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Background: In the last few years, statisticians have introduced new generated families of univariate 

distributions. These new generators are obtained by adding one or more extra shape parameters to the 

underlying distribution to get more flexibility in fitting data in different areas such as medical sciences, 

economics, finance and environmental sciences. The addition of parameter(s) has been proven useful in 

exploring tail properties and also for improving the goodness-of-fit of the family of distributions under 

study. 

Methods: A new three parameter family of distributions was introduced by using the idea of T-X 

methodology. Some statistical properties of the new family were derived and studied. 

Results: A new Topp Leone Kumaraswamy-G family of distributions was introduced. Two special sub-

models, that is, the Topp Leone Kumaraswamy exponential distribution and Topp Leone Kumaraswamy  

log-logistic distribution were investigated. Two real data sets were used to assess the flexibility of the sub-

models. 

Conclusion: The results suggest that the two sub-models performed better than their competitors. 

Introduction 

In the past few years, several ways of generating 

new distributions from classical ones were 

developed and discussed. This has span the 

interest of researchers in defining new generators 

or generalized classes of univariate continuous 

distributions by introducing additional shape 

parameter(s) to a baseline distribution. The 

addition of parameters has been proven useful in 

exploring skewness and tail properties, and also 

for improving the goodness-of-fit of the 

generated family. Some of the recent families of 
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distributions appearing in literature are: The 

Kumaraswamy-G family of distributions in [1], 

Topp–Leone Family of distributions in [2], 

Exponentiated Weibul-H family of distributions 

in [3], The Topp Leone odd Lindley-G family of 

distributions in [4], A Topp-Leone generated 

family of distributions in [5], The Marshall-Olkin 

Odd Lindley-G Family of distributions in [6], The 

Exponentiated Kumaraswamy-G family of 

distributions in [7], The Fréchet Topp Leone G 

Family of distributions in [8], The Topp Leone 

Generalized Inverted Kumaraswamy distribution 



Ibrahim S et al.                                                                                                                                                    Vol 6 No 1 (2020) 

Topp Leone Kumaraswamy-G Family of Distributions 

41 

www.jbe.tums.ac.ir 

in [9], Power Lindley-G Family of distributions 

in [10], Modi family of continuous probability 

distributions in [11], The Topp Leone 

Exponentiated-G family of distributions in [12].  

Let r(t) be the probability density function (pdf) 

of a random variable 𝑇 ∈ [𝑎, 𝑏] for −∞ ≤ 𝑎 <

𝑏 < ∞  and let W[G(x)] be a function of the 

cumulative distribution function (cdf) of a 

random variable X such that W[G(x)] satisfies the 

following conditions: 

 

(i) W [G(x)]  ∈ [𝑎, 𝑏];  

(ii) W [G(x)] is differentiable and monotonically non decreasing, and 

(iii) W [G(x)] → a as 𝑥 → −∞  and  W [G(x)]  → 𝑏 as 𝑥 → ∞               (1) 

 

[13] defined the T-X family of distributions given 

by 

 

𝐹(𝑥) = ∫ 𝑟(𝑡)𝑑𝑡
𝑊[𝐺(𝑥)]

𝑎
                                                                                                         (2) 

Where 𝑊[𝐺(𝑥)] satisfies (i), (ii) and (iii). The 

pdf corresponding to (2) is given by 

 

 

 

 

  

𝑓(𝑥) = {
𝑑𝑊[𝐺(𝑥)]

𝑑𝑥
} 𝑟{𝑊[𝐺(𝑋)]}                                                              (3) 

If 𝐻(𝑥; 𝜑) denotes the cumulative distribution 

function (cdf) of a random variable 𝑥, with 

corresponding pdf ℎ(𝑥; 𝜑), then the 

Kumaraswamy-G family defined in [1] is given 

as 

 

 

𝐺(𝑥; 𝛼, 𝜆, 𝜑) = 1 − [1 − 𝐻(𝑥; 𝜑)𝛼]𝜆                                                        (4) 

and pdf corresponding to (4) is 

𝑔(𝑥; 𝛼, 𝜆, 𝜑) = 𝛼𝜆ℎ(𝑥; 𝜑)𝐻(𝑥; 𝜑)𝛼−1[1 − 𝐻(𝑥; 𝜑)𝛼]𝜆−1    (5) 

