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Abstract

This paper explores the need for exploiting auxiliary variables in sample survey and utilizing asymptotically optimum
estimator in double sampling to increase the efficiency of estimators. The study proposed two types of estimators with
two auxiliary variables for two phase sampling when there is no information about auxiliary variables at population
level. The expressions for the Mean Squared Error (MSE) of the proposed estimators were derived to the first order of
approximation. An empirical comparative approach of the minimum variances and percent relative efficiency were
adopted to study the efficiency of the proposed and existing estimators. It was established that, the proposed estimators
performed more efficiently than the mean per unit estimator and other previous estimators that don’t use auxiliary
variable and that are not asymptotically optimum. Also, it was established that estimators that are asymptotically
optimum that utilized single auxiliary variable are more efficient than those that are not asymptotically optimum with
two auxiliary variables.

Keywords: auxiliary variable, asymptotically optimum estimator, efficiency, double sampling.
1. Introduction

In survey research, there are times when information is available on every unit in the population. If a variable that is
known for every unit of the population is not a variable of interest but is instead employed to improve the sampling plan or
to enhance estimation of the variables of interest, it is called an auxiliary variable. The auxiliary variable about any study
population may include a known variable to which the variable of interest called the study variable is approximately
related. This information may be used at the planning stage of the survey, in the estimation procedure, or at both phases.

The estimation of population parameters with greater precision is an unrelenting issue in sampling theory and the
precision of estimates can be improved by increasing the sampling size, but doing so tend to sabotage the benefits of
sampling. Therefore, the precision may be increased by using an appropriate estimation procedure that utilizes some
auxiliary information which is closely related to the study variable and employing estimators that are asymptotically
optimum.

Laplace (1820) was the first to use auxiliary information in ratio type estimator. Watson (1937) used regression method
of estimation to estimate the average area of the leaves on a plant. Cochran (1940) used auxiliary information in
single-phase sampling to develop the ratio estimator for estimation of population mean. In the ratio estimator, the study
variable and the auxiliary variable have high positive correlation and the regression line passes through the origin.
Robson (1957) and Murthy (1964) worked independently on usual product estimator of population mean. General
intuitive variable of interest, can be improved if the information supplied by a related variable (auxiliary variable,
supplementary variable, or concomitant variable).When two or more auxiliary variables are available; many estimators
may be defined by linking together different estimators such as ratio, product or regression, each one of them exploiting
a single variable. These mixed estimators have been seen performing better as compared with individual estimators.
Mohanty (1967), used this methodology for the first time to propose mixed estimator using two auxiliary variables.

Many other contributions are present in sampling literature and, recently, some new estimators appeared that found the
asymptotical expression for the mean square error. Here we mention, among others, Upadhyaya et al (1992), Tracy and
Singh (1999), Radhey et al (2002), Singh and Espejo (2007), Samiuddin and Hanif (2007) and Singh et al (2010). Also,
estimators, with no information case and that utilize two auxiliary variables includes: Samiuddin and Hanif (2007) and
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Swain (2012). Motivated by these recent proposals, in this paper we propose, when two auxiliary variables are available,
some new estimators obtained from the Mohanty (1967), Mukerjee et al (1987), and Singh and Espejo (2007).

This paper explores the need for exploiting auxiliary variables and asymptotically optimum estimator to increase
efficiency of estimators in double sampling. The paper is organized as follows: Section 2 introduces methods and
estimators considered in the study. In Section 3, we present the notations and two proposed estimators and obtained, up
to the first degree of approximation, the approximate expressions for mean square errors. Section 4 is devoted to the
empirical study of the efficiency of the proposed estimators. Section 5 is on discussion of the results from the empirical
analysis. Section 6 is on conclusion and recommendations.

