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This study introduces an advanced methodology for estimating the source term of multiple,
variable-number biochemical hazard releases, where the exact count of sources is not predeter-
mined. Focusing on environments monitored via a network of sensors, we tackle this challenge
through a multi-source Bayesian filtering paradigm, employing the theory of random finite sets
(RFS). Our novel approach leverages a modified particle filter-based probability hypothesis
density (PHD) filter within the RFS framework, enabling simultaneous estimation of critical
source characteristics (such as location, emission rate, and effective release height) and the
quantification of source numbers. This method not only accurately estimates pertinent source

PHD parameters but is also adept at identifying the emergence of new sources and the cessation
Sequential Monte Carlo of existing ones within the monitored area. The efficacy of our approach is validated through
Particle filtering extensive simulations, which mimic a range of scenarios with varying and unknown source

Biochemical hazards counts, highlighting the proposed method’s robustness and precision.
Sensor networks
Contaminant source localization

Environmental monitoring

1. Introduction

In source term estimation (STE) for an atmospheric release, the aim is to estimate parameters of interest such as location, release
rate/strength, duration, number of sources and other useful parameters that can describe the characteristics of a chemical, biological,
and radiological (CBR) release. In the event of a CBR incident, either accidental or deliberate, having a good knowledge of the
source parameters could be helpful for early detection and rapid response to the release of the CBR agent. This could in-turn reduce
dramatically the extent of human exposure and also minimize the cost of the subsequent associated clean up [1]. It could be possible
to deploy an array of CBR concentration sensors within a field of interest to detect contaminant releases. However, mere detection
by such sensors may not be sufficient, due to the fact that the detection of a contaminant plume by the sensors only indicates
a release has occurred. Having just detection information will not avail us of the characteristics of the source and therefore STE
methods are required.

Common STE methods use an array of CBR concentration sensors to provide concentration measurements fused with other
information such as meteorological data to estimate the unknown parameters of the source(s). Other STE methods involve the
use of mobile robots as concentration sensors, see for example [2]. However, estimation using an array of CBR concentration
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sensors are usually performed using two main approaches, i.e., probabilistic methods based on Bayesian inference and second,
optimization techniques [3]. Both of these approaches aim to find the most likely match between predicted and measured data.
These methods mainly achieve this by running inferred source parameters in what is called a forward atmospheric dispersion model
to generate predicted concentration data. Using a likelihood function, the predicted concentration data are compared with sensor
array measurement to find the most likely fit [3]. Specifically, on the one hand, the optimization-based approaches (see e.g. [4-7]1)
attempt to find a single optimal solution to the maximum likelihood problem by taking inputs without uncertainty. On the other
hand, in Bayesian approaches (see e.g. [8-12]), inputs and models used can be specified using probability density functions while
taking into account uncertainties in the input data and the chosen model. With probabilistic inputs, the final output of the algorithm
will be in the form of a probability density function, hence, producing an estimate of the source term with associated confidence
levels [3]. This attribute makes the Bayesian approaches to STE more suitable for realistic scenarios. Furthermore, the Bayesian
framework within the STE context provides a rigorous mathematical foundation for making inferences about the source parameters
and thus, provides a rigorous basis for quantifying the uncertainties associated with the estimated source parameters.

The Bayesian inference approach has been applied to solve the STE problem for both the single source release case and the
multi-source release case. For the single source case, solutions have been proposed based on different assumptions. For example,
the authors in [13,14] proposed a solution for estimating the release rate given that the source location is known; in [15-17] the
authors aimed to estimate the source location given that the release rate is known while the authors in [8,9,18,19] proposed a
solution for when both the source location and release rate are unknown. Regarding Bayesian STE methods for multiple sources,
researches have been focused on estimating different source parameters for multiple sources as well as the number of sources. Most
notably are the works of the authors in [20-23] where they proposed solutions to the STE problem for multiple sources based on the
Markov chain Monte Carlo (MCMC) principle. However, MCMC methods in general are computationally expensive as they require
a large number of particles to perform estimation. Moreover, with MCMC methods, no guarantees exist about it yielding good point
estimates [24]. Furthermore, optimization based methods such as genetic algorithm (GA) [25] and least squares (LS) [26] methods
have also been used to perform STE for multiple point sources.

Although these methods (i.e. MCMC-based methods, GA and LS) have been applied to the STE problem for multiple point sources,
regarding the number of sources estimation, it is interesting to note that only the case where the number of sources are constant
but unknown a priori has been mainly considered. The case where the number of sources is unknown a priori and varies require
further attention.

