤1 −

𝐹𝑥

( 𝑞𝑥𝑞𝑦
𝜈1

−𝜔)
(1−𝛽)𝑤3

]
,

where

𝐹𝑥 = 𝑞𝑥𝜋6 + 𝑛𝑞 + 𝑛𝑟𝜋1 +𝑚𝑝𝜋3 +𝑚𝑟𝜋4

But
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Fig. 2. Bifurcation diagram of the model system (3) for the special case (Ω = 0). 
See Table 1 for the parameter values.

𝑤1 =
𝑞𝑦

𝜈1
𝑤2 + 𝜋6𝑤3 = −

𝑞𝑦𝐹𝑥

𝜈1
+ 𝜋6𝑤3

= −
𝑞𝑥𝑞𝑦𝜋6

𝜈1(
𝑞𝑥𝑞𝑦

𝜈1
−𝜔)

𝑤3 + 𝜋6𝑤3 −
𝑛𝑞 + 𝑛𝑟𝜋1 +𝑚𝑝𝜋3 +𝑚𝑟𝜋4

𝑞𝑥𝑞𝑦

𝜈1
−𝜔

𝑤3

= −
[ 𝑞𝑥𝑞𝑦𝜋6

𝜈1(
𝑞𝑥𝑞𝑦

𝜈1
−𝜔)

− 𝜋6

]
𝑤3 −

𝑛𝑞 + 𝑛𝑟𝜋1 +𝑚𝑝𝜋3 +𝑚𝑟𝜋4
𝑞𝑥𝑞𝑦

𝜈1
−𝜔

𝑤3

≤ −𝐹𝑦𝑤3,

where

𝐹𝑦 =
𝜋6𝜔𝜈1

𝑞𝑥𝑞𝑦 −𝜔𝜈1
+
𝑛𝑞 + 𝑛𝑟𝜋1 +𝑚𝑝𝜋3 +𝑚𝑟𝜋4

𝑞𝑥𝑞𝑦

𝜈1
−𝜔

Hence,

𝑎 ≤ −2𝑣3𝑤2
3𝑐

∗ (1 − 𝜖𝜙)
𝑁

[
𝜂1 + 𝜂2𝜋1 + 𝜂3𝜋3 + 𝜂4𝜋4

][
𝐹𝑦 +

𝐹𝑥

( 𝑞𝑥𝑞𝑦
𝜈1

−𝜔)
(1 − 𝛽)𝑤3

]

≤ 0

For the bifurcation 𝑏, we have

𝑏 =
8∑

𝑘,𝑗=1
𝑣𝑘𝑤𝑗

𝜕2𝑓𝑘
𝜕𝑥𝑗𝜕𝑐

(𝐸0, 𝑐
∗) =

8∑
𝑗=1

𝑣3𝑤𝑗

𝜕2𝑓3
𝜕𝑥𝑗𝜕𝑐

(𝐸0, 𝑐
∗)

Recall that

𝜕2𝑓3
𝜕𝑥3𝜕𝑐

∗ = (1 − 𝜖𝜙)𝜂1(
𝑥01
𝑁

+ (1 − 𝛽)
𝑥02
𝑁

),

𝜕2𝑓3
𝜕𝑥4𝜕𝑐

∗ = (1 − 𝜖𝜙)𝜂2(
𝑥01
𝑁

+ (1 − 𝛽)
𝑥02
𝑁

),

𝜕2𝑓3
𝜕𝑥7𝜕𝑐

∗ = (1 − 𝜖𝜙)𝜂3(
𝑥01
𝑁

+ (1 − 𝛽)
𝑥02
𝑁

),

𝜕2𝑓3
𝜕𝑥8𝜕𝑐

∗ = (1 − 𝜖𝜙)𝜂4(
𝑥01
𝑁

+ (1 − 𝛽)
𝑥02
𝑁

),

Therefore, 𝑏 can be expressed as

𝑏 = 𝑣3(1 − 𝜖𝜙)𝜂1(
𝑥01
𝑁

+ (1 − 𝛽)
𝑥02
𝑁

)
[
𝜂1𝑤3 + 𝜂2𝑤4 + 𝜂3𝑤7 + 𝜂4𝑤8

]
> 0.

