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Abstract

In this article, we give a simpler proof of Chebyshev inequality and use the result to obtain
some properties of Binomial, Poisson and Geometric distributions. Furthermore, analysis of
the results has shown that Chebyshev inequality is effective for determining convergence
bound of the distributions. Some recent sharpened results are complemented. 2010
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Introduction

Chebyshev stated, without proof, a theorem called Chebyshev’s inequality in 1874. Although
it was first formulated without proof by his friend and colleague Irue-jules Bienaym in 1853
(Chebyshev, 1874). However, Markov in 1884 provided a proof in his PhD thesis under the
supervision of Chebyshev. It states that in any data sample or probability distribution, nearly
all the values are close to the mean value, and provides a quantitative description of nearly
all or close to all. We can usually guarantee that more data is a certain number of standard
deviations away from the mean if the distribution is clearly known (Steliga.& Szynal, 2010).
This inequality is a tool in probability theory; it relates the distribution of numbers in a set
(Pitman, 1993). In a general term, the formula helps in determining the number of values
that reside in and outside the standard deviation. The standard deviation, however, is a
statistically determined number that tells how far away values tend to be from the average
of the set. Analytically, about two-thirds of the values should always fall within one standard
deviation up or down. It is unlike the empirical relationship between the mean and mode or
the rule of thumb that connects the range and standard deviation together.

The inequality is of great significant in the theory of probability distributions and is usually
stated for random variables, but can be extended and generalized to a statement about
measure spaces (DasGupta, 2000).

In this paper, Chebyshev theorem is proved in a simpler version. The results obtained were
used to analysed Binomial, Geometric and Poisson distributions and also to obtain probability
bound for some random variables. For recent work see Stein & Shakarchi 2005, Oguntolu
2013, Gauss 1995 and Clarkson et.al. 2009.

Materials and Methods
This section considered the prove of some inequalities and their applications.
The prove of Chebyshev Inequality
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Theorem 3.1: Let X be a random variable with mean E[X] and finite variance Var[X].
For any real number A> 0, we have
Var[X]

A2

Pr(| X — u|> A) <

Proof:
By Chebyshev inequality, u = E[X] called the mean (expected value) of the random
variable X and
Pr(| X —pu[> A)=Pr[(X - u)* > A’]
Also, by Markov Inequality we have,
E(X — u)?
PII(X — 1) > A’] s%
_E(X =2Xu+u*)
= 2
_ E[X®1-24E[X + p*]
= 2
E[X*]-u
AT
But Var[X]=E[X?]-u’

Var[X]
A2

Hence, Pri(X — u)? > A*] <

Properties of Binomial Distribution
The Binomial Distribution is given by:

Pr[X] :( ]PX.(l— P)"*
While the Cumulative Probability is given by:

Pr{X >0] = i(njw.a— p)"*

x=0 \ X

n

X

n

n!

= Xzo(n_—x-)!)(! PX.(l— P)n_x

A-P)  PA-P)" P
nlo!  (n—-1)')! on!

= Pr[X >0] = n!{
By Binomial expansion

n!
Pr[X 20]=m[(1— P)" +nP(L—P)" +--+nP"*(1-P) +P" |

=(P+1-P)" =1

xn!
But, E[X] = XZ:; (n_ X)!X(X_l)!

P*(1—P)"
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Z(n x)l(x 1)lPX(1_P)H

x=0
n

— & .Px—l(l_ P)nfx

o (n—x)1(x-1)!
i (n 1) Px—l(l_ P)n—x

S (n—x)(x-1!
Hence,
Mean =E[X]=nP (1) = nP
Also,
27 _ 3 in! XM __ n—x
ELx ]_;(n—x)!xlp a=P)
— C (X_l)n! PX(l_P)n—x+ L n! PX(l_P)n—x
= (n—X)I(x=1)(x—2)! = (n—x)Y(x-1!