It is desirable and important to know when additional new sources appear within an area of interest during monitoring. Such
information could be useful in resource allocation, planning and management. However, in all the previous studies on STE for
multiple sources cited here, the focus was on STE for either fixed and known multiple number of sources or fixed and unknown
number of sources a priori. The case for when the number of sources vary with time still require attention. The problem of
determining the number of sources present is a difficult one. More so, the problem becomes even more challenging when the
number of sources vary with time.

The relationship between multiple hazardous release sources and the array of CBR sensors within the area of interest can be
modelled as a random finite sets (RFS) problem. Under such model, the RFS approach proposed by Mahler, [27] can provide a
Bayesian framework for the recursive update of multi-source state posterior density. Under the RFS approach, the source states
and the measurements at each time step are modelled as finite set-valued random variables. A framework is available for dealing
with as well as characterizing the relative uncertainties in an RFS formulation by using the probabilistic tools of finite sets statistics
(FISST) [28]. RFS methods such as the probability hypothesis density (PHD) filter has the potential to solve the problem of source
term estimation for multiple sources (STE-MS) especially for the case of varying number of sources. This is inspired by the fact that
RFS methods have been used in other fields (e.g. target tracking) to tackle similar problems. The RFS formulation can handle source
states and cardinality (i.e. number of sources) estimation especially for appearing and disappearing in a recursive Bayesian filter
problem. A common RFS method is the PHD filter. The PHD filter is a recursion that propagates the posterior intensity of an RFS in
time [27,29]. The integral of a PHD is the expected number of objects in a measurable region, and the peaks of the PHD function
provide the estimates of the object states [29]. The PHD filter has successfully applied in various fields to achieve state and object
number estimation in both simulation and real world applications. These application areas include: radar tracking [30], acoustic
source tracking [31], sonar image tracking [32], simultaneous localization and mapping (SLAM) [33], distributed multi-target
tracking [34], tracking with millimetre-wave images [35], tracking with target amplitude feature information [36] and sinusoidal
components tracking in audio [37].

In this work, the CBR context considered is for the specific case of biochemical releases. Previous researches into the use of
Bayesian framework to solve the STE-MS problem have focused mainly on particle filtering and MCMC methods [3]. These methods
primarily considered the case where the number of sources were unknown but fixed and unchanging. However, in this paper, we
propose a new paradigm for STE of multiple hazardous releases for the challenging case of varying number of sources using the
random finite set approach. We refer to this technique as the STE-MS-probability hypothesis density (STE-MS-PHD) filter. In our
approach, we model the STE-MS problem as a multi-source Bayes filtering problem and use a random finite sets approach to solve
the problem. Specifically, we use the particle filter implementation of the random finite sets-based probability hypothesis density
filter to jointly perform multiple source state and number of sources estimation.

This paper presents three main contributions:

1 We redefine the issue of estimating source terms for multiple hazardous sources (STE-MS) with an unknown and variable
number of sources as a multi-source Bayes filtering challenge. By employing the Bayesian framework, we not only establish
a solid mathematical groundwork for deducing source parameters, but also a method to measure uncertainties. This structure
further enables us to apply Bayesian estimation techniques.
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2 Our solution for the multi-source Bayes STE-MS challenge employs the random finite sets method within the finite set statistics
framework. By using this method, we can represent both the states of multiple sources and the multiple observations from
sensors as random sets with a finite number of elements. This is particularly beneficial as it can adjust to a changing number
of elements, making it apt for estimating variables with differing cardinalities.

3 For a combined estimation of multiple source states and the fluctuating number of contaminant sources, we adopt the particle
version of the random finite sets-based probability hypothesis density filter. We chose the particle implementation of this
filter since there is a non-linear relationship between the source parameters we are examining and the observed data on
concentration.

The remainder of the paper is organized as follows. In Section 2, we describe the problem considered in this paper along with
providing a contextual background. Section 3 presents a brief background information on Bayesian multi-source inference and the
likelihood functioned used in the paper. We introduce the proposed random finite sets-based probability hypothesis density filter for
STE-MS along with related background derivations in Section 4. Section 5 contain simulation results highlighting the improvements
offered by our proposed technique followed by concluding remarks in Section 6.

2. Problem formulation
2.1. Context

Consider a rectangular area of interest 2 € R? in which one or more hazardous releases are expected to be present. The
rectangular field is equipped with R static sensors whose locations are known and fixed. These sensors are able to detect and
measure contamination concentrations. These sensors provide the necessary inputs to a multiple-source estimator to estimate the
number of sources and parameters of interest about the source (e.g. location, release rate, etc.). Each sensor r) (where i =1, ..., R)
output a concentration reading y’ € R* that can be related to the concentration of hazardous material in the air. This concentration
measurement from all sensors can be used to predict the parameters of the source, i.e. the source term. The source term can include
several parameters that depend on the type of release and the models used to forecast the dispersion. In this work, the source term
of the release is parametrized by:

- cartesian coordinates 0 of the source.

