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Abstract 

. In . this p~per,_ a mathemat'.cal model describing tire dynamics of yellow fever 
epulem1cs, wl11ch mvolves the mteracfions 0,r two · · I · · ,r '-{osts 

• 'J prmc1pa commumfles OJ ,, 

(Hun~ans) 0nd vectors (mosquitoes) is considered . Tire existence and uniqueness of 
soluflons of tire model were examined by actual solution. We conduct local stability 
analy sis for th e model The results show that it is stable under certain conditions. The 
system of equati~ns describing tire phenomenon was solved analytically using 
parameter-expa~dmg meth~d coupled with direct integration. The results are 
present_ed g~aplucatly and disc~ssed. It is discovered that improvement in Vaccination 
strategies will eradicate the epidemics. 
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0 Introduction _ _ _ _ . _ 
J, , ver (YF) a hemorrhagic fever caused by a Flav1v1rus family Ffaviviridae [\ 2) is charactenzed by fever , chills , 
'e\loW 1e ' . . . ' , , . . 
\ of appetite , nausea, muscle pains particularly in the back, and headaches [3). There are more than 200 ,000 mfecnons 
1011~

0 000 deaths every year (3) . About 90% of YF cases occur in Africa (4), and a billion people live in an area of the w orld 

ao<l J ;he disease is common [3). It also affects tropical areas of South America, but not Asia [3 , 5, 6). The number of cases 
11'here . . . h I 30 \ 

llow fever has been increasing 1n t e ast years (3 , 7), probably due to fewer people being immune , more peop e 
of ye · fr I d h · 1· h . d 
living in cities, people moving equent Y, an_ c anging c 1mate [3). The origin of the disease is Africa, from w ere 1t spr~a 
. South America through the slave trade in the I 7th century [8, 9). The yellow fever virus was the first human virus 

~scovered [ J OJ, and its family comprises approximately 70 viruses [2), most of which are transmitted by arthropod insects 

~ence the name arthr?po? borne viru ses or :,rboviruses). A safe and effect_ive vaccine against yellow fever exists an? some 
countries require vaccinations for travelers [.J ] . In rare cases (less than one in 200,000 to 300,000 doses), the vaccmat1on can 

cause yellow fever vaccine-associated viscerotropic disease (YEL-AVD), which is fatal in 60% of cases, probably due to the 

genetic morphology of the immune system . Another possible side effect is an infection of the nervous system, which occurs 

in one in 200,000 to 300,000 cases, causing yellow fever vaccine-associated neurotropic disease (YEL-AND), which can lead 

wmeningoencephalitis , fatal in less than 5% of cases [6]. In some rare circumstances, however, the fatality rate of vaccine 

induced diseases can reach alarming proportions, as observed recently by Mascheretti et al. [II], who found I death per 

mill ion doses applied in a Southeastern Brazilian region . 
This present study investigates the criteria under which the effectiveness of vaccination could lead to the stability of the 

equilibrium point. We establish the conditions for existence and uniqueness of the solution of models, conducted local 

stability analysis of the models and provide an analytical solution via parameter-expanding method . 

2,0 Model Formulation 
!·allowi ng [12], the equations describing yellow fever epidemics are: 
dS,, 
;- == /J1N - (µ1 + 5)S" - a/,,,S" 

di ,, 
; ==-(µ1 +a+ p)/" +a/,,,S1, 

(\) 

(2) 
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J\ Vlathcmat ica l Model of a ... Oaunto /11, A/ii111va11 de, Somma, Eouda A ~ ~ · · , sh 
ezll<t 

clR ,, J Of 
J fy 

~1\1 
/1 

~ === - pJ?,, + <'v)· ,, + al ,, 
(3) 

l dS 
1--: === /J2(S,,, + (1- 0) 1,,, ) - p /5,,, - a2S,,,l ,, (4) 

't ell -'"- 0 1 J ~ c~r - '!32 "' - J-1),,, +a2S"',, 

~ ,, (r) === S ,, (t) + 1,, (1) + R,, (1) 

(5) 

(6) 

I 

: 

t
s initi al condition based on our assumptions, we choose 

' · S',, (0) === S,, 0 , J,, 0(0) = 1,, 0 , R,, (O) = R,, 0 , S,,,(O) = S111 0 , 
1/hcrc 

I (0) = I 
Ill 1110 (7) ., 

Variables Parameters 
S,, (t) - the density of susceptible humans /31 - the natural birthrate for hosts --------I,/t) - the density of infected humans /32 - the natural birthrate for vectors -------R,, (1) - the density of recovered humans µI - the natural mortality rate for hosts -----S"' (t) - the density of susceptible mosquitoes µ2 - the natural mortality rate for vectors ---
1111(1) - the density of infected mosquitoes a - the recovery rate ---

al - the effective bitting interaction r~ ween 
S,,(t) and !

