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Abstract

As one of the preferred diagnostic imaging tools, Magnetic Resonance

[ Imaging (MRI) has become a diagnostic modality which has made an in-
road into age estimation. However, many works in this area were carried
out using observed statistical data to classify and analyze findings. In this

l research work, a time-independent non-homogenous linear differential
equation from the Bloch Nuclear Magnetic Resonance (NMR) equations is
evolved. The equation is solved under the influence of radio frequency

l magnetic field [vfB,(x,t) # 0] and in the absence of radio frequency
magnetic field [rfB,(x,t) = 0]. Tyand T, relaxation times were varied with
a view to analyze the signals as it relates to the age of any human organ.

Keywords: T, relaxation time, T, relaxation time, radio frequency field,

-u Magnetic resonance fingerprinting, magnetization.

{

" 1.0 Introduction

| Relaxation usually means the return of a perturbed system into equilibrium. Tissue can be
- characterized by two different relaxation times — Tyand T, . T;(Longitudinal relaxation time)

1s the time constant which determines the rate at which excited protons return to equilibrium.
[t 1s a measure of the time taken for spinning protons to realign with the external magnetic
field. The T, relaxation time, also known as the spin-lattice relaxation time, 1s a measure of
how quickly the net magnetization vector (NMV) recovers to its ground state. The return of
excited nuclei from the high energy state to the low energy or ground state i1s associated with
loss of energy to the surrounding nuclei. Nuclear magnetic resonance (NMR) was originally
used to examine solids in the form of lattices, hence the name "spin-lattice” relaxation. Two
other forms of relaxation are the T,relaxation time (spin-spin relaxation) and 7, * relaxation

(Rock, 2021). 4
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] These two tissue parameters, Tyand T, represent different tissue information that 1s largely
| independent of each other. Nevertheless, Tyand T,information is not fully independent of
} each other because all spin—lattice interactions that cause T; recovery also contribute to
T,decay (Suzuki er al., 2006). In a study carried out by Yusuf (2010), the two different
relaxation times — Tyand T,were used to carry out the general analysis of physiological flow
l in human body. The results show that the two relaxation parameters are very vital in
describing and analyzing the flow of fluids in human body and the surrounding tissues.

. ! -

Magnetic resonance fingerprinting (MRF) is a method that simultaneously and rapidly
measures multiple tissue properties, with initial application in measuring Tyand T,. This
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technique is based on the premise that acquisition parameters can h al
pseudorandom manner such that each combination of tissue properties will _ l

signal evolution. Using the Bloch equations, a dictionary of all possible signal ey
be created that includes all known acquisition parameters and all possible range e! *
combination of the properties of interest (Badve et al., 2015).

Badve er al. (2015) presented simultancous quantification of regional brain Tyand T,
relaxation times in healthy volunteers using MRF and assess differences in tissue properties
resulting from age, sex, and laterality of hemispheres. They further compare different best-fit
options for regression analysis of age and brain relaxometry and assess how age-sex

interactions affect these findings in the context of the known literature on relaxometry
measurements with aging.

The study of the living human brain has shown that at low nuclear MR frequencies, age-
related factors constitute an important influence on the Tjrelaxation time. The findings

demonstrate the importance of understanding the variation of Tyand T, in relation to age and
to the localization in the brain. For instance, in the investigation of disease, the contrast

resolution between the tissues changed by disease and the normal tissue might be different,
depending on the normal tissue variation in relaxation times (Agartz ef al., 1991).

It 1s in line with these that this research work 1s aim at investigating further the effects of
T;and T, on the estimation of age of human organs.

2.0 Mathematical Formulation

Bloch equations explain the magnetization properties of matters using relaxation times. They
are given as:

dM, M,
dt /14
2.3
dM | E M,
— — t L —
dt ™.5,0) I
i My
dM . -M
dt __MyBl(t)_ 2': i
2.3

where M = equilibrium magnetization

M .= component of transverse magnetization along the x-axis

M, = component of transverse magnetization along y-axis

M ,= component of magnetization along the field (z -axis)




7 = gyro-magnetic ratio of fluid spins
B, (t) = radio-frequency (RF) magnetic field
I, = Longitudinal or spin lattice relaxation time