» effective release height H of the source.

« release rate/strength Q of the source, and
+ the number N of sources present.

Hence, the parameter vector of the source term at time k can be defined as:

N ) S
O, =[X,, N, Xk={x1(}j=k], x1{=[9,](,Qj,H,J(]T~ 1)
The ith sensor outputs observations y(li,) K= {y(li), s y(I?} from the hazardous sensor at discrete time steps k =1, ..., K; where 1 : K

denotes from time k = 1 upto and including time k = K. It is assumed that each source, when present has a release rate, O/ which
is normally distributed with mean ;HQ and standard deviation ¢”, i.e. N' (;/Q, cr’Q).. At each time step k, the multi-source estimator
updates its estimates of the source parameters x;.

2.2. Dispersion modelling

In this work, we assume that for each source (when present) disperses a contaminant plume according to the time-varying
Gaussian plume dispersion model. Therefore the concentration at time k at a given sensor location with coordinates (3, 7, )
due to a source located at (X, J;, Z;) having release rate Q;(k) is given below

S (o P _@-HpN o GrHY )
BB ke ®o ) TP\ 265002 ) | TP 20002 ) TP 2 )|

where o;(k) = 465.11628 - % - tan(9(k)), (k) = 0.017453293(c(k) — d(k) In(%)), 0, = a(k)x*®), x = 3D - %, 3= 3D — y, and z = 20 — z,
are the downwind, crosswind and vertical distances; o; denotes the atmospheric turbulence coefficient, o, represents the standard
deviations that describe the crosswind and vertical mixing of the contaminant; u is the mean wind speed at the height H; of the
release and « and b are variables that depend on x and ¢ and d are parameters that depend on six vertical atmospheric stability
categories (which are very unstable, moderately unstable, slightly unstable, neutral, moderately stable and very stable) [38]. The
standard deviations ¢ and o depend on the atmospheric stability category. In unstable conditions the standard deviations rapidly
increase downwind and stable conditions have standard deviations that stay small downwind.
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3. Multi-source estimation

Building upon the previously defined state vectors of interest in (1), let x = [0, Q, H]” represent such a vector, where 6, Q, and
H have been defined earlier. Consider a set of state vectors xy, ..., Xy, with each x; belonging to the state space X C R?. Here,
X denotes the collection of all possible state vectors that can occur, and d is the dimension of the state space. Let ¥ denote the
observation at the ith sensor. The value y of the ith sensor can be a real number or a vector depending on the application. Given
sensor observations {y(} I,R= \» We consider the problem of jointly estimating the number of sources and their states (e.g. location and
release rate).

Firstly, we formulate a suitable representation of the multi-source state and cast the estimation problem in a Bayesian framework
in Section 3.1. The observation model and the likelihood function considered in this paper is then described in Section 3.2, setting
the scene for the main results in Section 4.

3.1. Bayesian multi-source inference

Generally, in the Bayesian estimation, the state and measurement are treated as realizations of random variables. Given that
the multi-source state X in our problem is a finite set whose elements are random variables, the concept of a random finite set is
required to cast this multi-source estimation problem in the Bayesian framework. The space of finite subsets of X does not inherit
the usual Euclidean notion of integration and density and therefore, standard tools used for random vectors cannot be appropriate
for RFSs [39]. However, Mahler’s technique known as finite set statistics provides powerful yet practical mathematical tools for
dealing with RFSs [27,28], based on a notion of integration and density that is consistent with point process theory [40]. FISST has
attracted substantial interest from academia as well as the commercial sector with the developments of the probability hypothesis
density (PHD) and cardinalized PHD filters [27,28,40-43].

Using the FISST notion of integration and density, the posterior probability density p(-| y®) of the multi-source state can be
computed from the prior p using Bayes rule

8y | X)p(X)
ey 1 XOp(X)sX

where p(X) denotes the prior probability density function (pdf) of the multi-source state X that encapsulates the current state of
knowledge of the parameters before receiving the concentration measurements; g(y | X) denotes the likelihood function and is the
probability density of the observation y given the multi-source state X; the denominator on the right-hand-side of (3) denotes the
evidence, which is also referred to as the marginal or prior predictive likelihood; p(X | y) denotes the posterior probability density
function of the multi-source state of interest X, that corresponds to the update of the prior p(X) incorporating the knowledge gained
about X after receiving the concentration observations y.

pX |y = 3)

3.2. Multi-source likelihood function

Consider the problem formulation described in Section 2. Let y:) be the concentration datum measured by sensor r) at time k.
Given the contaminant dispersion model of (2), the predicted concentration measurement, 92’), by the sensor ) is given as:

N
W=D CE 5.2, +e )
j=1
where N is the number of sources, ¢, denotes the error associated with the predicted concentration measurement and is assumed
to be Gaussian distributed with zero mean and covariance of X,, i.e. N'(0, Z,).