111 
(t) compartments 

a2 - the effective bitting interaction ra~ 

S"'(t) and I,, (I) compartments 

p the death rate from infection 

0 - the proportion of the offsprings of 
infected vertically 
0 - the vaccination rate 

3.0 Method of Solution 
3.1 Existence and Uniqueness of Solution 
Theorem 1: Let p = 0 .Then the equations (I) - (5) with initial conditions (7) has a unique 
Solution for all l ~ 0 . 

-
1 m (t) that is 

Proof: Let p = 0 , ¢(1) = S,,(t) + I,,(t) + R,,(t) and ((J(t) = S
111
(t) + !Jt) .We obtain 

d¢ di= (/31 - µ1 )¢ , ¢(0) = (S 1,0 + I 1,0 + R,, 0 ) = ¢0 (8) 

By direct integration, we obtain the solution of problem (8) and (9) as 
¢(r) = (/Ji/fl•- l' ,11 and ((J(t) = (f)/fl2- 112l1 

Then, we obtain 
S (t) = ,,;..ei/J,- i, , i, -(I (l)+R (t)) I, 'f',, I, ,, 

I,, (I) = ¢ 
0 
e 1 /J, -i,, ), - ( S,, (I) + R,, (I)) 

R,,(t) = ¢ue(/J, - 11,)I -(S,,(l)+J,,(t)) 

(9) 

( I 0) 

(II) 

( I 2) 

( I 3) 

N. • . 
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. 1 Mode l of a ... 

,11 anca 
y)il tn e 

0°111110/11 Ak · . 
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Ji , f/, - /1 , )/ - I ( I) 
( - Ill 

r: 
) - (() ,, ) 

I (I - ,11, - 1,, )I - S,,, (I 
' ( ((J C' . 

(/) :::: o . a unique so luti on o f prob lem ( 1) - (5). T hi s comnl ctes tl1 c p1·oof. 
/, 1crcc:-;1sts ,, 

C I 1 

11cnc · -
ili t)' Analys is . . . 

1) St~buati on (3) depends on equ at1 ~n (_I) and (2), it will not be consider in the analys is. 

• tliC lq at ions ( I ) - (5) has a ll 1via l steady state : 
~1nr\s1c1n of equ - -

011r '· ./3 N I - 0 S = 0 J - 0 
/ ~' I,- ' 111 ' ,,,-

sh:::: JI + c) 
1 

• •a l steady state : 
non-rr1v1 

.ind a , <D (µ, + a + P) 
. ~ 
f,"" µ , +J 

(B/J z - µ 2 )C/J2 -µz) 

I "' -------=--0,a -- µ ' ) - a z /J z ( 1 - 0) , a/ ,-,2 -
cJJ ,a , (0/32 - µz) 

["'~a2(µ , +a+p) 

- ()) : (µ , +a+ p) 
f,. " - (J)

1
a

1 

Ondino to clearance of infection and active disease respectively 
rorresp ""' ' 

/J1N1r -k2(µ1 +a+ p) CD _ (0/32 -µ2)(/J 2 -µ2) 

ll'here cJ) ,:::: µ1 + 5 ' 2 - a2 (0/32 - µ 2 )-a2/J2 (l-0) 

/31N1, /31N1, -ki(µ 1 +a+ p) . . .. 
Theore m 2: If --- "::/= there exist two equil1bna. 

µ I +6 µI +6 

Proof: The infection-free equilibrium is g iven by p! = [ /JiN1, ,0 ,0 ,OJ 
µ1+5 

If J,, -:1- 0, S
111 

":I= 0 , 1
111 

":I= 0 , then S, = f31N1, -k2(µ1 +a+ p) 

I µ1+5 

Hence, the other equilibrium is 

( 14) 

(15) 

( I 6) 

( 17) 

Pi =( /J ,N1, -© z(µ , +a+p), (0/3 2 - µ 2)C/J2 -µ1)_ , <J:> ,a , (0/32 -µ2) , <!> 2 (µ 1 +a+p)J 

µ , +S a 1(0/31 - µ 1 ) - a 1/31(1 0) <J:> 1Cf) 1a 2 (µ 1 +a+ p) <I>,a, 

P1 = ( cf) I , (!> 2 , CD 3 , CD 4 ) 

This completes the proof. 