2. Method and Estimators
2.1 Research Design

Consider a finite population U = (U, U,, — — —, Uy) of size N with the triple characters (y, x, and z, ), taking values
v;, x;, and z; respectively on the unit U;(i = 1,2,— — —, N). The purpose is to estimate the population mean of a
study variable ‘y’ in the presence of two auxiliary variables 'x’ and 'z’. The population means X and Z of x andz
respectively are not known, therefore, there is the need to adopt a double sampling technique. Assuming simple random
sampling without replacement (SRSWOR) at each phase, the two phase sampling scheme runs as follows: A first phase
sample s'(s’ c U) of fixed size n, is drawn from U to observe both x and z in order to find estimates of X and Z.
Given s', a second phase sample s(s c s') of fixed size n, is drawn from s’ to observe y in order to estimate the
population mean of ¥.

Now, define the population means of y,x and z respectively as: ¥ = %Z{-":lyi X = %Z{-":lxi and Z = %Z{-":lzi

The finite population variances of x,y and z respectively are:

1 > 1 & 1 =
Sy == EiL(i =), SE=-=E (g —X)? and S7 = —— %, (z — 2)°

More so, the covariance between y and x, y and z, and x and z are given by:

1 & & 1 S =, 1 — _
Syx = EZ{\Ll(yL - Y)(xi - X)' Syz = N-1 ?Izl(yi - Y)(Zi - Z) and sz = N-1 ?Izl(xi - X)(Zi - Z)

S S
Also, let p,, === Pyz = ==

SySx’

and  p,, =22 denote the sample correlation  between
XZ SxSz

SySz

- S S . . -
yandx, yandz andxandz respectively, b,, =§ and by, =§ is the regression coefficient of yon x and
X Z

yon z respectively and C, = S;y C, = s;i‘,and C, = S;z denote the coefficient of variation of y,x and z respectively.

2.2 Analytical Techniques

The analytical technique adopted in this study is the relative efficiency. It is used where the comparison is made
between a given procedure and a notional “best possible” procedure.

Gupta (2011), defined Relative Efficiency as a statistical tool that is used to measure the efficiency of one estimator

[T}

over another estimator. The percent relative efficiency of estimator “a” to estimator “B” is expressed as:

_var()
PREqp = Var(a)

According to Singh et al (2010), the percent relative efficiency can also be calculated using,

* 100%

MSEjg
PREqp = ysp. * 100%
Therefore, in this research the Percent Relative Efficiency (PRE) is a statistical tool that will be used to measure the
efficiency of the proposed and previous estimators with respect to mean per unit estimator.

MSE (To1)
MSE(T;j)

Thus, the PRE =

+ 100 , for the none use of auxiliary variable (i =0, j = 1,2); for the use of one auxiliary

variable (i =1, j =1,2,3,4) and for the use of two auxiliary variables (i =2, j = 1,2,3) and for the proposed
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estimators (i =p,j = 1,2)
2.3 Estimators Used in Sampling Survey

In this section we analyzed the performance of the proposed estimators and other existing estimators considered popular
by means of a numerical evaluation of the first order mean square error (MSE) to the first order of approximation. For a
fixed sample size, we considered the efficiency of the estimators with respect to: (i) without the use of any auxiliary
variable; (ii) exploiting a single auxiliary variable; (iii) utilizing double auxiliary variables.

2.3.1 Sampling without Auxiliary Variable

The mean per unit estimator is perhaps the oldest estimator in the history of sample survey .The estimator for a sample
of size n drawn from a population of size N is defined as:

1 _
Tor = ;Z?ﬂ Vi=Y (2.1)
The mean square error (variance; as estimator is unbiased) can be immediately written as:
MSE(TOl) = 92?263 (2.2)
Searle (1964) presented a modified version of mean per unit estimator as given below
To, = ky (2.3)

where Kk is a constant which is determined by minimizing mean square error of

726,  MSE(To1)
146,C5  1+Y~2MSE(Toy)

MSE(To,) =

(2.4)

2.3. 2 Sampling with one Auxiliary Variable

Auxiliary information is often used to improve the efficiency of estimators while using product, regression and ratio
methods of estimation in survey sampling.