Since 𝑎 < 0 and 𝑏 > 0, the system (3) does not exhibit the phenomena 
of backward bifurcation at 𝑅0𝑐 = 1. For the fact that the direction of 
the bifurcation is forward as shown in Fig. 2, a stable SARS-CoV-2-free 
equilibrium can not co-exist with a stable endemic equilibrium. This 
is consistent with the result of [34], and hence, the following result is 
justified
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g. 3. COVID-19 sensitivities of 𝑅0𝑐 with respect to the model parameters.

orem 3.8. The unique SARS-CoV-2-endemic equilibrium of the system

is globally asymptomatically stable if 𝑅0𝑐 > 1 and unstable otherwise.

Sensitivity analysis

In this section, sensitivity analysis is conducted to show that each 
ameter in the system (3) considered is sensitive to the prevalence of 
ID-19 pandemic. By way of definition, sensitivity index measures 

 relative change in a variable with respect to the relative change in 
 parameters involved. It is beneficial to determine the impact of the 
ameters on the effective reproduction number 𝑅0𝑐 , which increases 
ecreases it the most for the sake of effective implementation of the 

per control strategies needed to curtail the spread of the pandemic.

nition 4.1. [36] The normalized forward sensitivity index of a vari-

 𝐽𝑣 with respect to parameter 𝐽𝑝 is given by

=
𝜕𝐽𝑣

𝜕𝐽𝑝
×
𝐽𝑝

𝐽𝑣

nition 4.2. [36] The sensitivity and elasticity of the effective re-

duction number, 𝑅0𝑐 with respect to a parameter, say 𝑐 is given by

0𝑐 =
𝜕𝑅0𝑐
𝜕𝑐

× 𝑐

𝑅0𝑐

With the Definition 4.2 and partial rank correlation coefficient 
CC), the sensitivity indices obtained using the estimated parame-

values in Table 1 are depicted in Fig. 3.

 positivity of the sensitivity indices of the parameters of the effective 
roduction number indicate that 10% increment in all the parameter 
es may lead to an increase in the reproduction number of the pan-

ic. As illustrated in Fig. 3, the contact rate 𝑐 is the highest, and the 
st sensitive parameter. This means that an increase (or a decrease) 
he values of 𝑐 will increase (or decrease) 𝑅0𝑐 by 80%. However, 
ll the negative indices illustrated in Fig. 3. the public health ad-

acy compliance rate, 𝜙 is the most sensitive parameter followed by 
 primary and booster doses of COVID-19 vaccine. This implies that 
increase (or a decrease) of the value of 𝜙, 𝜈1 and 𝜈2 will decrease 
ncrease 𝑅0𝑐 by 60%, 50% and 40% respectively. Hence, for the pa-

eter values used, an increase in the compliance rate by at least 70%
ublic health policies of wearing face masks in public places, main-

ing social distancing, regular washing of hands, vaccination, proper 
ial (particularly in Africa) etc. could drag the pandemic to extinction 
 consequently leads to herd immunity since 𝑅𝑜𝑐 = 0.833302892 < 1
 = 0.7. But, it was found that if 60% of the constituents followed 

 optimal control guidelines, then the pandemic will remain persis-

t in the population since 𝑅𝑜𝑐 = 1.03603225 > 1 at 𝜙 = 0.6. However, 
increase in parameters with positive sensitivity indices of 𝑅0𝑐 will 
lt in high prevalence of COVID-19. This calls for appropriate con-

s to be adopted by the public health administrators in order to 
 the spread of COVID-19 in the human and environmental host 
ulations. Specifically, we recommend that to achieve optimal com-

nce to COVID-19 public health policies, the government at all levels 
uld enforce sanctions on constituents who failed to adhere strictly 
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to COVID-19 protocols. In addition, testing and vaccination of the pop-

ulace for COVID-19 should be a necessary criterion for assessing some 
basic social needs. This recommendation becomes imperative as a result 
of the unwillingness of most constituents in Africa (particularly Nige-

ria) in availing themselves for testing and vaccination and adhering to 
COVID-19 protocols.

5. Optimal control model

In this section, we are interested in examining the optimal strate-

gies of ending COVID-19 pandemic. This is possible by introducing the 
following controls to the model (3)

𝑢1: Prevention strategy aimed at inhibiting the total virus transmission 
from latent, infected, dead bodies and pathogens via public health 
advocacy for anti-open defecation, social distancing and wearing 
of face masks in public places

𝑢2: Booster vaccine control program targeted at ensuring that primary 
vaccinated people attain herd immunity to COVID-19 pandemic

𝑢3: Intense medical care through isolation for the infected people

𝑢4: Disinfecting or fumigating of surfaces and dead bodies before burial 
to avoid environmental transmission.