_ C n(n—l)(n—Z)! x=201 n—x . n(n 1) Xx-1¢1 _ n—x
_XZO—(n_X)!(X_Z)!P.P.P 1-P) Zo(n D] P.P*'(1-P)

(X_n) x—2 . n—x L (n—X)! x-1eq n—x
=n(n-1)P Z—(n x—2) (1-P) +nPX=O—(n_X)!(X_1)!P (1-P)

=n(n-1)P*() +nP(1)

=n(n-1)P?+nP
Hence,

Variance (o?) =Var[x] = E[X ?]- (E[X])?)
=n(n-1)P*+nP - (nP)?
— nP(L—P)

Prove of Chebyshev’s Inequality from Binomial distribution
By Binomial distribution, we have

n

Pr(l X - |Z tG) — Pr[(x _lu)2 > t2(72] — z ( ].P(X—#)Z (1_ P)n—(X—#)z
(x-u)?

(x=p)2=t?c?

<; z ( }(X /J) P w)? (1 p)n (x-p)?
(X lu) (x=p)?=t?c2 \ (x- )?
2

O
- E(x-p)t=—2
(X—u)2 (x—u)?
1 1
But X—u)? >t’c? = <
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o 1
< =—
2 2

,_,

N
q

~—+

Hence,
1
PriX - uto) <

Poisson Distribution
The Poisson distribution is given by:

Xq—A
PrIX]= 22
X!
and cummulative probability is
PI{X > 0] = Z)“X e ey g
X! = X!
and
2 x)fe
E[X]= Z
© x-1
R Sy P
x=0 (X_l)'
Hence,
Mean = E[X]=4
E[X?] = i x2et i x e
x=0 X! x=0 X_l)!
> (x=DAet Z e
= (x=1! oo (x=D)!
B i lxe_l le—le—/l
X= (X 2)' x=0 (X_l)l
implying
x 2 ) lx—l
E[X?]= A% -AZ +2e™
o (X —2)' o (x=1!
=et + e et =+
Hence, Variance(c®) =Var[X]=E[X*]- (E[X])
=X+1-2=1
Thus, we have the variance as:
c?=1

The prove of Chebyshev’s Inequality from Poisson distribution

By Poisson distribution, we have,
o )v(x—,l)z e—x

Pr[| X —u |>to] = Pr[(X _,U)z > '[20'2] _ rre
(x—u)? =t’c? (X_,u) !
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_ew)t & e
(x— p)? (oot (X— )
.1 2 QA g
C(x= ) o[ p)? -1

Hence,

Pr| X — u[>to] = Pr[(X — u)* >t°c?] = A 51

(x—u)

But,

(x—p)’ >t’c* = <1

- (X—‘Ll)z - tZGZ

Pr[| X — p |>ta] =Pr[(X — u)* >t?c?] < PR,
Since o’ =21
Then, Pr| X — u[2to]=Pr[(X — u)* >t’c?] Stiz

Geometric Distribution
The Geometric Distribution is given by:

Pr[X]=P@Q-P)*
and the Cummulative Probability is

S P(-P)* =Py (1-P)’

Let a=1-P=a-1=-P
then,

S PA-P)* =P a*
x=0 x=0

while
ax+1 _1 _ 1_ ax+1 B P(l— ax+1)

D a¥= = =2 =Y PL-P)

=0 a-1 l-a =0
and
S PrX]=PY a* = K;‘l) — @ -1)=(1-a"") =[1- - P)*"]
x=0 x=0 -
As X+1—> o where 0<P <1, @-P)—>0
Hence, iPr[X] =(1-0)=1
x=0

With the expected value
D> XPr[X]=> xP(-P)"
x=0 x=0

Let a=1-P
Then,
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i X.Pr[X]= Pi x.a*
x=0 x=0

2 _ x—1 x-1 _ 2
=P i(1—ax)+M+ ..... +M+aX
l1-a 1-a 1-a

= 1 i [a(l_ax)+a2(1_ax—l)_+_““+ax71(1_a2) + ax]
—a

Since P=1-a
Then,
E[X]=a[@l-a*)+all-a*")+..+a*?*(1-a’)+a""(1-a)]