Robson (1957), Introduced the idea of product estimator when there is highly negative correlation, the estimator is
given as:

T, = 3_’2% (2.5)

MSE(Ty;) = V2[0,C2 + (8, — 0.)(C2 + 2C,Cypyy)] (2.6)

Sukhatme(1962), used auxiliary variable in his ratio type estimator for two-phase sampling as:

Ty, = 3_’2% 2.7
2
MSE(Tyy) = T2[0,C2 + (6, — 0,)(C2 — 2C,Cypyy)] (2.8)
Srivastava (1971), developed a general ratio estimator:
- \NQ
Tz =¥, (;_:) (2.9)
MSE(T13) = Y2C5[6, — (6, — 61)p% | (2.10)

Singh and Espejo (2007), developed a ratio-product estimator:
T =2 (k2 + (1 -2} (2.11)
Xy X1
1 C,
where k=§<1+c—pxy> and 0<k<1

MSE (Ty4) = Y2C2[0,(1 — pZ) + 6103 (2.12)
2.3.4 Sampling with Two Auxiliary Variables

Various authors have proposed mixed type estimators, (that is, use of both ratio and regression estimators in some
fashion). These mixed estimators perform better as compared with individual estimators.
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Mohanty (1967) proposed a Regression Ratio estimator:

To = [J2 + bey (71 = %)) (2.13)

MSE(Tyy) = V20,2 + (8, = 02) {p2,C2 = (pay Cy = pxsC2)” + (€, = Cypya)” = C202,} (2:14)

Mukerjee et al (1987), developed three regression type estimators. One was for the situation when no auxiliary
information was available:

T, =y, + bxy(fl_fz) + byz(Z_I_Z_Z ) (2.15)
MSE(TZZ) = 72633 [92 - (92 - 01)(,09%3/ + p)ZIZ - prypyszz)] (2-16)
Hanif et al (2010), proposed an estimator in two phase sampling given by:
_ _ _ z z
Tp3 = (yz + by (X; — xz)) {ki +(1-k) i} (2.17)

1c, 1c

1 y
where ,k = PR 2C, P2 T3, PrePe

MSE(Ty3) = 723 {6, — (6,-01) 2 + (pyz — Pyxpia) |} (218)

3. Notations and the Proposed Estimators

The study is motivated by Mohanty (1967), Mukerjee et al (1987), and Singh and Espejo (2007), their estimators and
Mean Square error are given in (2.12) and (2.13), (2.14) and (2.15) and (2.10) and (2.11) respectively.

For notational purpose it is assumed that the mean of the estimated variable and auxiliary variables can be approximated
from their population mean so that:

}_/2 =7(1+60), x_l 2)?(1""6:{), x_z ZX(1+61), Z_l =Z_(1+eé), Z_Z =Z_(1+€2). (i)
Where: X, and z,, are the sample mean of the auxiliary variables X and Z at h-th phase for h =1 and 2, for the
variable of interest y, is the sample mean of the study variable Y for the second phase.

Also:
=1 (i)

n; N
Where, i = 1,2 and 8, > 0,
E(eg)=E(e;) = E(e;) = E(e;) = E(e3) =0
E(e§)=6,C?, , E(e?) =6,C?; , E(ef)=6,C%; , E(e;")=6,C?, , E(e3)=6,C?,
E(eoe{) = glpynyCx ) E(eoel) = szynyCx ) E(60€£) = BlpyszCz' )
E(eoez) = gzpyszCz ) E(e{el) = 91C2x ) E(e{eé) = 0105z CxCys E(e{ez) = 0105, C,
E(eleé) = 010x,CxC; E(elez) = 020x,CxC, ’E(eéez) = 01(:22 ("I)
Therefore, the proposed estimators are:

@ Ty = (72 + byt~ B} a2+ 1 -0 2 (3.1)

() Tpo = (7o + by (B — %) + by, (B~ BB 2+ (1= P 2] (32)

where « and B are suitable constants,0 <a <1 and 0< <1
To obtain the MSE (T,,) to the first degree of approximation, express equation(3.1), in terms of e’s, we have:

Tor = (T(1 + €0) + by, (201 + ) = 201 + e} fargre) + (1 - ) 52 (33)
Tpr = {(V +Yep) + by, (Zey — Ze))Ha(l+e))(1+ &)™t + (1 —a)(1+e)(1+e)) Y} (3.4)

58



www.ccsenet.org/ijsp International Journal of Statistics and Probability \ol. 5, No. 3; 2016

The negative exponential of (3.4) is expanded using the method of indeterminate coefficients
Tps = {(Y + Yep) + by, (Zej — Ze,))Ha(1 + e))(1 —e; + €7 ... .. )

+(1—a)(1+e)(1—ef+e?.......)} (3.5)

Expanding the right hand side of (3.5), substituting (i) and retaining terms in first degree of e’s, we have:
Tyy={Ya—Yae, +Yae; +Y —Ye] +Ye; —Ya + Yae;
—Yae, +Yaey +Yey — Yaey + Zab,,e; + Zb,e;
—Zaby,e; + Zaby,e, + Zb,,e, — Zab,,e,}
Tpy = {(¥ + Ye, + Ye, — Ye| — 2a¥e, + 2a¥e;) + Zb,,(es—e,)} (3.6)

Subtracting ¥ from both sides of (3.6), squaring both sides and then taking expectations of both sides we get MSE of
the estimator T,,, up to the first order of approximation as

MSE(T, — V)? = MSE(T,,) = E{(Ve, + Ve, — Ve] — 2Vae, + 2Vae}) + Zb,,,(e3—e,)}’

MSE(T,,) = E{(Y?(eo + &, — ] — 2ae, + 2ae})? + Z*b,(e;—e;)?
+2YZb,,(e5—e;)(ey + e, — ef — 2ae; + 2ae;)}
Expanding the right hand side of (3.7) and applying the notations of (ii) and (iii) we have:
MSE(T,,) =V{0,C2 + (8, — 6,)CZ + (8, — 6,)4a?C2 + (8, — 0,)2p,,C, Cy
—(0;—01)4ap,C,Cy — (6,—6,)4aC? — (6, — 91)P32/ZC§

_(ez_el)zpyszzcycx + (92_01)4apyszzcycz} (3-8)
The optimum value of “a” is obtained by differentiating (3.8), which gives it minimum value as:

(3.7)

1 C C.
a= 2 (1 + épyx - C_ipyszz) (39)

Substituting equation (3.9) in (3.8) and simplifying, the Mean Square Error of (3.1) we have:

MSE(Ty) = V22 {6, — (6,-6:) [pZ, + (pyx — pyapsa) |} (3.10)

Similarly, to obtain the MSE (T,,), from (3.2) above to the first degree of approximation, substituting (i), we have:
Tpa = {Y(1 +ep) + by (X(1+e)) —X(1 + ) + by, (Z(1 + e)) —Z(1 + e;))}
Z(1 + e Z(1+e
Pt q- pTated
Z(1+ey) Z(1+ey)
Tpa ={Y (1 +ep) + by (X(1+e)) —X(1+e)) + by, (Z(1 + e)) —Z(1 + e;))}
BA+e)A+e) ™ +(1-BA+e)(A+e)™} (3.11)
The negative exponential of (3.11) is expanded using the method of indeterminate coefficients
Tp2={(}7 +Yey) + Xby,(e; — e;) + Zby,(e; — e}
{B+PBe))(1—e,+e2.... Y+ (1+e,—B— Be)(I—ey+er?....)} (3.12)
Expanding the right hand side of (3.12) and retaining terms of first degree of e’s, we have:
Ty,={Yk —YBe;, +YBe, +Y —Ye, + Ye; —YB + YBe, — YBe,
+YBey +Ye, — YBey + XBbye; + Xb,e; — XBby,e;
+XpBby e, — Xby,e, + XPby e, + ZBby,e; + Zb,,e;
—ZpBby,e; — ZBby,e, — Zb,,e; + ZBb, e, }
Ty, = {(Y +Yey+ Ve, —Ye, —2BVe) + 2pVe,) + Xby,(e1—e;) + Z_byz(eé—ez)} (3.13)
Subtracting ¥ from both sides of (3.13), squaring both sides and then taking expectations of both sides we:

MSE(T,, —7)" =
MSE( T,,)=E{(Ve, + Ves — Ve, — 2BVe}, + 2BVe;) + Xb, (ej—e;) + Zb,,(e3—e,)}
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MSE( Ty,) = E{V?(ey + €5 — e, — 2Pes + 2Pey)? + X?b2, (ej—e;)?
+2XYby,(e1—e;)(eo + €5 — e, — 2Be; + 2Pe;)
+72b5,(e5—e3)* + 2YZb,,(e3—e,)(eg + €3 — e, — 2Pe; + 2fe,)
+2XZby.by,(e1—e;)(e5—e,)} (3.14)
Expanding the right hand side 0f(3.14) and applying the notations of (ii) we have:
MSE(T,,) = Y?{0,C2 + (8, — 0,)CZ + (6, — 0,)4B>C?
(6, — 6)4BC; — (6, — 91)szzxcf
+(02 = 01)2DyxPxzCy C; = (B2 = 01)4BPyxPs2Cy C (3.15)
—(0; - 91)932&(:3% + (0, — 91)2Pyxpyszch
The optimum value of “B” is obtain by differentiating (3.15), which gives it minimum value as:

C
B= %(1 + C_Zpyxpxz) (3.16)
Substituting equation (3.16) in (3.15) and simplifying the Mean Square Error of (3.2) is:
— 2
MSE( sz) = YZC)% {92 - (92_91) [pjzzx + (pyz - pyxpxz) ]} (3'17)

4. Empirical Study

To analyze the performance of various estimators of population mean Yof study variable y, we considered the
following two data sets:

Data 1. [Source: Perry (2007), page 63]
y= Household net disposal income, x= the household consumption and z =the number of household income-earners
N = 8011, n, = 700, n, = 250, Y = 28229.427,X = 20418.618, Z = 1.6897, C, = 0.787,

C, = 0.668, C, = 0.4596, p,, = 0.74, p,, = 0.458, p,, = 0.348
Data 2. [Source: Perry (2007), page 63]
y= The sale area (in square metres), x= the number of employees and z = the amount of soft drinks sales (in 1000
euros in a year)

N = 2376, n; = 200, n, =70, ¥ = 1701.946,X = 40.617, Z = 615.637, C, = 1.285,
Cy =235, C, = 1.651, p,, = 0.898, p,, = 0.861, p,, = 0.773

Therefore, in this study the Percent Relative Efficiency (PRE) is used to measure the performance of the proposed and
previous estimators with respect to mean per unit estimator.

Table 4.1. Percent relative efficiency of different estimators compared to mean per unit estimator

Estimators Auxiliary MSE of MSE of PRE of PRE of
Variable  Population I Population 11 Population | Population 11
Used
To1 none 1912690 66315.13 100 100
To2 none 1908110 64830.9 100.24 102.2894
Ti1 one 4421459 360731 43.25925 18.38354
Ty, one 1232701 68978.73 155.1625 96.13852
Ty one 1217679 30500.06 157.0767 217.4262
Tis one 1217679 30500.06 157.0767 217.4262
Ty two 1353340 84774.87 141.331 78.22499
Ty, two 1250836 50664.25 152.9129 130.8914
Tys3 two 1166667 29263.7 163.9447 226.6122
Tp1 two 1218594 30990.89 156.9587 213.9827
T, two 1166667 29263.7 163.9447 226.6122

Note: MSE=Mean Square Error; PRE=Percent Relative Efficiency
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Table 4.2. Percent relative efficiency of non-asymptotical optimum and asymptotical optimum estimators compared to
mean per unit Estimator

Non-Asymptotical MSE of MSE of PRE of PRE of
Optimum Estimators Population | Population 11 Population | Population 11
To1 1912690 66315.13 100 100
Ti1 4421459 360731 43.25925 18.38354
Ty, 1232701 68978.73 155.1625 96.13852
Ty 1353340 84774.87 141.331 78.22499
Ty, 1250836 50664.25 152.9129 130.8914

