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f)?\-:?[:;tsc Resonance Imagine AREER] ;

pail San b %FS, (MRI) developed ﬁ'om.Nuclear Magnetic {Eesonance
10logy '”t‘dlc al approach towards studying the anatomy, physiology and

mathematicq)p,, the ‘hv”’&’ tissues. In this study, attempt is made al expressing

d.lseases Within rh'ep;,oce“Ses involved in MRI for diagnosis and possible treatment of

linear differentia] o uman body. A time - dependent second order non-homogenous

in the equations mz“a”"” from the Bloch (NMR) equations is evolved. The parameters

&Yro-magnetic ratio Oeql:‘”"b""“".? magnetization M ,, radio frequency rfB,(x,1) field,
obtained i be emf’ n:‘,;ooj spiny as well as Tl‘ande relaxal:ion times. The soh.tti.on
Jorce, F cosyt anc;l B 7(3{) "_"hen the tsystem 1 under an mﬂz;;ii of a drtvn;ig
purpose of s o I = coswt is the radio ﬁ'eque.ncy field.- However, for the

udy, onlyT,relaxation times are varied and analyzed for the

measurement : ;
of the signals in relation to its effect on human anatomy.

INTRODUCTION

gu:;:g;b?da%rft; Zzsopance, NMR, measures how much electromagnetic radiation of a specific frequency
sioRiie amd Tralectl mic nucleus that is placed in a strong magnetic field. Its ob__|ectwe is to visualize t}}e
S eaTEnE Beli o ar structun? of chemical compounds - Edward (2006). NMR is produced wl'len a‘radlo

qushey e d_‘s imposed at right angles to a much larger static magnetic field to perturb the orientation of
nuclear magnetic moments generated by spinning electrically charged atomic nuclei.

on invagiy,
of human

o'

The procedure requires that a substance be placed in a strong magnetic field. This strong magnetic field
affects the spin of the atomic nuclei of elements, for example hydrogen molecules. These have an angular
momentum arising from their inherent property of spin. NMR is inherently a three-dimensional
phenomenon. The spatial resolution of a three-dimensional set of data is usually equal in all three directions.
The basic requirements for Nuclear Magnetic Resonance spectroscopy are that the magnetic field be
homogenous over the volume of the sample; that there be a radio frequency field rotating in a plane
perpendicular to the static field and that there be a means of detecting the interaction of the frequency field

with the sample.

Magnetic Resonance Imaging was develqped from the knowle‘dge gained in the s?udy of Nuclear Magnetic
Resonance. It will be correct to refer to 1t as Nuclear Magnetic Resonance Imaging (NMRI), however the
ord * {éar’ connotes radiation, and to prevent it from being mistaken for radiation exposure, which is not
v frl;iz safety concerns for MR, the word ‘nuclear” was deleted from it. Scientists still use NMR when
gpe a1 o non-medical devices operating on the same principle - Dada (2QQ6). _ .
ISCL.Issmb nt made on Nuclear Magnetic Resonance was on the precision on the radio waves in order to
The:irprovers t signals with more accuracy. In addition, means of applying the magnetic fields was
gauge the resonan ti Da] methods by which radio signals could be analyzed and transformed into a useful
enhanced. Math;?dmal ICV precise distinctions between different areas of living tissue was also developed -
: hov
image that would 3

Mansfield (2006).

METHODOLOGY '« study is to establish a methodology of using mat.hematica\- .techniques 0] tt}at the
The main goal of this Sflbl(-)o d flow in human physiological and pathologlf:a\ .condmo.ns can be carned- out
accurate measuremen’ 2 imple to implement in medical clinics. The objective of this research work is to
non—invasively and becﬁmz iime — dependent second-order non-homogeneous differential equation from the
. a £ . .
formulate mathem]at;(; M)aonetic Resonance equations:
e =

Felix Bloch’s NU¢
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laxation Rate on

Zffect of Transverse Re
]

aM, M,
dt 7

dM | M :
o 3 B (x)- »,];;‘v

iﬂi‘_ ) -(A\/0 -M,) :
e —yM B, (x)- = T - - Felix (2006)

ch (NMR) Flow Equations

(inent to treat them _wnth .reference 10 their moq- .

