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Introduction

AIDS is an acronym for Acquircd
Immunodcficicncy Syndromc. The discasc is
not hcreditary but devclops after having
contact with a discasc causing agent called
Human Immuno dcficiency Virus (HIV)(
Pictct ct al, 1998). It is characterized by a
wcakcening of the immunc systcm and sprcad
by scxual contact with an infccted person, by
sharing nccdles and/or syringes (primarily for
drug injcction) with somconc who is infceted,
or, less commonly (and now very rarcly in
countrics wherc blood i1s screcened for HIV
antibodics), through transfusions of infccted
blood or blood clotting factors. Babics born to
HIV-infccted women may become infected
beforc or during birth or through breast-
feeding after birth.

In this work, wc proposcd a dcicrministje
mathcmatical modcl which is a svstemy of
ordinary diffcrential cquations. The population
is partitioncd into four compartments of (he
susceplible class S(1). this is the class in which
members arc virus free bul arc prone lo
infcction by interaction with the latent and the
infccled classes: The sccond  clagg is  the
recmoved class R(t). this is the class of thosc
not susceplible to infcction, possibly duc ;()
their yiclding to warnings or changed bl
as a rcsult of public awarcncss camp
cnlightenment; The third class is (he

a\'ior
qign or
Lateny

L(), this is the class of thosc that have
contracted the virus, but have no symptom of
the AIDS discasc, thc members of this class
arc still active in the population both sexually
and cconomically. The fourth class is the
Infected I(t); this is the class of thosc that have
thc manifestation of the symptoms of
infection: this class is assumed to be gencrally
weak and inactive.

It is assumed that whilc the new birth of S(t)
and R(1) arc born into S(1). the new birth of (1)
arc bomn into 1(1). the off-spring of L(1) arc
divided between S(1) and L(t) in the proportion
0 and (1-0) respectively. i.c. a proportion (1-0)
or the offspring of L(1) arc born with the
vims while the remaining proportion () arc fre
from the virug. The three clasécs have a natural
death modulus, while the infected class /(1)

l;as ad‘dllional death modulus ¢ arising from
the weight of infection.

M
embers of the class S(f) movc into the class

R(r i
r ( |) duc 10 change in the behavior or/and as 2
esult of cfMectiyv e public ¢

Mcem
bers of the class L.(r) movec into the clas$

(1) ; y
(1) at the rage 7. Members of the class S()

moved ;
" cd -mlo the class L(r)at the ratc @ by
Cracting wigl, L(1) or 1(1)

ampaign at a ratc /-
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The model equations arc presented in scelion

O'GC ,":V":‘h :Ihc d?ﬁ'?"“(’f‘ of paramcicrs. We  the non scro cquilibrium states for stability in
0 vl{]llb d“b cqulhbr'un.u slalc?s and the scction threc. The result of the work s
corresponding characlcristic cquations of the presented in scction four in the form of

concluding rcmarks.

model in scction (wo. We analyse the zcro and

The Modcl Equation
The modcl cquations arc given by cquations (1.1) - (1.4)

S'=(B—pu—-y)SUt)+ BR(t)+ 6BL(1) - a S()[L(1) + 1(1)] : (1.n
R'=[y S(1)— p R(1)] (1.2)
L'=[(1-6)B - u—7IL(t) + aS(O)[L() + I(1)] (1.3)
I'=(B-p-38)I(1)+d.() (1.4)

with thc paramecters given by

f = natural birth rate for thc population

M = natural dcath ratc for the population

0 = dcath modulus duc to infection

a = ratc of contracting thc HIV virus

y = ratc of rcmoval of (he susceptiblc into the removed class duc to public campaign
7 = ralc of flow from the latent class into the infected class

@ = the proportion of the off-spring of the latent which arc virus frec at birth 0<@ <l
t=time

Equilibrium Statc of thc Model
At cquilibrium statc, lct

(S(1), R(), L(1),1(1)) = (@,%,y,72) Q.
at equilibrium we have that
(B-p-y)w+Bx+0py-awly+z]=0 (2.2)
yw-px=0 (2.3)
[(1—9)ﬂ—y—r]y+aw[y+z]=0 (2.4)
(B-pu-6)z+7y=0 (2.5)

Solving these simultancously gives (w,X,y,2) = (0.0.0,0) as thc zcro cquilibrium statc  and the

non-zcro cquilibrium statc (w,x,v,7) given by

_(/t+§—-ﬂ)[(|—9)ﬂ‘/”‘r] . ' 2.6)
- a(f-pu—6-71) '
_turs-pli-6)p-x i o

au(B-pu-6-1)
y___[,l(ﬂ-/l-y)(ﬂ~/l—5—}’)+/37(/’—/'—5—T)](/l+5-/])[(1-9)/’-/"1'] @28)

ap(f-pu-6-1)(B-pu-6-y)u+t-p)
u(B-p-y)B-p-8-y)+PrB-u=-6-1)I( -0)f -y -7] 9
) g (f—p—8-TNP—1—5-PNp+7-P)