The likelihood function for a sensor in a multi-source scenario quantifies how likely it is to observe the data given a set of model
parameters. For a single sensor " at time k, the likelihood of observing the concentration datum yfj) given the model parameters
and the state of the sources can be formulated based on the Gaussian distribution assumption for the measurement noise.

Given that the Gaussian plume model of (2) is Gaussian and the predicted concentration measurement of (4) for each source
and assuming the measurement noise is normally distributed, the likelihood function for sensor ) at time k is:

g(yi’) [x)=

6]

1 ( G - y§;)>2>
exp| — 3
A /27mrz’ 204
(i)

where g(y;:)|xk) is the likelihood of the measurement y,”, x, represents the source parameters, jzf) is the estimated concentration at
sensor r) at time k, reflecting the aggregate influence of all sources plus the measurement noise, and o, is the standard deviation
of the measurement noise.

This likelihood function captures the probability of observing the concentration measurements at each sensor, taking into
account the source parameters. However, the diversity in the sensors’ data regarding granularity, precision, and volume means
that assimilating observations into a singular set may hinder convergence during filtering. Consequently, to ensure more robust
estimations, observations from each sensor are processed independently, with their filtering outcomes fused subsequently under the
framework of FISST. This approach enhances the estimation of source parameters within a Bayesian framework based on the data
collected.
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3.3. Sensing mechanism

Various chemical detectors are capable of measuring the concentration of biochemical substances in the atmosphere. However,
due to the intrinsic limits of biochemical sensors, a sensor will not output reading if the concentration level is less than the sensor’s
threshold. To account for this, a distance-dependent sensor threshold = is used, which takes into account the proximity of all
sources to the sensor and is inversely proportional to a weighted average of the distances from the expected source locations. This
threshold is applied to the measurement model defined in Eq. (4) as follows:

50 = }A’z), if ﬁg) > 7@ ©)
k 0, if )7:) <70,

A sensor r) is only triggered when the predicted measurement ﬁg) is greater than the threshold (), which is calculated as:

7o

N = ed® @
N,
a0 = 30 |50 - | ®

J=1
Here, 7 is a base threshold, « is a proportionality constant that determines how quickly the threshold decreases with distance, and
d® is the weighted average distance between the sensor ) and all N, sources present at time k. The weights u;') are proportional
to the predicted contribution of each source j to the total concentration y;? at sensor ), and are calculated as:
C(%, 7.2k

i) _
A
Y O, 5, 2)

J

Here, C(%,7,2); is the contribution of the jth source to the predicted concentration yjj) at sensor r and time k, as given by the

Gaussian plume model in Eq. (2).
4. Multiple source filtering using the probability hypothesis density filter

This section considers the multi-source filtering problem for multiple hazardous release. In particular, the problem of the on-line
estimation of the state of multiple sources and the number of the sources from measured concentration data based on the random
finite set formulation is treated. The random finite set approach represents the multi-source state as a finite set of single-source
states, and the multi-source estimation problem is formulated as a dynamic multi-source state estimation problem.

In what follows, the idea of random finite set is presented in Section 4.1 and the probability hypothesis density filter introduced
in Section 4.2. We describe the multi-source state space model and multi-source Bayes recursion in Sections 4.3 and 4.4 respectively.
Lastly, the probability hypothesis density filter introduced in Section 4.5.

4.1. Random finite set

A random finite set (RFS) can be defined as a finite-set-valued random variable. The RFS A, of Z, is a random variable taking
values in F(Z), the collection of all finite subsets of Z. The finite set statistic (FISST) notion of integration/density is used to
characterize RFSs [28]. In an RFS, the number of points is random; the points themselves are random and unordered as opposed to
a random vector. The FISST density of an RFS A is a non-negative function & on F(Z) such that for any region .S C F(2),

Pr(ACS) = / £(A)sA ©
s

where the above integral is a set integral which is defined as [27]:
<1
E(A)SA = Z = | edz.....z;Dd(z,, ... 7). (10)
= il Jsi
This means that the set integral of the FISST density over a region S, yields the probability that A is contained in the region .S [39,40].
4.2. The PHD