Thus, the optimal control system now reads:

𝑑𝑆(𝑡)
𝑑𝑡

= Λ+𝜔𝑉 − 𝑐(1 − 𝑔1𝑢1(𝑡))
( 𝜂1𝐿+ 𝜂2𝐼 + 𝜂3𝐷 + 𝜂4𝑃

𝑁

)
𝑆

− (𝜇 + 𝜈1)𝑆,
𝑑𝑉 (𝑡)
𝑑𝑡

= 𝜈1𝑆 − (1 − 𝛽)𝑐(1 − 𝑔1𝑢1(𝑡))
( 𝜂1𝐿+ 𝜂2𝐼) + 𝜂3𝐷 + 𝜂4𝑃

𝑁

)
𝑉

− (𝜇 +𝜔+ 𝜈2)𝑉 − 𝑔2𝑢2(𝑡)𝑉 ,
𝑑𝐿(𝑡)
𝑑𝑡

= 𝑐(1 − 𝑔1𝑢1(𝑡))
( 𝜂1𝐿+ 𝜂2𝐼 + 𝜂3𝐷 + 𝜂4𝑃

𝑁

)(
𝑆 + (1 − 𝛽)𝑉

)
− (𝜇 + 𝜎 + 𝜃)𝐿,

𝑑𝐼(𝑡)
𝑑𝑡

= 𝜎𝐿−
(
𝜇 + 𝜉 + 𝛿1

)
𝐼 − 𝑔3𝑢3(𝑡)𝐼,

𝑑𝑄(𝑡)
𝑑𝑡

= 𝜉𝐼 + 𝑔3𝑢3(𝑡)𝐼 −
(
𝜇 + 𝛾 + 𝛿2

)
𝑄.

𝑑𝑅(𝑡)
𝑑𝑡

= 𝜈2𝑉 + 𝑔2𝑢2(𝑡)𝑉 + 𝜃𝐿+ 𝛾𝑄− 𝜇𝑅,

𝑑𝐷(𝑡)
𝑑𝑡

= 𝛿1𝐼 + 𝛿2𝑄− 𝜌𝐷 − 𝑔4𝑢4(𝑡)𝐷,

𝑑𝑃 (𝑡)
𝑑𝑡

=Ω+ 𝑑1𝐿+ 𝑑2𝐼 + 𝑑3𝐷 −𝜑𝑃 − 𝑔4𝑢4(𝑡)𝑃 ,

(17)

subject to the initial conditions 𝑆(0) = 𝑆0, 𝑉 (0) = 𝑉0, 𝐿(0) = 𝐿0, 𝐼(0) =
𝐼0, 𝑄(0) =𝑄0, 𝑅(0) =𝑅0, 𝐷(0) =𝐷0, 𝑃 (0) = 𝑃0.

And the objective functional which is linearly and quadratically defined 
as follows

𝐽 (𝑢1, 𝑢2, 𝑢3, 𝑢4) =

𝑇

∫
0

[
𝑏1𝐿(𝑡) + 𝑏2𝐼(𝑡) + 𝑏3𝐷(𝑡) + 𝑏4𝑃 (𝑡) +

4∑
𝑖=1

ℎ𝑖

2
𝑢2
𝑖

]
𝑑𝑡, (18)

where 𝑇 is the final time for complete implementation of the con-

trols, 𝑏𝑖, 𝑖 = 1, 2, 3, 4 are positive constants, and ℎ𝑖, 𝑖 = 1, 2, 3, 4 are weight 
constants for the interventions and treatment against the spread of 
COVID-19. Note that 𝑇 can be chosen taking into consideration the 
time interval between primary vaccine series and booster dose(s) of 
COVID-19 which might take at least 5 months (less than a year) [37]. 
The period for the treatment and the recovery of an infected person is 
also key for the choice of T. Also, when 𝑢𝑖 = 0 in equation (18), the dy-

namics of the epidemiological system remain populated with infected 
persons and COVID-19 pathogens. Hence, the disease continues to in-

crease after 𝑇 . The linear and quadratic form of the controls in (18) and 
in the objective functional enable the minimization of the Hamiltonian 
function corresponding to the equation (20). The expression ℎ𝑖𝑢