Z
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aluc A is given by

The Characteristic Equation th the cigen v

The Jacobian detorminant for the system Wi |
B-p-y-ay~az- A p 0p-aw -aw v
! -4 ‘ ’ _®@ (2.10)
ay+az 0 [(-0)p-p-trawl W
0 0o . T p-p-6-4

Expt;nldinxg the determinant gives ) _
[B-ps 7 -0y-az- A 1= A){[(1-0)p-p-caw- A [B--8- A Howwl}

ey M Bote-5-
By [(1-0)B-pp-ttaw- A ||B-pu-5- A -Jarw]}HOB-aw)(u+ A Nay+az)(B-u
A)hw(p+ A Yay+az)t =0 :
L
Hende the characteristic cquation is given by ) . .
([B-- -oy-0z- A )(-p- A)-B 7 }[(1-0)B-p-tHaw- A J|p-p-5- A [-larw[}+aC+z)(u+ A){(0p-
aw)(B-p-6- A )+atw}) =0 (2.11)

Stability of the Equilibrium State

The zero cquilibrium state
At the zcro cquilibrium statc (w,x,y,z) = (0,0,0,0)

The characteristic cquation takes the form
{B-p-7 - 21Cu-A)-By HI(1-0)B-pt- A [[B-p-8-A ]} = 0 3.D
IE(B-p-y-A)(-p-A)By =0

we have

A%+ @By ) A+t 7 )p-B)l =0

a quadratic equation in A

Hence A, =pB-p (3.2a)
A2=-p-y (3.2b)
From (3.1)
A3=(1-0)B-p- 39
A4=P-p-8 X (§2dc))

We note that A, < 0, we have that the system wi
v ystem will be st i .
death modulus is higher than the birtly modulus, “0le at the origin if B< n:i.c when the

The non zcro equilibrium state
For the non zcro cquilibrium slalc,

B (L) () yTas B
N e T T
/‘(ﬂ~p~§_,) .
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(B-H-YIB=M==y)+ Py - p~6- )+ S - DI -0)f-p1-1)
a/l(ﬂ-ﬂ—5~-T)(/3~-/1-—¢5--»7)(/1-o-r»ﬂ)
UB-1-VNB-1=8-y)+ Py - -6 -1)(1-0) - pi-7)
au(P-p~6-1)(f-pu-6- 7)(7/ 4r——ﬂ) -

We consider the characteristic cquation (2.11) in the form
H( A) and apply Bcllman and Cooke theorem [3]onit

H(A)={[B-n-y-0y-az- A |(-1- A)-B y }{I(1-0)B-p-t+aw- A |[B-p-8- A |-larw]} +aly+2z)(u+

A (OB-aw)(B-p-8- A )+arw} (3.3)

H(A)= A% A7{[u-(B-- y-ay-az) |- [ (B-p-8)+(1-0)p-p-t+aw)]}

+ AH-0)P-p-ctan)(B-p-8)-rew - u-(B-p- y -ay-ar) [ (B-u-SyH(1 D))} Ik (B-p- 7 -05-
az)*+P y 1-aly+2)(0B-uw)} + A {{u-(B-p- y-ay-az))|((1-0)B-p-1+aw)(B-p-8)-arw|+Hu(B-p- -ay-
az)tB ¥ [[(B-n-6)+((1-0)B-p-t+aw)]
+[0!(y+i)(0[5'0lw)([3-u-5)-ua(y+z)(0B-a\v)+u:t\v(y+z)|}+au(y+z)(()[3-a\\’)(ﬁ-u‘5)+ a’pw(y+z) -
[n(B-p- ¥ -ay-az)+B ¥ [((1-0)B-p-t+aw)(B-p-8)-utw] (3.4)

Wcnowsct A =ip,in H( 1)

H(ip)=(ip)*-(ip)* { In-(B-p- 7 -ay-az)|- |(B-p-8)+H(1-0)p-p-t+aw)]}

Hip){ 1((1-0)B-p-t+aw)(B-p-8)-arw |- u-(B-p- y -ay-az) || (B-p-8)H(1-0)B-p-t+aw) |- n(B-p- 7 -
ay-02)+HB y -a(y+z)(0B-aw)} +(ip){ [n-(B-n- y -ay-az)|[((1-0)-p-t+aw)(B-p-8)-arw]+ p(B-p- 7 -
ay-az)HB ¥ J[(B-p-8)+((1-0)B-p-ttaw)] .
Haly+2)(OB-aw)(B-p-8)-pa(y+2)(OB-aw)+atw(y+2) |} +ap(y+2)(0B-aw)(B-p-8)+ a'ptw(y+z) -
[k(B-p-y-ay-az)H y [[((1-0)B-p-t+aw)(B-p-8)-atw]