Given an RFS 4, its first order moment is termed the probability hypothesis density (PHD). The PHD is also known as the intensity
function [27]. The PHD, D,(x) of an RFS A is given by [27,28,44]:

D(x)=E{6,(x)} =/5X(x)PA(dX) 11)

where E {-} is the statistical expectation operator and §,(x) = ),
probability measure of the RFS.

yen Oy is the random density representation of A. P, is the
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4.3. Multi-source state and multi-source observation space model

In systems where the object of interest is a single object, the uncertainty in such a system is characterized by modelling the
states and measurements by random vectors [39]. However, in cases where objects of interest are more than one (multi-objects),
the random vector modelling cannot hold. Therefore, uncertainty in such cases are characterized by modelling multi-object states
and multi-object measurements as RFSs. In our formulation, the objects of interest are the multiple sources releasing biochemical
contaminant into the atmosphere. So, let the multi-source state set be X, on the state space. Given the non-homogeneous nature
of the sensor data in our problem, we do not bundle observations from all sensors to form an observation set. Instead, we consider
each sensor individually. Consequently, let the multi-source measurements be y('> on the observation space E,, where ‘from k =1
to k = K’ denotes the time period from the initial time k = 1 up to and 1nc1ud1ng the final time k = K.

In our problem, the multi-source state at time k is modelled by the RFS

X =S (X_1)U By (12)

where S, (X,_;) denotes the RFS of sources that have persisted/survived at time k, B, is the RFS of new sources that appear
spontaneously at time k.
In a similar manner, we could model the multi-source observation from the ith sensor by the RFS

Y9 =0 uc, (13)

where yg)(X «) denotes the measurements generated by X at the ith sensor, and C, denotes the RFS of false alarms. Generally, in
RFS applications such as target tracking, false alarms are included in the measurement observation model to account for detections
not due to targets of interest. In our problem, given that measurements are in the form of concentration/intensity data, the concept
of false alarms/clutter naturally does not apply. However, our inclusion of false alarm in our measurement model is to capture the
possibility of a faulty sensor reporting measurement where there is not a source.

4.4. Multi-source Bayes recursion

Our multi-source filtering problem can be cast as a Bayes filtering one on the space of finite sets F(Z). Generally, Bayesian
multi-object estimation is carried out using two stages, prediction and update. In our problem, the multi-source prediction from
time k — 1 to time k is given by the Chapman-Kolmogorov equation

Prjk— 1(Xk|Y1 e 1)—/fk|k 1(X i | X)py— 1(X|Y1‘)k oX, 14

where f,_;(X;|X) encapsulates all aspects of the multi-source parameters such as the time-varying number of sources, individual
source dynamics, and new source births. The update equation at the ith sensor is given by

g (¥ |Xk)pk\k—l(xk|Y(1’.;)k71)
f gV | X )Pt XY _)6X

Both (14) and (15) form collectively form the multi-source Bayes recursion. However, (14)-(15) is generally intractable, and
therefore approximations are required in order to derive practical algorithms [28]. One of such approximations is the RFS-based
probability hypothesis density filter which is presented next.

X 1Y) (15)

4.5. The PHD filter

The PHD filter is an inexpensive and computationally efficient approximation of the multi-object Bayes filter which was derived
by the authors in [27] using FISST. The PHD filter is a recursion of the PHD, DY that is associated with the multi-source posterior

: k|k
density p(X, | YE(‘)) such that
PG YD) g | X pX YY) (16)

where p(X, |YEC’)_1) and g(YE(’) | X ;) denotes the multi-source prior and likelihood density respectively. Since we are using sensor-wise
observations, we will be processing the PHD of each sensor separately and subsequently fusing their filtering outcomes.

The prediction equation of the PHD of the ith sensor, Df{‘)k in our problem is:

D;?k l(xle )—Vk(xk)+/¢k|k 10 X ) Dge g1 (X 1|Yk Dax;_;. a7
The term ¢y _; (x4, x,_;) is given as

Drep—1(X g X)) = Ps X 1) frp—1 (Xpes Xpe_1)s (18)

where pg(-) is the probability of the source survival, fy_;(x,x,_;) is the single source dynamics model, y,(-) is the PHD for
spontaneous birth.



A. Daniyan et al. Journal of the Franklin Institute 361 (2024) 107198

The classical PHD filter update equation for a “standard” measurement model where it is assumed that no object generates more
than one measurement per time step, and no measurement is generated by more than one object is given as:

. . ; i P8 1x,) i i
DY) = [1 = poeo)] DY, GeelY )+ BT —— Dy Gl Vi), (19)

klk k|k—1 k—1 - i R k|k— k-1
! | 71000 + (D0 ppxg01x) |1
k

where pp(x,) denotes the probability of source detection. The term g(y”|x,) is the measurement likelihood function for the single
source; x;(y") is the false alarm intensity and (-, -) denotes inner product operator.