2
𝑖

2 rep-

resents the costs associated with 𝑢𝑖. The term is quadratic because, it 
9

is mathematically manageable and to avoid the problems of chattering 
control usually associated with algebraically simpler linear terms [38]. 
Thus, the greater values of ℎ𝑖 indicate higher cost of implementing the 
controls 𝑢𝑖. Note that 𝑔1, 𝑔2, 𝑔3 and 𝑔4 quantifies the usefulness of the 
optimal controls 𝑢1(𝑡), 𝑢2(𝑡), 𝑢3(𝑡) and 𝑢4(𝑡) respectively in equation (17). 
Also, 𝑢𝑖(𝑡) = 0 means no response to the control 𝑖 and 𝑢𝑖(𝑡) = 1 means 
complete response to the control 𝑖. Thus, using the Pontryagin’s Maxi-

mum Principle as in [21] we obtain an optimal control (𝑢∗1, 𝑢
∗
2 , 𝑢

∗
3 , 𝑢

∗
4) ∈𝑈

such that equation (19) is satisfied

𝐽 (𝑢∗1 , 𝑢
∗
2 , 𝑢

∗
3 , 𝑢

∗
4) =𝑚𝑖𝑛

{
𝐽 (𝑢1, 𝑢2, 𝑢3, 𝑢4) ∣ (𝑢1, 𝑢2, 𝑢3, 𝑢4) ∈𝑈

}
, (19)

with the following pseudo-Hamilton

𝐻 = 𝑏1𝐿(𝑡) + 𝑏2𝐼(𝑡) + 𝑏3𝐷(𝑡) + 𝑏4𝑃 (𝑡) +
4∑
𝑖=1

ℎ𝑖

2
𝑢2
𝑖
+

8∑
𝑖=1

𝜆𝑖𝑦𝑖, (20)

where 𝑦𝑖 is the ith right hand side of (17) and 𝜆𝑖 is the ith adjoint that 
uphold the co-state functions

𝜆′1 = − 𝜕𝐻

𝜕𝑆
, 𝜆′2 = − 𝜕𝐻

𝜕𝑉
, 𝜆′3 = − 𝜕𝐻

𝜕𝐿
, 𝜆′4 = − 𝜕𝐻

𝜕𝐼
,

𝜆′5 = − 𝜕𝐻

𝜕𝑄
, 𝜆′6 = − 𝜕𝐻

𝜕𝑅
, 𝜆′7 = − 𝜕𝐻

𝜕𝐷
, 𝜆′8 = − 𝜕𝐻

𝜕𝑃
,

(21)

where the detailed form of (21) is given by equation (22)