H(ip)=p*-ip’{ [u-(B-p- ¥ -0y-0z)}- [(B-p-8)+((1-0)B-p-1+aw)]}

L [((1-0)B-p-t+aw)(B-p-8)-atw]-[u-(B-p- y -ay-02) [ (B-p-8)+((1-0)B-p-t+aw)|-[n(B-p- y -ay-
az)+p ¥ J-aly+2)(0B-aw)} Hip){ [r-(B-p- 7 -ay-a2) [[((1-0)B-p-t+aw)(B-p-8)-arwi+{u(B-p- y -ay-
az)+ p 1[(B-p-8)+((1-0)B-p-r+aw)] . .
Ha(y+2)(0B-aw)(P-p-8)-paly+2)0B-aw)ta tw(y+2) |} +an(y+2)(0B-aw)(P-p-8)+ aprw(y+z) -
[ (B-p-y -ay-az)+B ¥ JI((1 -0)B-p-t+aw)(B-p-8)-atw]| (3.5

Resolving into real and imaginary parts,

H(ip) = F(p) +iG(p)- .

F(p) and G(p) arc given respectively by

F(p) = p* p*{[((1-0)B-p-t+aw)(P-p-8)-atwl-ln-(B-n- y -ay-az) || (B-p-5)+(1-0)B-p-t+aw) - n(B-

t- y-ay-az)+p y |-oly+2)(Op-aw)} tap (y +2)(Of-aw)(B-p-8)+ @ prw(y+2) -[n(B-p-y-ay-
az)H y J1((1 -())ﬂ-p.-'t-’r(l\\')(ﬂ-).l-ﬁ)-(lt\\'] (3.6)

Gp) = -p{ln-(B-p-y-ay-az)l- [B-n-8)M(1-0)B-p-vtaw)]} 1p{|u-(B-p-y -ay-az)]|((1-0)B-p-
T+ow)(B-p-8)-orw [ H (B ¥ -ay-0z) B ¥ [|(B-p-8)+((1-0)B-p-r+aw) Ha(+2)(0B-aw)(B-u-3)-
pa(y+z)(0p-aw)+atw(y+z)|} (3.7)
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Differcntialing with respect to p We huvc_mwl_“l_(p-p.7-(1)”“7')"(“‘”

7 p) =ap’2p{1((1-0)p-u-t W) (P-1-0) (3.8)

[u(B-u-y -ay-az)tBy |-a(y+2)(OB-aw)} - e az)JI((1-0)B-p-
(Pt~ 0)p-p-rtow } u-5)-

N o 3o (e y-ay-an)l- [(B-p-8YH( 0l (y+7)(OB-ow)P-1
f-’»:»lv?(n-u-sfaimulcn:n- y-ay-azyHp y 1(B-u-8yH((! ”1';'*;;‘*"‘”"”“ Y
no(y-+z)(0p-awya’tw(y+2)l} '
Sctting p = 0 we have ) (B-5)

’ _ i -THaw -u- -
FQ) = au(yrXOp-aw)(P-a-0)F oy ts) upep- -ty By NCA-OPHT

(3.10)
atw] @3.11)
?S"&; - (3.12)
G'(0) =(u-(B-p-y -uty+2)I((1 L0)B-p-r+aw)(B-p-8)-orw [HuB-n-7 -a()y+l))+ B y JI(B-p-6)+((1-
(3.13

0)B-p-1+oaw) [+Hay+2)l (0B-uw)(B-2 p-8)+utwl}

The condition for stability according to the Bellman and Cooke theorem [3] is given by
F(0) G'(0)- F'(0) G(0)>0 (3.14)
Since G(0) = 0, (3.14) beccomes
F(0) G'(0)>0 (3.15)

The condition for (3.15) to hold is
Sign F(0) = Sgn G'(0)
From (2.6)

o Bt PU1=0) - p=1]
a(f-pu-6-1)

and from (2.8) and (2.9)

(3.16)

(y+7) = [ll(ﬁ'ﬂ°}’)(ﬂ—l‘—§'}’)+ﬁr(ﬂ—ll—a—f)](/‘+'5'ﬂ)[(l-9),8-/1—1]