Asymptotical
Optimum Estimators

Tos 1908110 64830.9 100.24 102.2894
Tis 1217679 30500.06 157.0767 217.4262
Tya = Tys 1217679 30500.06 157.0767 217.4262
Tya 1166667 29263.7 163.9447 226.6122
T, 1218594 30990.89 156.9587 213.9827
Ty = Ty 1166667 29263.7 163.9447 226.6122

5. Discussions of Results

From table 4.1, in the first population, the estimators Ty Tz, Ti3, Tha, T21, T22,T23, Tp1,and Ty that  utilizes
supplementary (auxiliary variable) information has established superiority over the two estimators (T,; and T,,) that
do not use such information. Also, in the second population all the estimators with the exception of T, and Ty,
shown advantage over Ty, and Ty, that do not use the auxiliary variables. Probably, the discrepancy in the outcome
of T,;andT,, is caused by the different types of populations considered. The population described in Data Set 2
shows, as compared to that in Data Set 1, a higher variability and higher correlation between the variables. Particularly,
the high variability in the auxiliary variables may affect the first order mean square error making it inaccurate.
Therefore, there is always the need to ensure that the auxiliary variables is highly correlated with the study variable and
the population under consideration is homogeneously distributed and where there is no correlation between the auxiliary
and study variables the application of double sampling may be futile. Also, where there is correlation between the study
and auxiliary variables and such population is not homogeneously distributed, stratified double sampling will be more
appropriate.

Furthermore, utilizing supplementary information to improve the performance of an estimator cannot be
overemphasized, but it is worth to note that asymptotical optimum estimators performed better than non- asymptotical
optimum estimators. In table 4.2, estimators T;; and Ty, utilized only one auxiliary variable, but performed better than
estimators T,, and T,, that used two auxiliary variables. The two mean per unit estimator considered in this study also
shows that, the asymptotical optimum estimators T,, have advantage over the non-asymptotical optimum
estimators Ty,. Therefore, the performance of the asymptotical optimum estimators and non- asymptotical optimum
estimators is shown in table 4.3. It reveals that the asymptotical optimum estimators (Tys, Ti4, Tos, Tp1 and Tp2)
perform better than the non-asymptotical optimum estimators (T, T141, T12, T21 and T,,), except for the mean per unit
estimator Tj,.

The estimator T;; performed equally well as Ty, and the first proposed estimator T,; used the second auxiliary
variable for the regression and the first auxiliary variable for the ratio-product estimator and it performed better than
the following estimators Ty, Ty, T11, T12, T21,and Ty, .The second estimator T,, is regression-cum-regression and
product-cum-ratio estimator and it gave a higher precision over all the estimators considered in this study, but gave an
equal precision as T,3. Though T,; is a regression and ratio-cum- product estimator and it uses the first auxiliary
variable for the regression and the second auxiliary variable for the ratio-product estimator. Perry (2007), asserted that,
when two or more auxiliary variables are available, many estimators may be defined by linking together different
estimators such as ratio, product or regression, each one exploiting a single variable.

6. Conclusions

In the course of the research two asymptotical optimum estimators that utilize two auxiliary variables were proposed for
increasing the efficiency of estimators in double sampling.

The study reveals that, where there is correlation between the study and auxiliary variables and such population is not
homogeneously distributed, stratified double sampling will be more appropriate.
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The study also showed that, estimators that are asymptotically optimum and utilized single auxiliary variable are more
efficient than those that non-asymptotically optimum with two auxiliary variables. Therefore, estimators that do not use
auxiliary variable have high precision; however, estimators that use one or two auxiliary variables have higher precision
and estimators that use one or two auxiliary variables and that are asymptotically optimum have highest precision.

The study considered estimators with the no information case for the ratio and regression estimators. It is recommended
that a study of estimators with the partial and complete information case and the stratified double sampling can be
carried out.
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