 

Let 𝑔(𝑥; 𝜉) and 𝐺(𝑥; 𝜉) denote the pdf and cdf of 

a baseline distribution with parameter vector 𝜉, 

then [2] defined the Topp Leone-G family of 

distributions with cdf given as 

 

𝐹(𝑥; 𝜃, 𝜉) = {1 − [1 − 𝐺(𝑥; 𝜉)]2}𝜃                                      (6) 

and pdf corresponding to (6) is 

 

 

𝑓(𝑥; 𝜃, 𝜉) = 2𝜃𝑔(𝑥; 𝜉)[1 − 𝐺(𝑥; 𝜉)]{1 − [1 − 𝐺(𝑥; 𝜉)]2}𝜃−1                           (7) 

Realizing the need for more flexible life time 

distributions, we proposed the Topp Leone 

Kumaraswamy-G family of distributions in 

section 2. Its mathematical properties are 

discussed in section 3. Two sub-models of the 

TLK-G family are presented in section 4. 

Estimation of parameters and application to real 

data sets are discussed in section 5 while section 

6 concludes the paper.  
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2. The Topp Leone Kumaraswamy-G family 

(TLK-G) of distributions. 

Based on the idea of T-X family pioneered by 

[13], we introduced a new family of continuous 

distributions called the Topp Leone 

Kumaraswamy-G family of distributions with cdf 

given by 

𝐹(𝑥; 𝛼, 𝜆, 𝜃, 𝜑) = ∫ 2𝜃𝑔(𝑡; 𝛼, 𝜆, 𝜑)[1 − 𝐺(𝑡; 𝛼, 𝜆, 𝜑)]{1 − [1 − 𝐺(𝑡; 𝛼, 𝜆, 𝜑)]2}𝜃−1
𝐺(𝑥;𝛼,𝜆,𝜑)

0

𝑑𝑡 

where 𝐺(𝑡; 𝛼, 𝜆, 𝜑) is given in (4) and 

𝑔(𝑡; 𝛼, 𝜆, 𝜑) is defined in (5). 

 

Let 𝑦 = 1 − [1 − 𝐺(𝑡; 𝛼, 𝜆, 𝜑)]2 

𝑑𝑦 = 2[1 − 𝐺(𝑡; 𝛼, 𝜆, 𝜑)]𝑔(𝑡; 𝛼, 𝜆, 𝜑)𝑑𝑡 

if 𝑡 = 0, then 𝑦0 = 0 and if 𝑡 = 𝑥, then  

 𝑦𝑥 = 1 − [1 − 𝐺(𝑥; 𝛼, 𝜆, 𝜑)]2 and 

 

𝐹(𝑥; 𝛼, 𝜆, 𝜃, 𝜑) = ∫ 𝜃𝑦𝜃−1𝑑𝑦
𝑦𝑥

0

 

𝐹(𝑥; 𝛼, 𝜆, 𝜃, 𝜑) =
𝜃𝑦𝜃

𝜃
|

0

𝑦𝑥

 

𝐹(𝑥; 𝛼, 𝜆, 𝜃, 𝜑) = 𝑦𝜃|
0

𝑦𝑥
 

𝐹(𝑥; 𝛼, 𝜆, 𝜃, 𝜑) = {1 − [1 − 𝐺(𝑥; 𝜑)]2}𝜃 

but from (4), 

𝐺(𝑥; 𝛼, 𝜆, 𝜑) = 1 − [1 − 𝐻(𝑥; 𝜑)𝛼]𝜆  

and 

[1 − 𝐺(𝑥; 𝛼, 𝜆, 𝜑)]2 = [1 − 𝐻(𝑥; 𝜑)𝛼]2𝜆  

Therefore, 

𝐹(𝑥; 𝛼, 𝜆, 𝜃, 𝜑) = {1 − [1 − 𝐻(𝑥; 𝜑)𝛼]2𝜆}
𝜃

                      (8) 

where 𝐻(𝑥; 𝜑) is the cdf of the baseline 

distribution with parameter vector 𝜑. The 

corresponding pdf to (8) is  

𝑓(𝑥; 𝛼, 𝜆, 𝜃, 𝜑) = 2𝛼𝜆𝜃ℎ(𝑥; 𝜑)𝐻(𝑥; 𝜑)𝛼−1[1 − 𝐻(𝑥; 𝜑)𝛼]2𝜆−1{1 − [1 − 𝐻(𝑥; 𝜑)𝛼]2𝜆}
𝜃−1