A(B-u=8-1)P-pu~6-y)pu+r-p)
T[#(ﬂ-/l-7)(ﬂ—/l—5—)’)+ﬂ}’(ﬂ—/l-IS—T)][(l-G)ﬂ-/t-r]

ap(B-p-6-tNB-pu-8-yNu+r-p)y

_WB-p-NB-p-8-p)+ B~ pu-5-1)j(1-0
G(B=1=8-1Nf~u~6-y)u
Substituting (3.16) and (3.17) in to F(0) we obtain
=y | [HB-p-yX P~ =8~ p)+ A~ 1 -
F(0)= u { VEMZETTRE TR0 ﬂy(ﬂ H=-8=D)][(1-6)f3- 4.
: 2 (B J‘T)(ﬂ—/l;(s;}’)(/;.—f‘:‘/;] 'g T1@+6- ﬂft_)} {gpw

)ﬁ"/—l-r](/[.g.(j‘_ﬂ_’_r)
+7=f)

(3.17)
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- ((urS-PNA-6)B- -
P\ (B-pn-65-1) . )}(ﬁ«/:-a) +

[wrs-pe- H)ﬁ—/l-r]j{[/l(ﬂ H-PXB= =8 =y)+ Py (f=p-8- DN (-O) - pi-TIg14 8- 4 1)
(B-pu-5-1) J (/3 - S r)(f3- /1 - Nt /’)

‘{;{ﬂ_ u_y{U(ﬂ-u—r)(ﬂ—u—a—y)w;(ﬁ-p—(s—r)I(w)/z-y-r](,_;+5-/@D+ /”H(“ op-
HU(P-p=5-0)(B-u~S-y) v t-)

_ (#+5—ﬂ)[(l—9)ﬁ—ﬂ-f]J (u+ 5~ PlA-0)p-p1~1]
T+ oS W /
( Bns-n )P0 { (B-j-6-1) ) Gan

Substituting (3.16) and (3.17) in to G*(0) gives
G 0)={,u ety [(B- =YX B—p~6—p)+ BAL—p1~5-D) 1 (F6)B- p- )+ 6- B+ 1) J]H(( 1-0)3-

1 (B8 --5-Per 7P

_ (#;5—/3)[(1—6)/3—;:4] . (y+(s—p)[(|-0)/}—,1_r1']
H T+L (B —st—5-1) )](ﬂ'/l-tﬂ*r[ Bp-5-9)

[ B k-p--pprp-n-s- DN prlws-pr |\ Ay
(ﬂ H— 7‘\: u (ﬂ—/l-—J-—T)(ﬂ—/l——J—y)(,“+1-_p) :‘)’/}V}l(ﬂ J1-0)

(u+8-P1-6)-pu-r1]
1-6)8-
+L( )B— - ( T )]}

{ (L pi- PN B—ti=S—Py+ BAS~p-S =D (HO-p- T+ S- ﬂ+r)][( ﬂ_((#+<5—ﬂ)[(—0)ﬂ-/l*ﬂDw_

11 (B—p-8-0)(B-p=6- P+ 7=P) (B-p-S-1)
(ﬂ+5—,3)[(1—0),3—/1—71))} -
2,u-5)+1’( B-p—5-7) (3.19)

Concluding Remarks
Using Qbasic programmmg languagc, we uscd hypothetical values for the parameters in (3.18)

and (3.19) in order to gain msu,ht into the sign of F() and (7'(0), we have the follo“mg table.

Lo B 8 ¥ gy PO G'(0) REMAle

! 01 102 s 5 A1 0p5 -1.073065E-07 3.182288E-05 UNSTABLE

000 »02 +5 <2 -o15 05 -3.441995E-07 1,19, 487E-05 UNST \BLE

008 b0z .5 <3 -O@15 (1 03 -4, 596E-07 3ATJABTE-06 UNST \BLE

07 02 ks +4 <o1s i 0B 5124663607 -2.045574E-06  STA iLE

| |

__ *28 :
) |

)




STABLE

006 02 5 5 015 . .

005 02 5 6 .OWW
:004 :02 5 2 015 01 .025 8 303894E-07 _1 348669E-05 - ———
003 02 5 § 015 O - 025 -9.1()8385[5-07 -l.6(»4601E-05

:002 :02 3 9 015 .01 .025 -9 900689E-07 _1.965962E-05  STABLE

001 02 5 1 015 01 (025 -1.068448E-006 257105E-05 STABLE

From the analysis in the previous scction, We
obscrve that the origin is stablc when the bll’l.h
ratc (B) is lcss than thc dcath ratc (p). this
conscquently lcads to the extinction of the
population. The analysis of thc non-zcro stalc
rcsulting from Bcellman and Cookc’s thcorem
as shown in the tablc abovc shows that the
population will bc unstable when the mcasure
of cffcctivencss of public awarcness/campaign
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