\ext, we shall conduct stability analysis of the criti ca l points. 

fhen, the jacobian matrix of our system of equations (I) - (5) is 

JofNAMP 

Df(S . I S I ) _ a/,,, - (µ1 + a -;- p) 0 

[

- (µ
1 
+ S) - a / ,,, 0 0 

I, , I, ' m ' m - Q S (/J / ) 
( 18) 

- a 2 ,,, 1 - µ 2 - a 1 1, 

O a 2S,,, a 1 f1, 

lhtli · . ( /JN ' 
nearizat1on of ( 18) at P, = _ ; ___ ,_, , 0 , 0 ' 0 ! 

µi T ,5 ) 
is 

► 
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-a JJ1N,, 
0 

µI + 0 

J Ofty 
IJ1¼1, oi /3,N, j aJJ1N" \w ,o,o,o == 

0 - (µ1 +a + p) 0 
µ1 +o 09) 

0 0 (/Jz - µ z) /Jz( l - 0) 

0 0 0 (0/J2 - µ z) 
With eigenvalues· 
).1 ==-(µ1+8) <0 , Ai=-(µ1+a+p) <O , )"3=-(µ2- /J2) < 0 iff µ2>/32 

}~4 == -(µ 2 - 0/32) < 0 if! µ2 > 0/32 
Here we h , . 

1 1 
1- _ 1 2 3 4 with dist inct non-zero and negative roots. Then the l 

, ave 1our e1genva ues /\,1 , - , , , , 

' equilibrium p N ~ 

~-
~ ' 0 ' O '0) is locally asymptotically stable if all the conditions above hold . 

Now, let us denote the endemic equilibrium (EE) points ( <I> 1> <I> 2, <I> 3, <I> 4) where each component corresp 
Onds \1 c 

earlier specified value. 
The I inearization of ( 18) at p

2 
= ( <I> i, <I> 2 , <I> 3 , <I> 4 ) is 

Df(cl.\ ,¢ 2, <l\, <t:>4)=\~:1 -Ob4 ~ -b:2] 
O -b5 -b6 b1 

0 b5 b8 -b9 where, 

b, = (µ, + o)+b3 , b2 = a1<I>, , b3 = a1<l> 4, b4 = µ1 +a+ P , bs = a 2<l> 2, b6 = µ2 -/32 +bs b1 = /32 - /320 , bs = a 2<l>2 , b9 = µ2 - 0/32 
To evaluate the jacobian at the endemic equilibri um to detennine the stability of the system. using elementary row transfonnation [13) , the equation (20) becomes 

\

-;\ - ~\b4 ~ (bib~ ~
2

b?b3l Df(©1> <t> z, <D 3,©4)= 0 0 -(b
6
-b

8
) (b;- b;) 

0 0 0 -blO 
where, b,0 = (b8 -b6)(b1b2b5 -b2b3b5 -b1b4b9)-b,b4b8(b

7 -b
9

) Hence, the eigenvalues are: 
}½ = -bl = -(µ1 + 8 + a<!> 4) < 0 
}"2 = -b1b4 = -(µ1 + 8 + a<!> 4)(µ, + 8 + p) < 0 
I:,= - (µ2 - /32) < 0 iff µ2 > /32 
\ = - b, 0 < 0 iff (bs-b6)(b1b2bs-b2b3b5 -b1b4b9 ) > (b,b

4
b

8
)(b

7 
- b

9
) 

(20) 

(2 l) 

Therefore , the endemic equilibrium (EE) is locally asymptotically stable if and only the the above conditions hold. 
3.3 Solution by Parameter-Expanding Method 

1
. 

• 

Ve apP ·' 
Parameter-expanding method proposed by He was successfu lly appl .,ed t · · · roblems [ 14] \ 1·, ,, 

. . o various engmeenng p 
5o,-· 

Parameter-expanding method to equations (I) - (5), where detai Is can be found in [ 141. Suppose !h? · S1,(1) , fh(l) , R1,(I), S"'(t) and !"'(I) in(l) - (S)canbeexpressedas 

1li 
. . 
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in1 

\ 

n,ati ca l ~fodcl of a ... ,1 :.i th C 

.•ti·::: aa1 

Og 1111to/u A l . , <11ava11d . e, Somma, Eg uda , Ashez ua 

· d ··hi 0 her order term s in a ·· 

Jof N/t l'vlP 

(22) 

.,-c:e hot rea ;::, 1 and in ou1 analysis, we assume a 
1 is small , so we are interested only in the 

·,·· 1,,o 1cnns. _ ~ _ ··.. un£ (22) in to ( I ) - (:, ) and processmgs , we obtai . ;;[!,d[U -
11 . 