 (9) 

 

which is the pdf of the proposed TLK-G family 

of distributions. Also, 𝑥 ≥ 0, 𝛼, 𝜆, 𝜃, 𝜑 > 0.   

 

 

3.Mathematical properties 

3.1.Survival function 

The survival function, which is the probability of 

an item not failing prior to some time, can be 

defined as 

 

 

  

𝑅(𝑥; 𝛼, 𝜃, 𝜆, 𝜑) = 1 − 𝐹(𝑥; 𝛼, 𝜃, 𝜆, 𝜑)                                (10) 

The survival function of the TLK-G family of 

distributions is given as 

𝑅(𝑥; 𝛼, 𝜃, 𝜆, 𝜑) = 1 − {1 − [1 − 𝐻(𝑥; 𝜑)𝛼]2𝜆}
𝜃

                                            (11) 
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3.2. Hazard rate function 

The hazard rate function is an important measure 

use to characterize a life phenomenon. It is given 

as  

𝜏(𝑥; 𝛼, 𝜃, 𝜆, 𝜑) =
𝑓(𝑥;𝛼,𝜃,𝜆,𝜑)

𝑅(𝑥;𝛼,𝜃,𝜆,𝜑)
                                  (12) 

The hazard rate function of the TLK-G family of 

distributions is given as 

𝜏(𝑥; 𝛼, 𝜃, 𝜆, 𝜑) =
2𝛼𝜆𝜃ℎ(𝑥;𝜑)𝐻(𝑥;𝜑)𝛼−1[1−𝐻(𝑥;𝜑)𝛼]2𝜆−1{1−[1−𝐻(𝑥;𝜑)𝛼]2𝜆}

𝜃−1

1−{1−[1−𝐻(𝑥;𝜑)𝛼]2𝜆}
𝜃          (13) 

 

3.3.Quantile Function 

The TLK-G family is easily simulated by 

inverting (8) as follows: if u has a uniform U(0,1) 

distribution, then the solution of the nonlinear 

equation is given by 

 

 

𝑥 = 𝑄(𝑢) = 𝐻−1([1 − (1 − 𝑈
1

𝜃)
1

2𝜆]
1

𝛼)                                     (14) 

 

That is, 𝑥~𝑇𝐿𝐾 − 𝐻(𝑥; 𝜑). 

Where 𝐻−1 is the quantile function of the 

baseline distribution, 𝐻(𝑥; 𝜑) 

In particular, the median of the TLK-G family of 

distributions can be derived by substituting u = 

0.5 into (14) as follows: 

 

𝑄(0.5) = 𝐻−1([1 − (1 − 0.5
1

𝜃)
1

2𝜆]
1

𝛼)                               (15) 

 

 

4.Sub-models of the TLK-G family of 

distributions 

 

 

 

In this section, we provide some sub-models of 

the TLK-G family. The pdf of the TLK-G family 

will be most tractable when f(x) and F(x) have 

simple analytic expressions. These special 

models generalize some well-known distributions 

reported in the literature. Here, we provide two 

sub-models of this family corresponding to the 

baseline Exponential (Ex) and Log-logistic (LL) 

distributions to show the flexibility of the new 

family. 