However, given that measurement model in our problem is not “standard” but superpositional in nature, we apply the
superpositional PHD update equation below [45,46]:

DY) = w(¥ P 1x) D) (ki 1Y) (20)
. Ny, —p 5 +3)
W(Yg)lxk) - k = k k> <o k (21)
N =y, Z,+ Zp)
Hi = /y?i)kgxk (22)

where yfi) « denotes the projection of the source state from the state space onto the measurement space. This refers back to (2).

4.6. Particle PHD filter for multi-source parameter estimation

The PHD filter can be implemented in two fashions, either using the Gaussian mixture (GM-PHD) method or using the sequential
Monte Carlo (SMC) approach (particle PHD). Under a linear and Gaussian model, the PHD filter admits a closed form solution in
the form of the GM-PHD filter. The SMC-PHD filter or particle PHD filter is an effective estimation technique in non-linear and
non-Gaussian scenarios because filtering and estimation is carried out using random set of weighted particles.

In our problem, given that the relationship between the source parameters of interest and the observed concentration data as
seen in (2) is non-linear, we adopt the particle implementation of the PHD filter to solve our problem. The prediction and update
stages of the particle PHD filter we implemented are presented next. This is followed by a description of how the number of sources
are estimated and how the source states are extracted post filtering.

It is worth noting here that the standard PHD filter is known to have a high variance in its cardinality estimation especially
when the number of objects is high. However, the Cardinalized Probability Hypothesis Density (CPHD) filter [47] was developed
to address this challenge. The SMC PHD filter for the multi-source parameter estimation proposed here can be easily extended to
the CPHD filter version. this can be achieved by jointly the cardinality distribution in addition to the number of sources and their
states. But for the focus of this paper is on the PHD filter.

4.6.1. The prediction operator
It is implicit from our measurement and likelihood model in (4) and (5) that we assume that our likelihood model and

measurement does not affect the prediction step of the standard PHD filter. Therefore, the predicted PHD, D;<i|)k—1 for our problem
is:

Ly
(i) G \_ I
Dy il ¥ Z) = 1214 wk|k—15xi‘k71 €795 (23)

where £, = L,_; +J, and L,_; and J, are two sets of particles drawn from two proposal densities to represent existing and newly
appeared sources respectively as:

! (i)
dxt Y, I=1,..., L
Xt ~ (| kol Tk ) k=1 20
1Y), I=Liy+1,...,L.
These particles have corresponding weights:
Y-
((bklk_l(rkivxk;fx))wi—la I=1,....,L,_,
| X g—11% -1y
- 25
kit R (25)

e — i I=L,_+1,....L
Jkpk(xk\k—ﬂyg)) k=l k

where p,(-|-) and ¢, (-|-) denote the proposal distributions for newly appeared sources and existing sources respectively; pg(-) is the
probability of source survival, y,(-) is the PHD of the spontaneous birth, and J; is the number of particles for newly appeared sources.
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4.6.2. The update operator
For each ith sensor, with observed measurement yj(') let

Hi = Z w;dk,ly(i)k,[’
2= 2wy OG0T D), 26)
then, for / =1, ..., £, update the weights using:
[NV -0 - e 2+ 2D

! !
w = _ wh, o, 27)
g NP~y 5, + %)) Kk

where y «. denotes the projection of the /th particle from the state space onto the measurement space, y, denotes how well do the
other particles describe the current observed measurement if no source is present at the /th particle position and %, is the measure

of the associated uncertainty. Thus, the updated PHD, Df{il)k is then given as:

Ly
DY x Y= wi{&xﬁc(xk) (28)
=1

4.6.3. PHD fusion
After applying the PHD filter to each sensor’s data, the results were fused using Generalized Covariance Intersection (GCI) thus:
I, [0}, (el Y 1

Dfused(x |Y(i)) — . .
T TR DY, e YO @)1 de

klk

(29)

Here, D/{I":ed (xy |Y5:) ) is the fused intensity function, D,(fl)k(xk |Y§j)) is the intensity function from the i-th sensor, R is the number of
sensors, and w; are the non-negative weights that sum to one and reflect the relative confidence in each sensor’s data. The weights w;
were chosen based on the inverse of the sensor’s measurement variance. The denominator ensures that the fused intensity function

is properly normalized.

4.6.4. Number of sources
The expected number of sources N, is computed as:

Fr
Nyx = round <Z w{) (30)

/=1

where round(-) denotes round to the nearest integer and 7, denote the total of all fused sensor particles at time k.