quch pronounced in fluids. From the kinetic lh: since
017 of

e rate at which this property changes wit, 'CSpe‘t
Clt

of Time-Depen dc'nl Blo
fore, it 15 P€
js very I

3.0 Mathematical Analysis
NMR spins are always in motion therelor
they change position with tine. This motion I
moving fluids, given a property M of the fluid, then th

; . : : jvative:
a point moving along with the fluid be the total derl

0

dM OM oM oM oM ,
= + + — z

V, +— V.
a a  x v ooy T Oz
\ D}
s e WL
da ot

Therefore, the three Bloch equations above become:

dM_ = JM
aM, M, yony =M 4

dt ét B &

dM,6 oM, “ -
= — + V-VM V =%M‘Bl (x) T D

i o S g

dM. &M, M, —M,)

il S t+V VM. =—yM B R :

dt ot S i

If the flow is along horizontal x direction, partial derivatives along y and z directions are zero. Note that
s to be flowing along the x-direction hence the flow is

for blood flow analysis, it is assumed the blood spin
ay valves, located

independent of y and z components. Flow against the gravity is made possible by one - w

several centimeters apart in the veins - Setaro (2006).
For a flow that is independent of the space coordinate, x, that is the magnetization does not change

appreciably over a large x for a very long time, then all partial derivatives with respect 10X could be sett0
zero (time - dependent). Hence equations (4 - 6) become:

aM, _ M,

dr ik 7
i 2% M _B, (1) s

dt 7 - T2 8
dM . M.-M))
—Lt=-M Blt) - ————
From equations 8 and 9, we have

dzM.v L.} dMy 2 1

PP\ ot SO &) L B VY1
dr’ L I dt (@) Tsz) y T 10

Equation (10) is the Time - Dependent Bloch NMR flow equation - Awojoyogbe (2004).
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Depe
pendent Bloch Nuclear Magnetic Resonance Flow Equations

Let k 1
e R 1
; R | .M :
il 0 T +F; F,= T and y B,(t)=coswt  then equation
2 1
(10) becomes: dm’! dM F
. —L 4T, + kM = F, coswt 1
Equation 11 can be expressed as dt? dt ¥
s TR I
n Y=—=r()
1 m m 12 .
We can assume: Tnz_f_; kel e B M, 1
m m L m

also let =
= J_E >w=L .
o m

Note that F coswt is an i
o COSWI is an input or a driving force then if zero, it implies a freely vibrating system.

By Kreyszig (1988) the linear differential equation:

my"+cy'+py = F, coswt 13
admits the result
— ) gt
y(t) =e ™ (Acoswt+ Bsinwt) + {F, 5=y coswt + F, z “;T" -sin wi}
(k-w?)? +(wT,)’ (k-w?)* +(wT,)
-14
4.1 Plot of 2-Dimensional Time-Dependent Flow Equation

For the purpose of this research work, 7, values will be varied as 0.02, 0.07, 0.12, 0.17,...... , 0.47 while

keeping 7,=1 constant. Thereafter, the corresponding values for w will be deduced. Recall the solution of

time — dependent from equation 14, the complementary part is
y, (1) = e (acoswt +bsin wt)

oy = —]—;"— and w= ’?1?— and by keeping 7, =1(constant) and varying T, between
12

Assumea =b=1;

0.02 and 0.52 at regu'lalr’irnle’dwm&ﬂlp_graph below would be evolved:

\ t Ay {'] f A

i : g1
( - against twhenw =7 |

Plot Gl__f.lf"____,___._-—————’—'
|
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Fig. 1

Analysis of Results

e (Acoswt + Bsin wr) approaches zero as t approaches infinity practically after a sufficiently long time.
This complementary function represents the transient solution as seen from figure 1. This can be considered
under the followiag headings:

Over-Damping
If T 02 > 4k then there is over damping. This also implies presence of large amount of friction. The free

myt myt

motion described by the complementary function is given by M (f) = Ae™ + Be™ . After a sufficiently

long time and in the absence of external force, transverse magnetization M , terminates to zero eventually as

time approaches infinity.
In NMR flow, when r/B,(f) is withdrawn, the transverse magnetization, M " (t) reduces to zero as time

increases i.e.

‘Ae™ + Be™ =0 15

"= g™ N = —E,A =0
A

If AandB are of opposite signs, and since a real exponential function must always be positive then there is
only one value of ¢ that can satisfy the above equation.