I, = Transverse or spin-spin relaxation time

From the kinetic theory of moving fluids, given a property M of fluid then the rate at which
this property changes with respect to a point moving along with the fluid be total derivative

dM oM oM oM
—=—d—y —v
dt 6t+3x x+ay T

2.4
dM oM
= -—E'+U.|7M

Therefore, from Yusuf et al. (2019) the three Bloch equations become:

de = Mx

dt ot e R

dM oM M,

_y }’ + V. VM — yMZﬁl e _'

dt T,

de (MI_MU)
- = —yM, B, — —=—2

23

2.6

2.7

2.8

If the flow is considered only along x-direction. The partial derivative along y and z direction

is zero. This implies that the flow is constant along y and z directions. Therefore,

w55 M =

Equations 2.6 to 2.8 become

WM, =

dt ax Tz

dM oM dM M

s e o _}’ - it 4

dt at TV Y Mz — Ta 2.11

dt R o YMyp, — T, 2:12

By making Mzthe subject from 2./2 and simplifying the terms, we have

9*M, Z Z i _1_ aMy 1 |9My 22 -
- Awo;oyogbe et al. (2009)
2.13
2.1 Time-independent Bloch-flow equation

For time-independent Bloch-flow equation, we have.

z_‘)_v_l_v 1 YﬁiMo

.|.
dx? 7'1 T2

oM
_Z - 2
T Tsz LI 4 ﬂ1]M
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Let[ +1]= T, and == = k

T2

6’M!: oM M, |

e To—a}z"' ; [k +v2BiIM, r£1vz 2.16

Solving 2. 16,

The homogeneous part implies that Yf ‘::" = () 217

AssumingM,, =y, -:;Ta =P, -—&1; [k + y?B{] = q then 2.18 ‘
d%y dy g

It can be seen that 2./6 has been changed to 2.7/9 which is a system of second order Ordinary
Differential Equation (ODE).

The complementary solutions with the different cases are given as:

bé -
Case 1: 2 24“ - 1) y. = cqe™* + c,e™2* where ¢q, coare constants  2.20
b<
Case 2; J—;ac = 0, y. = A(1 + x)e™*where A = constant 2,48
Case 3 \/b224ac < O, V. = Cle(-‘l+ib)x i cze(ﬂ—ib)x where
C4, C, are constants
2522
m, = —2 4 =8 2.23
2 2
' . ST
Recall - T, k + y2 = %4l [Lpt 8 252
ecall we set -T, = p,— [ hy~Bel = gy = === =l —v—z-[k+V B
2.24
Simplifying
i ’ 2 2 22
g = =g (To — |To" — 41k + y2B5]D) 2.25
Such that

my = —— (T, + ,/Taz ~ 4[k +y?B3]) 2.26

> 0; 2.2%

2.1.1 Casel
vbZ—4ac

For case 1:
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Solving for the particular solution, using the technique of variation of para
Yp = Upy1 T Uz2y2

From 2.28 we have the identifiers as y,and y, respectively given as;

y1 = e’i(’""'J’""z'["*”z‘?ﬂ) 2.30
_ e'i(T”+JT°2'["+”ZB§]) 231

y2

s -3—(7'0- T,2—[k+y2p?]
}’i=—E(TO—\TDZ—[k+y2ﬁ12)e - 2.52 1
= To+ [To?~ k‘*'_]’zﬁz

¥z = "ﬁ(Tv + [T = [k +y?Bi] |e | MR

Computing the Wrouskian matrix for y;and y,, we have;
yi Va
W(y1y2) = lJ’{ y£| 2.34
%(Tu-JTﬂz-[k+y2ﬁf]) 8—256(T0+JT02_-[1¢+Y:5§)

W(y,y2) = . : 1 2
—2—”<TG—VTG “[k'{'}/zﬁf])y;l _E(Tu'l' Ty _[k+yzﬁf] y2
' 2 foF z- 2 —0 , 1 2 2 R2 ~ox
W(YIJyZ)—_-z-; To +\To —[k'l'}/ Bl] Er +E TO— TO _[k+y Bl] E ®

2.36

W(y.y2) = —ME_%x 2.37

Computing the Wrouskian matrix for fyand y,, we have;

0 e-%(ﬂﬁ ’Taz—[k+y2ﬂf”
Wl(fx:yZ) = - T 2_ 2 22 2.33
| Vﬁleﬂ __L(TO & fToz il [k 4 YZBIZ]) e 2u( °+JT0 [k'l'r Bl])

T v? 2V

'E%("o+\l""az-4[k+r2ﬂ¥] )




?