𝜆′1 = (𝜆1 − 𝜆3)(1 − 𝑔1𝑢1)𝛼0 + (𝜆1 − 𝜆2)𝜈1 + 𝜆1𝜇,

𝜆′2 = (𝜆2 − 𝜆3)(1 − 𝛽)(1 − 𝑔1𝑢1)𝛼0 + (𝜆2 − 𝜆6)(𝜈2 + 𝑔2𝑢2) + (𝜆2 − 𝜆1)𝜔+ 𝜆2𝜇,

𝜆′3 = −𝑏1 + 𝑐(𝜆1 − 𝜆3)(1 − 𝑔1𝑢1)𝜂1
𝑆

𝑁
+ 𝑐(𝜆2 − 𝜆3)(1 − 𝑔1𝑢1)(1 − 𝛽)𝜂1

𝑉

𝑁

+ (𝜆3 − 𝜆4)𝜎 + (𝜆3 − 𝜆6)𝜃 − 𝜆8𝑑1 + 𝜆3𝜇,

𝜆′4 = −𝑏2 + 𝑐(𝜆1 − 𝜆3)(1 − 𝑔1𝑢1)𝜂2
𝑆

𝑁
+ 𝑐(𝜆2 − 𝜆3)(1 − 𝑔1𝑢1)(1 − 𝛽)𝜂2

𝑉

𝑁

+ (𝜆4 − 𝜆5)(𝜉 + 𝑔3𝑢3) + (𝜆4 − 𝜆7)𝛿1 − 𝜆8𝑑2 + 𝜆4𝜇,

𝜆′5 = (𝜆5 − 𝜆6)𝛾 + (𝜆5 − 𝜆7)𝛿2 + 𝜆5𝜇,

𝜆′6 = 𝜆6𝜇,

𝜆′7 = −𝑏3 + 𝑐(𝜆1 − 𝜆3)(1 − 𝑔1𝑢1)𝜂3
𝑆

𝑁
+ 𝑐(𝜆2 − 𝜆3)(1 − 𝑔1𝑢1)(1 − 𝛽)𝜂3

𝑉

𝑁

+ 𝜆7(𝜌+ 𝑔4𝑢4) − 𝜆8𝑑3,

𝜆′8 = −𝑏4 + 𝑐(𝜆1 − 𝜆3)(1 − 𝑔1𝑢1)𝜂4
𝑆

𝑁
+ 𝑐(𝜆2 − 𝜆3)(1 − 𝑔1𝑢1)(1 − 𝛽)𝜂4

𝑉

𝑁

− 𝜆8(𝜑+ 𝑔4𝑢4).

(22)

with the final conditions 𝜆𝑖(𝑇 ), 𝑖 = 1, 2, ..., 8. The necessary and sufficient 
optimality conditions are given by equation (23)

𝜕𝐻

𝜕𝑢∗1
= 0, 𝜕𝐻

𝜕𝑢∗2
= 0, 𝜕𝐻

𝜕𝑢∗3
= 0, 𝜕𝐻

𝜕𝑢∗4
= 0, (23)

which subsequently resulted in the optimal controls in equation (24)

𝑢∗1 =𝑚𝑎𝑥

{
0,𝑚𝑖𝑛

(
1,

(
(𝜆3 − 𝜆1)𝑆 + (𝜆3 − 𝜆2)(1 − 𝛽)𝑉

)
𝑐𝑔1𝛼0

ℎ1

)}
,

𝑢∗2 =𝑚𝑎𝑥

{
0,𝑚𝑖𝑛

(
1,

(𝜆2 − 𝜆6)𝑔2𝑉
ℎ2

)}
,

𝑢∗3 =𝑚𝑎𝑥

{
0,𝑚𝑖𝑛

(
1,

(𝜆4 − 𝜆5)𝑔3𝐼
ℎ3

)}
,

𝑢∗4 =𝑚𝑎𝑥

{
0,𝑚𝑖𝑛

(
1,

(𝜆7𝐷 + 𝜆8𝑃 )𝑔4
ℎ4

)}
,

(24)

where

𝛼0 =
( 𝜂1𝐿+ 𝜂2𝐼 + 𝜂3𝐷 + 𝜂4𝑃

)
.

𝑁
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Fig. 4. Dynamics of (a) latent, (b) infectious, (c) dead bodies and (d) corona 
virus pathogens using strategy A. Note that wo/c represents without control.

6. Numerical simulations

In this section, we backup the analytical results by simulating the 
optimal control system using Runge-Kutta forward-backward method 
coded in Matlab and the estimated parameters in Table 1 with the 
initial values 𝑆(0) = 199, 419, 568, 𝑉 (0) = 734, 764, 𝐿(0) = 2, 806, 333, 
𝐼(0) = 201, 798, 𝑄(0) = 3, 019, 336, 𝑅(0) = 2, 655, 𝐷(0) = 190, 563, 𝑃 (0) =
211, 924, 782 and 𝑁(0) = 212, 375, 017 estimated from COVID-19 cases in 
Nigeria. The weight constants used include ℎ1 = 0.12, ℎ2 = 0.4, ℎ3 = 2, 
ℎ4 = 0.15 and 𝑏1 = 𝑏2 = 𝑏3 = 𝑏4 = 1. These weights constants are chosen 
based on the cost of implementing the controls as reported in [25]. That 
is, the cost of public health advocacy is lower than the cost of disinfect-

ing or fumigating of surfaces and dead bodies (ℎ1 < ℎ4). The cost of 
the latter is in turn less expensive than booster vaccine (ℎ4 < ℎ2) while 
the cost of treating isolated people tends to be higher than the rest 
(ℎ1 < ℎ4 < ℎ2 < ℎ3). To assess the impact of various controls to curb-

ing the spread of COVID-19, the following combinations scenarios are 
selected.