4.6.5. Resampling

In order to avoid degeneracy where a few set of particles dominate other particles with their weights, 7, = pN,, particles
are resampled using particle resampling techniques such as the improved systematic resampling [48]. The number of resampled
particles 7, is determined based on the effective sample size and is typically set to a fraction of the total number of particles to
maintain diversity and accuracy.

After resampling, the particles 7, are distributed among the sensors for the next recursion. The number of particles £, for
each sensor is proportional to the confidence in the sensor’s measurements and the weights assigned during the fusion process. This
relationship is defined as:

ket = @ T (1)

where w; is the weight assigned to the ith sensor based on its measurement variance. The weights w; are computed as follows:

W

@ = (32)
Zj:l )
J

where ¢? is the measurement variance of the ith sensor and R is the total number of sensors. This ensures that the resampling
process maintains the balance between particle diversity and the accuracy of the state estimation.

4.6.6. Source state extraction

Following the resampling step, the estimated source states can be extracted. This can be done by first estimating the number
of sources as the expected or maximum a posteriori cardinality estimate, and then estimating the individual states by selecting the
corresponding number of the means or modes from the state or source term densities. The number of sources can already be obtained
according to (30). As for the mean selection, this can be achieved using clustering techniques such as K-means clustering to cluster
the resampled particles given the number of sources.
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Fig. 1. Contaminant release from three fixed sources. True source locations are indicated by red-coloured diamond shape. Sensors that have been triggered due
to contaminant plume from the sources are shown as blue-coloured dots while non-triggered sensors are shown as black-coloured squares.

Table 1
Example I: Source profiles.
S/N Along-wind x, (m) Cross-wind y, (m) Rate, Q (g/s)
1 —-150 30 1
2 -50 0 0.3
3 -100 —40 0.6

5. Simulation

In this section, we demonstrate the performance of our proposed technique for the source term estimation of multiple sources
using the PHD filter. For this purpose, we consider two simulation examples where simulated concentration data will be generated
in order to estimate source parameters of interest. In the first example, we used our proposed method to perform STE for fixed
but unknown number of sources a priori. For this example, we compared the performance of our method with the Bayesian-MCMC
(B-MCMC) method proposed in [1,9,49] using various metrics. In the second example, we considered the STE-MS problem for when
the number of sources are unknown and vary. In this instance, we illustrate and assess the effectiveness of the STE-MS-PHD filter
alongside its CPHD filter equivalent, employing a variety of performance indicators. The efficacy of the STE-MS-PHD filter was
benchmarked against that of the STE-MS-CPHD filter.

In both of the simulation examples, each source when present is assumed to follow the dynamic model below:

X =Xp_ + U (33)

where v, is an independent and identically distributed Gaussian noise with zero mean and covariance X.
5.1. Example 1

Consider a field of interest of dimensions [-200 m, 150 m] X [-50 m,50 m] equipped fixed position concentration sensors as
shown Fig. 1. There are a total of 66 sensors whose locations are fixed and known. These sensors are able to pick up and measure
contaminant concentrations and serve as measurement sources to both the B-MCMC STE-MS estimator and the STE-MS-PHD filter.
For this case, a total of three hazardous sources are present and are emitting continuous plumes at different rates within the field of
interest. The number, release rate and position of these sources are assumed to be unknown to both the STE-MS methods used. The
source profile of the three sources are given in Table 1. It is assumed that all sensors have a height of z = 1 m above the ground.
Each source is assumed to have an effective source height, H = 2 m and the wind speed in this example is assumed to be u = 6 m/s.
Therefore, in this simulation example, the relevant source parameters of interest are the source locations (6 = {x, y}) and the release
rate (Q). The measurement noise level used in this example was 10% of the true measurement data.

The birth space for the STE-MS-PHD method was set as the dimension of the field of interest for the source coordinates and [0
to 10] for the release rate. The B-MCMC method was initialized by generating random samples from [-50 m, 50 m], [-200 m, 150 m]
and [0 to 10] for the x, y and Q components respectively. The minimum and maximum expected number of sources for the B-MCMC
method was set as 1 and 8 respectively.
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Table 2
Estimate of source parameters.
Source Parameter Truth RMSE
STE-MS-PHD B-MCMC
x (m) -150 4.533 6.710
1 y (m) 30 4.362 5.393
Q(gs™h 1 0.144 0.163
x (m) -50 3.154 4.085
2 y (m) 0 1.741 2.108
Q(gs™h 0.3 0.307 0.472
x (m) -100 4.565 5.712
3 y (m) —-40 4.229 5.570
Q(gs™h 0.6 0.275 0.398
1 T T
09 - I STE-MS-PHD | |
IR B-MCMC
0.8 i
~07r i
Z
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2
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Fig. 2. Posterior distribution for the estimated number of sources.