—=| Tp- ’T 2_|k+y2p? ’
5™ JToz — [k +y2Bi]}e '“’( g
W, = YBiM, e-'z%(rﬂ'\‘rﬂz_"lk"'}'zﬁﬂ, 241

T1 1’2

Dividing equation 2.39 with equation 2.37 and then integrate -

2 'Yfzf “e—%(T“J; ”leﬂz_ﬁ_ﬂ)
T s 243
v (J':'—ﬂz--;[szﬁﬂ) _Tg,
E o«
Simplifying;
u1 — _Mf E%(TE—JTDE-[R'H’ZBH) dx 2;43

TleTnz—-[k+y2ﬁf]

Integrating with respect to x

R N R G L L) 3

TleTﬂz—[k+y2ﬁ12] (TE+JTﬂ2—[k+y2ﬁﬂ)
Simplifying

= Ty= [To%=|k+y? 2)

e 2YBM, ezu( J [e+v2pi) 2.45

TmJT.JZ—[k+y2ﬁf]+T1(Tn’--[k+y2ﬂ§])

_ 2(no- [rt-leerp]) —5(ro- [1o2-ksv2e2])
Ve, = — T T €
ToTy T[4y 2 B3] +T3 (o= [k+¥2B3)
2.46
2

Upy; = L 2.47

TOTIJTUZ—[k+y2ﬁf]+T1(TDZ-[k+y2ﬁ'f])

Also, dividing the Wrouskian,W, with the Wrouskian, W and then integrate.

v83Mo 3 To={To>-[k+r263])
w5 Tlv - d
uZ=f_dx=J. 2-—22 X
w (Jro?-lk+v263l) _ 7o,
v

v

2.48
Simplifying
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M,
Tyv |To?—|k+y2p?

up = -

] f e:—'(ro-r ’T,’-[k-r—-r'ﬂ] ’ P

Integrating with respect to x

X ’ X & 2R

TuTlJTnz‘["*Yzﬁf]‘Tl(Tnz‘[’”'}’zﬁlz])

A&
Y4
| quz _— — Yﬂqu S 253
| TnTlJTDZ-[R"'YZﬁH_Tl(Tﬂz—[k‘*'yzﬁﬂ)
Recall y, = u;y; + uyy, 2.54
.ﬂ - Yﬁ%Mu Yﬁ%Mn
- yP — . e —————
ZTGTIJTDZ—[J-:+}'2312]+2T1(TDZ—[k+yzﬁf]) ZTUTIJTEZ—[k+y2ﬂf]—2T1(TDZ—[k+y2ﬁ’f])

n 259
- Simplifying
Y 1
| yp = YBEM, . — | 256

ZTETIJTGZ—[}H-}-'Z;!?IZ]+2T1(Tﬂz—4lk+y3ﬂlz]) 2T, Ty ’Tﬂz-[k+y2ﬂf]—ZTI(TGZ-[R-I-]fzﬂf])

ToTy [To?~[k+v2p3]-T, (Ta2-4lk+rzﬁfI)-(Tmﬁ:’-[k+r’ﬁ§]+T1(Tu’-lk+r’ﬁ§l))

Yp = YBL M,
4 (TnTl JTaz-lk+r2ﬁf]+T1(Tuz'[k'*'l’zﬁﬂ))(TuTlJTﬂz'[k’*'l’zﬁﬂ'rl(Tﬂz“’[k"'yzﬁﬂ))

g =21y (To®~[k+v?BF))
Yp o Yﬁl Ma (('ﬁzToz(Toz—[k+YZBf])—T12(Taz—[k+yzﬁf]) ) 2.58

Comparing common factors in numerator with denominator, we have.