4.1. The TLK exponential (TLKEx) 

distribution  

The parent exponential distribution has cdf and 

pdf given as: 

 

𝐻(𝑥; 𝛽) = 1 − 𝑒−𝛽𝑥         (16) 

ℎ(𝑥; 𝛽) = 𝛽𝑒−𝛽𝑥         (17) 

 

The cdf and pdf of TLKEx distribution are given 

by 

   𝐹(𝑥; 𝛼, 𝜃, 𝜆, 𝛽) = {1 − (1 − (1 − 𝑒−𝛽𝑥)
𝛼

)2𝜆}𝜃                 (18) 
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And 

 

𝑓(𝑥; 𝛼, 𝜃, 𝜆, 𝛽) = 2𝛼𝜃𝛽𝜆𝑒−𝛽𝑥[1 − 𝑒−𝛽𝑥]𝛼−1[1 − (1 − 𝑒−𝛽𝑥)
𝛼

]2𝜆−1{1 − (1 − (1 − 𝑒−𝛽𝑥)
𝛼

)2𝜆}𝜃−1(19) 

 

respectively. 

 

𝑥 ≥ 0, 𝛼, 𝜆, 𝜃 > 0 are the additional shape 

parameters and 𝛽 > 0 is the scale parameter. 

 

4.1.1 Quantile function of TLKEx distribution 

Lemma I: If 𝑢 is uniformly distributed on (0,1), 

then the random variable  

 

𝑥 =
−1

𝛽
log {1 − (1 − (1 − 𝑢

1

𝜃)

1

2𝜆
)

1

𝛼

} has a TLKEx distribution with parameter 𝛼, 𝛽, 𝜃, 𝜆. 

 

Lemma II: If 𝑢 is uniformly distributed on (0,1) 

and defined the random variable 

 

 𝑦 = (1 − (1 − 𝑢
1

𝜃)

1

2𝜆
)

1

𝛼

, then the random 

variable 𝑥 defined as 𝑥 =
−1

𝛽
log (1 − 𝑦) has a 

TLKEx distribution with parameters 𝛼, 𝛽, 𝜃, 𝜆. 

4.1.2. The TLK log-logistic (TLKLL) 

distribution  

The parent log-logistic distribution has cdf and 

pdf given as 

  𝐻(𝑥; 𝛽) =
𝑥𝛽

1+𝑥𝛽       (20)  

  ℎ(𝑥; 𝛽) =
𝛽𝑥𝛽−1

(1+𝑥𝛽)2      (21) 

 

The cdf and pdf of TLExLL distribution are given 

by 

  𝐹(𝑥; 𝛼, 𝜃, 𝜆, 𝛽) = [1 − (1 − (
𝑥𝛽

1+𝑥𝛽)𝛼)2𝜆]
𝜃

          (22) 

and 

𝑓(𝑥; 𝛼, 𝜃, 𝜆, 𝛽) = 2𝛼𝜃
𝛽𝑥𝛽−1

(1+𝑥𝛽)2 [
𝑥𝛽

1+𝑥𝛽]
𝛼−1

[1 − (
𝑥𝛽

1+𝑥𝛽)𝛼]2𝜆−1{1 − (1 − (
𝑥𝛽

1+𝑥𝛽)𝛼)2𝜆}𝜃−1 (23) 

 

respectively. 

 

The proposed models are more flexible  than  the  

existing  models because the extra parameters 

allow us to obtain all possible shapes of the 

density as well as the hazard functions. The 

hazard functions of this models may be 

monotone, non-monotone, increasing,  

decreasing,  unimodal  and  bathtub shaped.  

Hence, TLK-G  family distributions is suitable  to 

model  and  analyze  a  wide  variety  of  real-life 

data applications. 

4.2.1 Quantile function of TLKLL distribution 
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Lemma III: If 𝑢 is uniformly distributed on (0,1), 

then the random variable 𝑥 defined as  

 

 

𝑥 = {[1 − [1 − 𝑢
1

𝜃]

1

2𝜆
]

−
1

𝛼

− 1}

−
1

𝛽

has a TLKLL 

distribution with parameters 𝛼, 𝛽, 𝜃, 𝜆. 

Lemma IV: If 𝑢 is uniformly distributed on (0,1), 

and defined the random variable 

 𝑦 = [1 − [1 − 𝑢
1

𝜃]

1

2𝜆
]

1

𝛼

, then the random 

variable  𝑥 = {𝑦−1 − 1}
−

1

𝛽 has a TLKLL 

distribution with parameters 𝛼, 𝛽, 𝜃, 𝜆. 