~ ::: fJi.\ "h - k\S hO . 
,11 

,ii,. - -k ! ho · 
--- - 2 

d1 

~ ::: -hRho + 851, 0 + alho, 
d1 

0 ::: /J2Sm O + /J2(1 - 0)Jm0 - µ 2S mO, d1 

di rro 01a J - 11.J - == r'2 mO r-z mO ' d1 

dShl ks -I s - ::: - I hi mO hO ' dr 

di,, == -k,Ih, + I mO s hO' dr - . 

dR,, R ' IT' ' al d, := -µ,_ hl TU..) hi T - h i ' 

JS,,. fJ s , fJ (1 0) 1 - S - oS I . 
- = 

1 , T 1 - mi µ "2. m: mO hO ,, d1 - "'· -
Ji 

S"o(O) = S,,o 

R1io(u) = Rho 

S hi (0) = 0 

f m0 (0) = 1111 0 
-d~ == 0/J/m! - µ 21m! + aSmO Jh O . I 

. · . .., ) b d. · 1eo ·ati on we obta rn 
)~h1ng equauons (23) - (.,2 y irect 111 o 1 

, 
S,r (t) = 0 ! + 0 2e - k,1 

/ ,( /) = j - k ! I , hOe 

(23) 

(24) 

(25) 

(26) 

(27) 

(28) 

(29) 

(30) 

(3 1) 

(32) 

(33) 

(34) 

(35) 

(36) 

(37) 

(38) 

(39) 

(40) 

(4 1) 
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1 
,:: 1111 , ' 

' ' • / JS 1e ., l 
, 

'· 1<1 / ,11• t () ::: (1 l .l i' 
10 

I I ll 11 J lt 1///I 11 II 
ll , l' " h1..·rt 

~, /JIN,, 

aa l\ 0 10 6 --- + - -------µ I - k 2 0/J 2 + /3 2 - 2 µ 2 + µ I 
al5 aa 13 a ,~ = ----'-------- 20/32 - 2µ 2 + µ , 

aa1 2 

4.0 Results and Discussion 
Here the existence and uniqueness of solution of our system of equations ( 1) - (5) is proved by actual solutions. Alsox 
certain conditions, we have conducted local analysis of the disease-free and endemic equilibrium states. The results 11.1. 
both the disease- free and endemic equilibrium states are stable. Analytical solutions of equations (1) - (5) are achie1!, 
Parameter-expanding method and computed for the values of /31 = 0.000095 , /32 = 0.001 , µ 1 = 0.000035 , ,LL2 = 0.09 , a= 0.143, a

1 
= 0.01, a

2 
= 0.1, p == 0.02 , 0 = 0.01 , 8 = 0.5, s,,o = l 00 , I,,o = 50, R,,o = 0 , smO = 50, I mO = 30, N = 150 The population of Susceptible ,Infected and Recovered individuals are depicted graphically in Figures I - 6. From Figure l,we observe that as the vaccination rate 8 increases , the susceptible individuals reduces with tirn( 

,: . ,,q' · . • 
20J.1),•' 
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02 o~ 06 OS 02 QJ 06 
t 

oe 

Jof NAM P 

~r-0; 

.'.F l 
,FI ~ 

, riot< of ., ~, : o.g,ir, ct t fo r different ·,-,J,; o, of l i,nti Figure 2 Plots of R,; i t) • g=st t fo r c.Wfaenl v alues of 6 and 

,.,"'I. -00-,1 1-, = 0000035. µ,. 0 = 0 143 . .,, = 001 , 0, = 0 i. ~I = OOIXf.1?5. !"'>i = 0 00 1. µ I = 000003,. ~- o.=0 1'13, 0<1 = 0 01. "": =0 1. 
·i1J'>'. ~'i - . . , - , 30 

.. e• OOI }'i= 1~-0. sM= 100. !ho= ,O. Rho= o. ~ .. o = .,0, f.,o = 30 p =002. 8= 00 1. N= 150. :;1:0 = 100. !;,,,= :-0. Ri:iJ= 0. s ,,,, = 50. 1,,,,,= 
-· - . 
· · _ 2 we can conc lud e tha t w ith the inc rease in vacci na ti o n ra te 5 the recover indi vid ua ls inc reas e s w ith t i rn e . 