1. Strategy A: COVID-19 prevention via booster vaccine + medical 
care (isolation program) (𝑢2 ≠ 0, 𝑢3 ≠ 0)

2. Strategy B: COVID-19 prevention via booster vaccine + fumigating 
of surfaces and dead bodies (𝑢2 ≠ 0, 𝑢4 ≠ 0)

3. Strategy C: Medical care (isolation program)+ fumigating of sur-

faces and dead bodies (𝑢3 ≠ 0, 𝑢4 ≠ 0)
4. Strategy D: COVID-19 prevention via booster vaccine+medical 

care (isolation program) + fumigating of surfaces and dead bod-

ies (𝑢2 ≠ 0, 𝑢3 ≠ 0, 𝑢4 ≠ 0)
5. Strategy E: Public health advocacy+booster vaccine+medical care 

(isolation program) + fumigating of surfaces and dead bodies (𝑢1 ≠
0, 𝑢2 ≠ 0, 𝑢3 ≠ 0, 𝑢4 ≠ 0)

For all the above strategies, the effective reproductive number com-

puted using parameter values in Table 1 is 𝑅0𝑐 = 1.03603225 > 1.

6.1. Discussion and limitations

6.1.1. Strategy A
In this strategy, the combination of booster vaccine program (𝑢2)

and intense medical care (isolation program) (𝑢3) is used without fu-

migation of surfaces and dead bodies (𝑢4 = 0). The dynamics of latent 
COVID-19, Infectious, dead bodies and corona virus pathogens are given 
in Fig. 4. Figs. 4(a) and 4(b) show that booster vaccine and isolation for 
10
Fig. 5. Profile of optimal controls 𝑢∗2 and 𝑢∗3 for strategy A.

Fig. 6. Profile of optimal controls 𝑢∗2 and 𝑢∗4 for strategy B.

latent and infected COVID-19 controls provide a significant reduction 
in latent COVID-19 and infectious populations compared to having no 
controls. Similar scenarios were also observed in the dynamics of the 
dead and pathogens which is lower as compared to the situation when 
implemented without controls in Figs. 4(c) and 4(d). This result is con-

sistent with the outcome as in the work of [25]. We noted however in 
Figs. 4(a)- 4(c) that the infected compartments (Latent and infectious) 
turn to be stable after 50 days. Thus, the number of death cases after 
50 days remains constant through out. The profile of optimal controls 
𝑢∗2 and 𝑢∗3 is depicted in Fig. 5. Booster vaccine program and isolation 
could be implemented intensively for 300 days before declining. This 
strategy however lacks the capacity to curtail the pandemic completely 
as the result shows in Fig. 4.

6.1.2. Strategy B
In the strategy B, the optimal controls for COVID-19 prevention (𝑢2)

and fumigation of surfaces and dead bodies (𝑢4) are used. The profile of 
the optimal controls (𝑢∗2) and (𝑢∗4) is given in Fig. 6. With this strategy, 
booster vaccine and fumigation intervention mechanisms could be in-

tensively implemented for 300 days before decreasing at day 300. The 
dynamics of the dead, COVID-19 pathogens, latent and infectious peo-

ple is depicted in Fig. 7. Strategy B reduces significantly the COVID-19 
pathogens from the environment and the number of death cases to the 
bearest minimum as illustrated in Figs. 7c and 7d. Consequently, this 
drags both the latent and infectious people to almost extinction as com-

pared with the absence of the controls as explained by Figs. 7a and 
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Fig. 7. Dynamics of (a) latent, (b) infectious, (c) dead bodies and (d) corona 
virus pathogens using strategy B. Note that wo/c represents without control.

Fig. 8. Profile of optimal controls 𝑢∗3 and 𝑢∗4 for strategy C.

7b. This result is promising in mitigating COVID-19 pandemic just as in 
the work of [39]. However, precautionary measures during fumigation 
should be put in place because misuse of disinfectants can pose threat 
to the living beings and environment as reported in [40, 41]. Further-

more, we suggest that open defecation and improper burial practices 
common to African settings be discouraged in order to reduce the pop-

ulation of COVID-19 pathogens in the environment. So far, strategy B 
could be preferred to strategy A since it eradicates COVID-19 from hu-

man population.

6.1.3. Strategy C
In strategy C, the combination of isolation control (𝑢3) and fumiga-

tion of surfaces and dead bodies (𝑢4) is implemented. The control profile 
of strategy C is depicted in Fig. 8. Here, we observed that isolation and 
fumigation controls could be optimally implemented at 300 days before 
deceasing at day 300. Fig. 9 shows the dynamics of infected (both latent 
and infectious) people, dead bodies and pathogens with respect to the 
controls 𝑢3 and 𝑢4. We noticed from Fig. 9 (b-d) that the isolation and 
fumigation strategy could reduce the total number of infectious peo-

ple to zero after 80 days and end the death sentence due to COVID-19 
in about 50 days even though certain pathogenic elements of the virus 
may remain in the environment. The latently infected people as seen in 
Fig. 9a reduces steadily and becomes stable asymptotically upon the im-
11
Fig. 9. Dynamics of (a) latent, (b) infectious, (c) dead bodies and (d) corona 
virus pathogens using strategy C. Note that wo/c represents without control.