2.97

- 2YBiMo -
e (T1To*~T1) 2.39

vbZ-4ac

Hence the general solution to Case I: > 0;




e . y“%*% '”J;
1 ' . - .- |

T.- IT 1_[k+ 2n2 _1( . _ w2nR2]

e 2v\ ‘0 J 0 Y*B1 )x To*'JTo [k""" ﬁﬂ’“ vBiM,

2.1.2 Case?2

Similarly, for Case 2: 'b2;4a°

= 0, the general solution is

To
= A X 4yB1M,
y=A1+x)e™" + 55

2.1.3 Case3

vbZ—-4ac .
For case 3: < 0;we have the general solutionasy =y, +y, k
Tox x [To2=[+v243) T2l aypm h
- @ 2v E. ICOS - YBI 0 :
4 ) BaS—==——————"} ¢, SIR<— == AV PhiaT) 2.64

ﬁaz-[k'ﬂ’zﬁ_ﬂ-

Recall h 2.65
2v
Tox IJTGZ_[R"‘YZJGZ] xﬁﬂz—[k+y2ﬂf] 4
_ = 1 . YB1M,
BB LGy 05—+ ;s ——F—=5= T GT. - [k+y2F2]) 2.66

3.0 Results and Discussion

The graphs displayed in figures 3.1 — 3.10 show the plots for case 1, for A > 0; when
radiofrequency [y?f? « k] is negligible and T, varied while keeping T;constant. It can be
seen that before the magnetization relaxes, it is able to detect signals between when T; 1S
0.002 and 0.027. This implies that different organs in human body can be distinguished and

in turn be related to their length of time (age).

Similarly, the graphs displayed in figures 3.11 — 3.20 show the plots for case 1, for h >
0: when radiofrequency [y?f?% > k] is greater than k and T, varied while keeping T; constant.
It can be seen that before the magnetization relaxes, it is able to detect signals between when
T, is 0.002 and 0.047. This implies that different organs in human body can be distinguished

and in turn be related to their length of time (age).

Case 1: For h > 0; when radiofrequency [¥y%2B% < k] is negligible.




Figure 3.1 shows the plot of magnetization

against velocity and distance when 7, =
| 1and T, = 0.002

Figure 3.2 shows the plot of magnetization
against velocity and distance when T; =
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Figure 3.3 shows the plot of magnetization
against velocity and distance when T; =

1land T, = 0.012

Land T, = 0.007

Figure 3.4 shows the plot of magnetization
against velocity and distance when T; =
landT; = 0.017

Figure 3.5 shows the plot of magnetization
against velocity and distance when T; =

1and T, = 0.022
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Figure 3.6 shows the plot of magnetization
against velocity and distance when T; =
1and T, = 0.027

_’ . lr I-F




Figure 3.7 shows the plot of magnetization | Figure 3.8 shows the plot of magnetization
against velocity and distance when T, = against velocity and distance when T; =

| 1andT, = 0.032 | 1and T, = 0.037
I
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| against velocity and distance when T}, = magnetization against velocity and

4 = 00—

Figure 3.9 shows the plot of magnetization | Figure 3.10 shows the plot of

l b

' 1and T, = 0.042 ‘distance whenT; = 1and T, = 0.047

Case 1: For h > 0: when radiofrequency [y*f* > k] is greater than k.
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Figure 3.11 shows the plot of

magnetization against velocity and
| distance when T; = 1and T, = 0.002

! 1 a_nd Tz — 0.0_(_)7_

Figure 3.12 shows the plot of magnetization
against velocity and distance when T; =
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Figure 3.13 shows the plot of
magnetization against velocity and
distance when7; = 1and T, = 0.012

i

Figure 3.14 shows the plot of magnetization

against velocity and distance when Ty =
1and T, = 0.017

Figure 3.15 shows the plot o:f
magnetization against velocity and
distance when T; = 1 and T, = 0.022

Figure 3.16 shows the plot of magnetization
against velocity and distance when T; =
1and T, = 0.027
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l magnetization against velocity and
distance when T; = 1 and T, = 0.032

| Figure 3.18 shows the plot of magnetization
against velocity and distance when T; =
1and T, = 0.037

Figure 3.19 shows the plot of
magnetization against velocity and
distance when T; = 1 and T, = 0.042
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Figure 3.20 shows the plot of magnetization
against velocity and distance when T; =
| 1and T, = 0.047

4.0 Conclusion

This research work is still on-going. Hence only a part of the results has been generated and
presented. So far, preliminary results generated from the work have shown the possibility of
determining age of human organs from the Tyand T,relaxation parameters as obtained from
the Bloch NMR equations. The remaining cases (h =0 and when h < 0) will eventually
be examined and results generated compared and analyzed in relation to how relaxation rates
could be used to estimate or determine the length of time of existence (age) of the human

organ under consideration.
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