·'l"'rn Figure ' . . - , ( ) 
. 3 we can conc lud e th a t wnh the m c rea ses 1n effec tive bi tti no inte rac tion ra te a bct,vee n S1,(1) and Im 1 

.,,.,, Figure , _ :::, I 

tl
.ble indiv id ua ls reduces to m ove to mfected indiv;r1,, ., 1c r1,, ,_ Ir. ;n r rp,:,c ;.,c ;n rr.n t,:,r t r '> IP ,u ,ccp 

1((1 -, . 
100 

oo 1 

;t, -
90 

iD -

,;o 
-- 0.1 = 00 1 

80 

'..0 - - °'1 = 0 o::, 

.;,j -
(). I = (IO'.· 70 

l 

:1 
60 

!h t t I 
50 

01 04 0.6 0 8 0 0 1 04 06 0 8 

-- o:1 = 0 .01 

- - o:1 = 003 

O, == 0 05 

' ,gua 3 ?101, uf .70( r ) against t for cliffe1er,t v alue s of o.1 &:l d F1gute 4 . Plot s of Jh ( t) agfiinsi l for different Yalu es of o.
1 

&nd 

; ' DCO'.m.,, ~ · 0 001 , µ, = 0.000035, ~ - o.= 0 143, o= 0.5, <X:1 = 0 I, ~1=0 .000095,f:l.i=0001 , µl = 0.000035, ~.ex= 0.143, o = O 5. °"2 = O I. 
-· 00~ ~=001,N = 1.~0.Sk(J = 100, Ji,{J = 50, Rm'= 0, S.,o= 50, f. o= 30 p = 002, 0 =001 , N = 150, sho = 100, JhO= 50, Rh,,= 0, s,,,o = .so.!,,.,= 30 

',in Figure 4, we can conclude that with the increases in effective bining interact ion rate a 1 be tween Sh (t) and J m (I) 
·,., 

1nk c1ed ind iv id ua ls increases with tim e. 

n Fi:!urc S and 6, we can conc lude tha t with th e increases in effect ive bitt ing interaction ra te a , between 

' 
11

) anJ I"(! ) , th e s usceptible individua ls reduces an d the infec ted individua ls increases wi Lh tim e . 

Ju11nw/ of th e N i,: e riflll A .\·.rnl'illtio11 of M 11th e11111tic11/ f>!t_1 •,in · I 
1
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' • 1ez1,a 

.',j 

J Of1\· 
,11 

•'1 
1 

- I 
I 

fl, II I o~ l(J; 

;2 t ~·. 

':l fj ~ 

--------..:.. 

51 

,,, 

F ;~·x .. ~ f};,t~ of.'"';, !· I JJf_':111:.1 • fr: : d:.f'"1-'r,: · ~oe: of o.2 ~1d 

i'• - • ( f".' (~ = 1:,0 ·11 µ
1 

d1(nj)': ' '-.·)= (, I~}. i, =05,,)J =001 , 

r _ ., , r, !. ! Ji = : '{) .:·,,., = J01! f,~ = J('. ·\v = 0. \v = :-O. i,,, = J'' 

Figtue 6 f'l ol:: c, f I,, Ir I ;;:_ :l.'1.:1 I ;',:: ·'ct·-~'r:I -;J,J," ,:,f )~ , • . 

~ =OrtOOn95 ~)= 0001 , µ1 =
1:i i:,,.;: 1 ' .• F,- 'J ' ·-r, · -,. 

p
1 

= O ~2.; = ~ 01 , N = 1~0. \, = 10 .•. -, > ',, \, = :;_ :i~,,J=,~,;•: ', 

5.0 Co nclu sion . 
. . d d ana/)1zed to study the effect of vacc ination on II 

A nun -li nea r m;:n hem a11cal mode l has been propose an - . . . . . ie tra~s,-:-

. • • · Tl d. free and endemic equ il1bna were obtained a d h · 
Y('/loll' fever 1nfect1on 111 a population. 1e 1sease . . . . . . . n I .~;r ~ 

in vNi!:!_a ted. The model showed that both rhe disease free equilibrium and endem ic _equilibrium are loca l/> 510,,: 

ccrt:1in~conditions. f rom the studi es made on th is paper we conc lude that the moS t effective way to reduce the 1rans'l: .' · 

Yellow fever epidemic infection is to inc rease the effective vaccinat ion rate and the outbreak of this epidemics\\ ;,< 

cradica1cd fro m ou r socic1 y. 
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