Fig. 10. Profile of optimal controls 𝑢∗2 , 𝑢
∗
3 and 𝑢∗4 for strategy D.

plementation of this strategy than when no controls are available. This 
strongly agrees with the result recently published by [39].

6.1.4. Strategy D
In this strategy, a combination of COVID-19 prevention via booster 

vaccine program (𝑢2), isolation (𝑢3) and disinfection/fumigation of sur-

faces and dead bodies (𝑢4) are adopted concurrently. The profile of the 
strategy D is given in Fig. 10. This strategy can be executed maximally 
within 300 days and then decreases as illustrated in Fig. 10. Fig. 11

shows the dynamics of infected (latent and infectious), dead bodies and 
pathogens in the presence of triple control strategies. This strategy in-

deed significantly ends the dead cases due to COVID-19 in about 20 
days as in Fig. 11c. It stabilizes the growth of the virus in the environ-

ment within the first 290 days in Fig. 11d and eliminates the infectious 
people completely in the population after 20 days of implementation 
as seen in Fig. 11b. As in strategy B, the latently infected people are 
reduced and became stable asymptotically in Fig. 11a. A contrary out-

come is expected when there are no such controls.

6.1.5. Strategy E
Here, we implement the combination of public health advocacy 

policies and booster vaccine inclusive (𝑢1(𝑡), 𝑢2(𝑡)), isolation (𝑢3(𝑡) and 
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Fig. 11. Dynamics of (a) latent, (b) infectious, (c) dead bodies and (d) corona 
virus pathogens using strategy D. Note that wo/c represents without control.

Fig. 12. Dynamics of (a) latent, (b) infectious, (c) dead bodies and (d) corona 
virus pathogens using strategy E. Note that wo/c represents without control.

disinfecting of surfaces and dead bodies 𝑢4(𝑡) to obtain Fig. 12 and the 
control profile in Fig. 13.

We saw from Figs. 12b and 12c that after the implementation of 
strategy E, infectious people and the dead are entirely eliminated from 
the population. This control strategy dragged the latent individuals to 
zero after 10 days in Fig. 12a. However, it was observed from Fig. 12d 
that certain quantum of the virus remains constantly in the environ-

ment. The persistence of COVID-19 pathogens as observed in Figs. 4, 7, 
9 and 12 could be as a result of uncertainties surrounding the source of 
the virus as claimed by assumption 6. This result is unique and needs 
medical follow-up to end the COVID-19 burdens.

In the next numerical experiments, we did the comparisons of single 
controls and these strategies A, B, C, D, and E on the dead, corona 
pathogens, latent and infectious people as depicted in the Figs. 14 and 
15. Optimal public health advocacy, booster vaccine, isolation and fu-

migation of surfaces and dead bodies as demonstrated in Fig. 14 (a-d) 
have substantial reduction in all state solutions when compared to sin-

gular controls scenarios. However, for a singular strategy preference, 
booster vaccine is better for human population while fumigation is 
12
Fig. 13. Profile of optimal controls 𝑢∗1 , 𝑢
∗
2 , 𝑢

∗
3 and 𝑢∗4 for strategy E.

Fig. 14. Comparisons of the corresponding to latently infected (𝑎), infectious (𝑏), 
dead bodies (𝑐) and corona virus pathogens (𝑑) with the application of control 
strategies (single controls, strategy D (234) and strategy E (1234)).

the desired approach for corona virus clearance in the environment as 
observed in the result of [39]. On the other hand, despite the high pos-

itive influence of strategy E on the prevalence of the disease in Fig. 15

(a-d), strategies C and D also reduce substantially, the number of in-

fected populations and viruses from the surrounding thereby reducing 
the COVID-19 burden and mortality cases. It is obvious that in the ab-

sence of interventions, the number of infected and death cases remain 
high with respect to the increase in concentration of the viruses in the 
environment. On the contrary, strategy A even though may be neces-

sary but not sufficient enough in ending COVID-19 pandemic as clearly 
shown in Fig. 15 (a-d).