5. Estimation and Data Analysis 

5.1 Maximum Likelihood Estimation 

Let 𝑋1,𝑋2, … , 𝑋𝑛 be an iid observed random 

sample of size 𝑛 from the TLK-G family. Then, 

the log-likelihood function based on observed 

sample for the vector of parameter ∅ =

(𝛼, 𝜃, 𝜆, 𝜑)𝑇 is given by: 

 

 

 

 𝐿(∅) = 𝑛𝑙𝑜𝑔2 + 𝑛𝑙𝑜𝑔𝛼 + 𝑛𝑙𝑜𝑔𝜃 + 𝑛𝑙𝑜𝑔𝜆 + ∑ log[ℎ(𝑥𝑖; 𝜑)] + (𝛼 − 1) ∑ log[𝐻(𝑥𝑖; 𝜑)]𝑛
𝑖=1

𝑛
𝑖=1 + 

                        (2𝜆 − 1) ∑ log(1 − 𝐻(𝑥𝑖; 𝜑)𝛼) + (𝜃 − 1) ∑ log (1 − (1 − 𝐻(𝑥𝑖; 𝜑)𝛼)2𝜆)𝑛
𝑖=1

𝑛
𝑖=1  (24) 

The components of score vector 𝑈 = (𝑈𝛼 , 𝑈𝜃 , 𝑈𝜆, 𝑈𝜑)𝑇 are given as 

 𝑈𝛼 =
𝑛

𝛼
+ ∑ log[𝐻(𝑥𝑖; 𝜑)] +  (2𝜆 − 1) ∑ [

𝐻(𝑥𝑖;𝜑)𝛼 log[𝐻(𝑥𝑖;𝜑)]

1−𝐻(𝑥𝑖;𝜑)𝛼 ]𝑛
𝑖=1

𝑛
𝑖=1 +                              

                                           (𝜃 − 1) ∑ [
2𝜆[1−𝐻(𝑥𝑖;𝜑)𝛼]2𝜆−1𝐻(𝑥𝑖;𝜑)𝛼log [𝐻(𝑥𝑖;𝜑)]

1−[1−𝐻(𝑥𝑖;𝜑)𝛼]2𝜆 ]𝑛
𝑖=1     (25) 

𝑈𝜆 =
𝑛

𝜆
+ ∑ 𝑙𝑜𝑔[1 − 𝐻(𝑥𝑖; 𝜑)𝛼] +𝑛

𝑖=1 (𝜃 − 1) ∑
[1−𝐻(𝑥𝑖;𝜑)𝛼]2𝜆𝑙𝑜𝑔[1−𝐻(𝑥𝑖;𝜑)𝛼]

1−[1−𝐻(𝑥𝑖;𝜑)𝛼]2𝜆
𝑛
𝑖=1 = 0  (26) 

𝑈𝜃 =
𝑛

𝜃
+ ∑ log [1 − (1 − 𝐻(𝑥𝑖; 𝜑)𝛼)2𝜆]𝑛

𝑖=1 = 0       (27) 

   𝑈𝜑 = ∑ [
ℎ(𝑥𝑖;𝜑)𝜑

ℎ(𝑥𝑖;𝜑)
]𝑛

𝑖=1 + (𝛼 − 1) ∑ [
𝐻(𝑥𝑖;𝜑)𝜑

𝐻(𝑥𝑖;𝜑)
]𝑛

𝑖=1 − 

                       (2𝜆 − 1) ∑ [
2𝜆𝛼[1 − 𝐻(𝑥𝑖; 𝜑)𝜑]2𝜆−1𝐻(𝑥𝑖; 𝜑)𝛼−1𝐻(𝑥𝑖; 𝜑)𝜑

1 − 𝐻(𝑥𝑖; 𝜑)𝛼
]

𝑛

𝑖=1

−                                           

                                                                                   (𝜃  − 1) ∑ [
2𝜆𝐻(𝑥𝑖;𝜑)𝛼−1𝐻(𝑥𝑖;𝜑)𝜑

1−[1−𝐻(𝑥𝑖;𝜑)𝛼]2 ] = 0𝑛
𝑖=1   (28) 

  

The solution of the non-linear equations (25), 

(26), (27) and (28) cannot be obtained 

analytically so, we resolved to use iterative 

methods.  