Critical Damping
2 — T 5 s
If T,” = 4k then the roots m,,m, of the characteristic equation are real and equalm, =m, = ——25- . This s

called critical damping. In this case, the free motion described by the complementary function is given by
M ()= Ae™ + Bte™ . If B=0, there is no value of ¢ for which M,(f) = (, but in all other cases
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there is one and

€Xponentia] fyy,
motion can hav

on] _of-0<t oo
Y one value of ¢ for which M, (D7 0f <0}. This is physically irrelevant. Since

Ction | ve at :
'S Never zero and the coefficients €7 hav® < Most one positive zero. It follows that the

ea ; :

If T° <qp
0 then i . i iodi
th the motion s under-damped. It is not periodic but there are regularly spaced passages
rough the equilibe |
equilibrium position at intervals of —-, where s —
; 1 ey
This i ies i : :
implies imaginary period = 27 and imaginary NMR frequency > = £ ppz.
- 2r 2m
The second part of the solution is
M, (1) = k-w? it i
)p( ) Fg \-\COSHJ{-}-F‘” —‘_—_l_—”———’_—.SIHWt 17

(k —w?)? +(wTl,)? (k-w*)? +(wT,)’

which i o o ' % ) |
discl: " lsdthe only part contributing to the transverse magnetization resulting in sinusoidal plot. This will be
ussed under two cases i.e. T, =0 (un-damped) and 7, > 0 (damped).

Undamped Forced Oscillation
This occurs when T, = 0.

Assuming w? 2 w? where w? =—
m
F, F
M}'P (I) = —(Z—"PT)COS Wt = —————Cosw!
m(w, —w w
‘ K[(1 —7)2]

From the above and using the expression, the  general solution  will  be:

M (1) = Ccos(w,t—06)+ - coswt
= wil— - -
Y ) 0 (waz _ 2)

This implies a superposition of two harmonic oscillations whose frequencies are the natural frequency?"—
T

i.e. the frequency of the free un-damped motion of the system and the fre:quency-zyi of the output. This
€. the :

phenomenon which occurs as W approaches w, is called resonance and it forms the basis of operation

in Nuclear Magnetic Resonance.

However, if wisclose oW, , the particular solution is

: : 18

{) = ———~——-(coswl —C€0S w,l)

M (0) m(w? —w?)
corresponding 10 the initial condition y(0) = 0and »'(0)=0.

L u+v . u-v

cosv —cosu = 2sin > sin——,

=

By using the relation
“'u W . “l“ — W
[sin t
2

2F ’
i M () = ———=sin
Equation 18 may be written as M, (¢) (! W)

beats as the difference between the input and natural frequencies is small.

This will result in
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Effect of Transverse Relaxatiop Rate on Tim

Damped Forced Oscillation
The second case happens when 7' > (0 jmplying!

Recalling the general solution, M (1)

k-w ; wT, .
ke ——cOsSWI+ F, =gty SIN wi} The fi
(k=w?)’ r(wT)’ (k —w?)? +(wT,)’ st
“(Acoswt+ Bsinwt) approaches zero as t approaches
it corresponding to a purely sinusoidal input will
of the input. In this case, the amplitude will

d in which case the amplitude is infinite as w

hat there is damping.

=e “(Acoswi+ Bsinwt) + {F, -
part which is the complementary function €

hence, after a sufficiently long time, the outpt

armonic solution whose frequency is that
en it is un-dampe

infinity
practically be a h
always be finite as against the situation wh

approachesw, .

Nuclear Magnetic Resonance and also its modification to
he analytic solution has been presented under the
ary part and the particular integral were
critical damping; under-daruping as well
T, spin — lattice relaxation

DISCUSSION
In this study, the meaning and evolution of Bloch

Resonance Imaging have been explained. T
heading- time dependent. The solution which has the complement
further examined under several instances namely - over-damping;

as un-damped and damped forced oscillation. In the complementary solution,
n — spin relaxation time varied. Graphs of these different stages were

Magnetic

time was kept constant while 75 spi
plotted and the results obtained analyzed.
CONCLUSION

From the various graphs p] 4 Variations In Tzva}ues the
e~ (Acoswt + Bsinwt)

plementary function rep
tegral is the only part contributi

otted above for M, with respect to th
approaches zero as t approaches infinity practically
resents the transient solution. On the whole, it

complementary function
ng to the transverse magnetization.

after a sufficiently long time. This com
can be concluded that the particular in
This is the reason why the plot is sinusoidal.
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