For the fact that models of COVID-19 are not sufficiently developed, 
future works can be derived from the limitations of this paper in the 
following areas:

i. The multiple strains setting to cater for the difficult scenario where 
a region is invaded by more than one corona virus strains.

ii. The use of other incidence functions such as Holling type functions 
for the environment-to-human transmission.

iii. Assess the cost-effectiveness of each of the control strategies in the 
study.
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Fig. 15. Comparisons of the corresponding to latent infected (𝑎), symptomatic 
infected (𝑏), dead bodies (𝑐) and corona virus pathogens (𝑑) with the application 
of control strategies (strategy A (23), strategy B (24), strategy C (34), strategy D 
(234) and strategy E (1234)).

iv. The extension of the model to cater for the complex ecology of the 
corona virus transmission.

v. Modelling of SARS-CoV-2 dynamics with transmission kinetics that 
requires a smooth or strict threshold of Hill function type.

vi. Further theoretical results on equilibria analysis (where the con-

stant inflow of corona virus into the environment is not suspended, 
Ω > 0 in equation (11)) can be explored.

7. Conclusion

The spread of corona virus in Nigeria and other parts of the world 
has been relatively more studied in the human-to-human transmis-

sion ([16, 17, 18, 19, 20, 21]) than in the indirect environmental 
(environment-to-human-to-environment) transmission route. In this pa-

per, we targeted the latter route, which is the main characteristics 
that surrounds the misery of the outbreak of corona virus. Instead of 
dealing with only direct transmission, we formulated and analyzed a 
deterministic compartmental model for the transmission dynamics of 
corona virus, that enriched the classical SIR model with three additional 
compartments of vaccinated individuals, dead bodies and free-living 
corona virus pathogens with vital dynamics and booster vaccine impact. 
In this dual setting of human-to-human and environment-to-human-

to-environment transmission, we recorded our main contributions into 
three perspectives.

From the theoretical perspective, we have shown that the endemicity of 
the pandemic increases with the recruitment of corona virus pathogens 
and shedding from the latent, infectious and dead bodies; and that the 
disease vanishes out in the absence of such recruitments. The full model 
is proved to be well-posed. For the model without the recruitment 
of corona virus (Ω = 0), the SARS-C0V-2-free equilibrium has a stable 
global asymptotic behaviour when 𝑅0𝑐 < 1 and unstable if otherwise. 
Using the Center Manifold Theory, the coexistence of SARS-CoV-2-free 
and endemic equilibria is not guaranteed for the full model with Ω > 0. 
Hence, the endemic equilibrium of the full model is globally asymptot-

ically stable whenever 𝑅0𝑐 > 1.

From the sensitivity point of view, the study revealed that shedding, 
transmission parameters and contacts made are very influential in the 
increase of the ongoing COVID-19 pandemic cases. Based on the param-

eters values in Table 1, further results suggest that if at least 70% of the 
constituents followed the public health policies of wearing of masks, 
maintaining social distancing, regular washing of hands, testing and 
13
vaccination of populace for COVID-19, proper burial (particularly in 
Africa) could help in attaining herd immunity. However, this outcome 
may not always be true as model parameters are known with more cer-

tainty. Thus, to achieve the above, we recommend that: (1) government 
at all levels should enforce sanctions on constituents who failed to ad-

here strictly to COVID-19 protocols, and (2) testing and vaccination of 
the populace for COVID-19 should be a necessary criterion for assessing 
some basic social needs.

Pontryagin’s Maximum Principle is adopted to solve for the necessary 
conditions for the optimal values of the controls that minimizes the 
spread of the pandemic. The results from the optimal control problem 
revealed that the pandemic may be brought under check by implement-

ing continuous controls within a short period of time, indicating that 
optimal control strategy is effective in human and environment. Specif-

ically, strategy E for implementing the public health advocacy, booster 
vaccine program, treatment of isolated people and disinfecting or fu-

migating of surfaces and dead bodies before burial is found to be the 
most effective strategy in curbing the spread of the disease. However, 
control policies implementing either of the strategies (A-D) presented 
in this study could also be helpful in infection reduction and mortal-

ity control. In as much as the optimal control strategies in this study 
portray, it is worth investigating in the future, the cost-benefits of the 
aforementioned controls for better economic assessment. It should also 
be noted that since the main source for SARS-CoV-2 is still under scien-

tific investigations, other future studies may model the recruitment rate 
of the virus as time dependent function. This we hope will add greater 
value to control strategies for curbing the disease.
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