5.2.Application to real-life data 

This section presents the real-life application of 

the TLK-G family of distributions to a real-life 

data set by using the TLKEx distribution as one 

of the sub-models and for illustrative purposes 

also present a comparative study with the fits of 

Topp Leone Exponential (TLEx) distribution by 

[2], Kumaraswamy Exponential (KEx) 

distribution by [15], Exponentiated Exponential 

(ExEx) distribution by [16] and Exponential (Ex) 

distribution. This application proved empirically 

the flexibility of the new distribution in modeling 

real-life data.  All the computations are 

performed using the AdequacyModel package in 

R software. The pdfs of the competing 

distributions are: 

TLEx distribution 

𝑓(𝑥; 𝛽, 𝜃) = 2𝛽𝜃𝑒−2𝛽𝑥(1 − 𝑒−2𝛽𝑥)
𝜃−1

 

KEx distribution 
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𝑓(𝑥; 𝛼, 𝛽, 𝜆) = 𝛼𝛽𝜆𝑒−𝛽𝑥(1 − 𝑒−𝛽𝑥)
𝛼−1

[1

− (1 − 𝑒−𝛽𝑥)
𝛼

]
𝜆−1

 

ExEx distribution 

𝑓(𝑥; 𝛽, 𝜃) = 𝛽𝜃𝑒−𝛽𝑥(1 − 𝑒−𝛽𝑥)
𝜃−1

 

Ex distribution 

𝑓(𝑥; 𝛽) = 𝛽𝑒−𝛽𝑥 

Data set 1: 

The first data set represents the survival times of 

a group of patients suffering from Head and Neck 

cancer diseases and treated using a combination 

of radiotherapy and chemotherapy (RT+CT). The 

data set has been previously used by [17] and 

[18]. 

The data set has forty-four (44) observations and 

they are as follows:  

12.20, 23.56, 23.74, 25.87, 31.98, 37, 41.35, 

47.38, 55.46, 58.36, 63.47, 68.46, 78.26, 74.47, 

81.43, 84, 92, 94, 110, 112, 119, 127, 130, 133, 

140, 146, 155, 159, 173, 179, 194,195, 209, 249, 

281, 319, 339, 432, 469, 519, 633, 725, 817, 

1776. 

Data set 2 

The second data set was taken from [19] and it 

represents the survival times of one hundred and 

twenty-one (121) patients with breast cancer 

obtained from a large hospital in a period from 

1929 to 1938.  It has also been applied by [20]. 

The data set is as follows: 