= a — Xa
1-a
As X—>0 within 0<P<1 for a=1-P
a*=1-P)* >0 since 0<(@1-P)<1

E[X] = a(g_OJ = a[i]:i
l1-a 1-a —-a

1-P
P

Hence,
Mean=E[X] = i=r
P
with the variance:

E[X?]=) Px*a* where a=1-P
x=0

E[X?]=P) x*a"
x=0

= P[(12 _02)3_(];[— axj—i_ (22 —12)3.2 []i— aXJ+...+[(X—1)2 —(X_Z)Z]ax_lﬂl_azj_f_

l1-a

(x* = (x=1)*)a*]
=a[(1® -0+ (2° -1)a+---+[(x -1 = (x—2)Ja* * +[x* = (x=1)*Ja* " -
[(17 =0%) + (2 =12) +---+[(x=1)* = (x = 2)* ]+ [x* = (x=1)*Ja*]

= a{(zi xa* + iax) - [axi(2X —1)]}

—xax} and > (2x-1)=x’
x=0
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2a 1
=a 1 +1 -0
e
1-a
2a’ a 2a’°+a(l-a) a’+a

“d-a? 1-a @-ay  (-a)
Hence,
(1-P)? +(1-P)
P2

E[X 2] =
We have the variance as:
Variance = o =Var[X]=E[X?]- (E[X])?

_(@-PY+(-P) (@-P)
- Pz Pz

1-P)
Prove of Chebyshev’s Inequality from Geometric distribution
By Geometric distribution we

havePr[| X — u > to]=Pr[(X _‘u)z 2'[20'2] _ Zp(l_ F))(x—,,)2

(X-p)*=t%o”

X Spgpyxew
(X _‘Ll) (X—p)?=t?c?

1 d 2
<= — Y P(X-p2L-P)*H
(X_,U)Z (x—u)z_o( 2 )
1
=—— (E[(X = n)?
oy B =)
But u=E[X]
=—— (E[X?]-[E[X]f
(x_u)z([ I-[ELXIF)

o2 1
12

,_,
N

q
N

~—+

Hence,
1

Tightness of Chebyshev’s Inequality
Let us define a random variable X as
X = u+c With Probability P

X = u —c With Probability P
X = u With Probability 1-2P
E[X]=P(u+c)+P(u—-c)+ul-2P)
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E[X]=2Pu—-2Pu+u
E[X]=n
Var[X]=E[(X - #)*1=P(u+C+u)* + P(u—c—p)* + (1-2P) (1t — 1)’
Var[X] = 2Pc?
If we want to find the Probability that the variable deviates from mean by constant c,
the bound provided by Chebyshev is
Var[X] _2Pc?
2

CZ

Pr(X —ul>c)<
Pr( X —pu[>c)<2P
which is sharp (DasGupta (2000)).

Results
Chebyshev inequality is realised from Binomial distribution, Poisson distribution and

Geometric distribution, if the initial probability distribution is P =— where a is a positive
a

natural number. By plotting the graph of Chebyshev inequalities, we obtain,

Chebyshev Inequality from binomial distribution

1
Pr[| X —,u|2ta]£t—2

(e}

Ta-
el X —n(D) et nha- D)<t -a 2
a a a t C
me_ﬂPEE;%S%
a t
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Chebyshev Inequality from Poisson distribution
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Chebyshev Inequality from Geometric distribution
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Pr[| X —(a-1) >t a(a—-1)] stiz
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The graph of Pe{[¥ — = ] againsts deviation ¢
Discussion

In Figures 1, 2 and 3, we observed that an increase in the values of 'a'will steadily reduce
their respective probabilities of the deviation. Also, we observed that as the deviations
increase, the probabilities reduce.

Conclusion

The use of Chebyshev inequality to analyze the distribution; Binomial, Poisson or Geometric
shows a realistic positive bound for the deviation of the number of trials in the distribution,
hence the inequality establishes a good probability bound for certain range of values and as
such could be used to forecast any of the distribution.
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