0.3, 0.3, 4.0, 5.0, 5.6, 6.2, 6.3, 6.6, 6.8, 7.4, 7.5, 

8.4, 8.4, 10.3, 11.0, 11.8, 12.2, 12.3, 13.5, 14.4, 

14.4, 14.8, 15.5, 15.7, 16.2, 16.3, 16.5, 16.8, 17.2, 

17.3, 17.5, 17.9, 19.8, 20.4, 20.9, 21.0, 21.0, 21.1, 

23.0, 23.4, 23.6, 24.0, 24.0, 27.9, 28.2, 29.1, 30.0, 

31.0, 31.0, 32.0, 35.0, 35.0, 37.0, 37.0, 37.0, 38.0, 

38.0, 38.0, 39.0, 39.0, 40.0, 40.0, 40.0, 41.0, 41.0, 

41.0, 42.0, 43.0, 43.0, 43.0, 44.0, 45.0, 45.0, 46.0, 

46.0, 47.0, 48.0, 49.0, 51.0, 51.0, 51.0, 52.0, 54.0, 

55.0, 56.0, 57.0, 58.0, 59.0, 60.0, 60.0, 60.0, 61.0, 

62.0, 65.0, 65.0, 67.0, 67.0, 68.0, 69.0, 78.0, 80.0, 

83.0, 88.0, 89.0, 90.0, 93.0, 96.0, 103.0, 105.0, 

109.0, 109.0, 111.0, 115.0, 117.0, 125.0, 126.0, 

127.0, 129.0, 129.0, 139.0, 154.0 

5.2.1.Results 

Two sub-models are proposed in this study which 

corresponds to the TLKEx and TLKLL 

distributions. TLKEx distribution is used to test 

the goodness-of-fit of the new family. The results 

of the analysis are presented in Table 1 and Table 

2. From the Table 1 and Table 2, it can be seen 

that the TLKEx distribution provides a better fit 

compared to the distributions considered and thus 

the TLKEx distribution should be preferred to the 

other distributions mentioned in this work for 

modeling real-life data-sets. Figure 1 shows the 

plots of the pdf of the TLKEx distribution with 

different parameter values and Figure 2 shows the 

plots of the survival function with different 

parameter values estimated from the data sets. 

Figure 2(a) is the survival time of patients 

suffering from Head and Neck cancer diseases 

and treated using a combination of radiotherapy 

and chemotherapy (RT+CT). It can be seen from 

Figure 2(a) that at time 500 we have only 10% 

survival rate, at time 1000 we have only 6% 

survival rate and at time 1500 we have only 4% 

survival rate. Also, Figure 2(b) is the survival 

time of patients suffering from breast cancer 

disease. From Figure 2(b), it can be seen that at 

time 50 we have 35% survival rate, at time 100 

we have 10% survival rate and at time 150 we 

have 6% survival rate. The histogram of the data 

set 1 and data set 2 and the plots of the fitted pdfs 

for the TLKEx distribution are shown in Figure 3 

and Figure 4 respectively.  
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Figure 1. Pdf plots of TLKEx distribution for parameter 𝛼 varies, other parameters fixed at 1.2 

 

 

 

 

 

 
 

Figure 2. Plots of survival function of the TLKEx distribution with estimated parameters from the data set 
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Table 1. The ML estimate of the TLKEx distribution parameters and AIC value for Data Set 1 

Distributions   Estimates   -LL  AIC 

TLKEx   �̂� = 0.3492   278.7118  565.4235 

   �̂� = 0.0005 

   �̂� = 6.6545 

   �̂� = 2.3834 

KEx   �̂� = 1.5250   281.1617  568.3235 

   �̂� = 0.0202 

   �̂� = 0.2385 

TLEx   �̂� = 0.0023   281.9550  567.9101 

   �̂� = 1.0721 

ExEx   �̂� = 0.0025   282.0628  568.1256 

   �̂� = 1.1791 

Ex   �̂� = 0.0045   282.0135  566.0271 

 

 

 

Table 2. The ML estimate of the TLKEx distribution parameters and AIC value for Data Set 2 

Distributions  Estimates   -LL  AIC 

TLKEx   �̂� = 0.3513   578.0122  1164.0830 

   �̂� = 0.2288 

   �̂� = 2.1179 

   �̂� = 0.0663 

KEx   �̂� = 1.3859   583.1573  1172.3150 

   �̂� = 0.2361 

   �̂� = 0.0945 

TLEx   �̂� = 0.0147   580.7893  1165.5790 

   �̂� = 1.5426 

ExEx   �̂� = 0.0275   581.0982  1166.1120 

   �̂� = 1.4836 

Ex   �̂� = 0.0216   585.1278  1172.2560 
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Figure 3. Fitted pdfs for the TLKEx, KEx, TLEx, ExEx and Ex models to the data set 1 

 

 

 
Figure 4. Fitted pdfs for the TLKEx, KEx, TLEx, ExEx and Ex models to the data set 2 

 

Conclusion 

In this paper, we have proposed a new family of 

continuous distributions, called the Topp Leone 

Kumaraswamy-G family following the idea of 

the T-X family with the Topp Leone-G class of 

distributions as the transformer. Two sub-models 

of the new family are presented and the TLKEx 

distribution is used to analyze the data. The  

results  of  the  analysis  indicate  that  the TLKEx 

distribution  has  the  lowest  value  of AIC. 

Therefore, the values of minimum AIC of the 

distributions shows the superiority of the TLKEx 
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distribution over the other distributions. Hence, 

the TLKEx distribution can be seen as an 

important distribution in modeling real-life data.   
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