To evaluate performance of both the B-MCMC STE-MS estimator and the STE-MS-PHD filter in this example, we use the root mean
squared error (RMSE), probability of correctly estimating the number of sources, execution time (ET) and the optimal subpattern
assignment distance [50] between the estimated and true multi-source states. The results presented are averaged over 100 Monte
Carlo (MC) simulations. The RMSE is computed individually for each source parameter as

RMSE, = (34)

where n in a denotes the nth source, a = {x, y, 0}, i denotes the index of the elements in a and N is the number of sources; {a?}il
denotes the ground truth of the nth source and {cf;' }il denotes the nth source estimates.

Table 2 shows the RMSE computation results obtained from applying both the B-MCMC STE-MS estimator and the STE-MS-PHD
filter. It can be observed from the Table that both methods are able to estimate the source parameters of interest, namely, the x
and y locations of each source along with their release rates, Q. However, it is observed from the table that the estimation error for
the release rate is particularly high for both methods, especially for the sources with low release rates, i.e., for sources 2 and 3. The
STE-MS-PHD filter consistently shows lower RMSE values for the spatial parameters (x and y) compared to the B-MCMC method,
highlighting its effectiveness in these estimations.

With regards to the estimate of the number of sources by both methods, we computed the probability of each method correctly
estimating the true number of sources in 100 MC trials. Fig. 2 shows the result obtained from the evaluation. We see that the
STE-MS-PHD method is able to correctly estimate the number of sources 94% of the time while the B-MCMC method is able to
correctly estimate the true number of sources 70% of the time.

We also considered the ET required to execute a single run of each of the methods when different number of particles are used.
From Fig. 3, we see that the B-MCMC method requires more ET to execute when compared to the STE-MS-PHD method. This could
be due to the number of burn-in samples required by the B-MCMC method during execution.

Fig. 4 presents a comparison of source cardinality estimation over time between the two methods against the true number of
sources. The solid line represents the actual number of active sources, the dashed blue line represents the cardinality estimated by
the STE-MS-PHD filter, and the dashed red line represents the cardinality estimated by the B-MCMC method. It is observed that
both methods experience some deviation from the true number of sources, with the STE-MS-PHD filter showing closer alignment

10
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overall. Particularly at the beginning, both methods show some fluctuation but the STE-MS-PHD method appears to stabilize more
quickly and closely track the true cardinality throughout the remainder of the time.

Fig. 5 illustrates the OSPA distances for the STE-MS-PHD and B-MCMC methods over time, measuring combined errors in
cardinality and position estimates. The solid blue line indicates the OSPA distance for the STE-MS-PHD method, while the dashed red
line corresponds to the B-MCMC method. Initially, the B-MCMC method exhibits a high OSPA distances, suggesting larger estimation
errors. In contrast, the STE-MS-PHD method, despite starting with high errors, demonstrates a significant reduction in OSPA distance
as time progresses, consistently outperforming the B-MCMC method in terms of accuracy and reliability.
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Fig. 6. Active periods of all sources over time. Each line represents the activity duration of a source, marked by unique colours for easy identification. The
triangle markers indicate the start times, while the square markers denote the end times of the active periods for each source.

Table 3

Source profiles.
Source X-Location, (m) Y-Location, (m) Mean rate, Q (g/s) Effective height, H
1 -1761 2032 182 0.98
2 -1216 2358 999 0.60
3 972 1686 1011 0.83
4 2231 933 909 0.9
5 —342 857 1437 1.32
6 1103 412 1528 1.48
7 161 —248 1211 0.57
8 -1509 -536 130 0.76
9 —2451 2215 890 1.13
10 861 -2376 800 1.11

5.2. Example II

5.2.1. Set up

A field of interest with dimensions [5 km x 5 km] equipped with 49 fixed position concentration sensors whose locations are
known. These sensors are able to pick up and measure contaminant concentrations and serve as measurement sources to both the
STE-MS-PHD filter and its CPHD counterpart.

We generate a synthetic dataset according to the time-varying Gaussian plume model of (2). As for the wind vertical stability,
we considered the case of very unstable stability of the Pasquill-Gifford-Turner [38,51,52] vertical stability class models. In the
simulation model, sources can appear and die out within the field of interest at any time. During the simulation period, a total of
10 contaminant sources were present at various times. However, this information is assumed to be unknown a priori.

The source profile of the 10 sources are given in Table 3. It is assumed that all the sensors have a height z = 0, i.e. at ground
level. Each source is assumed to have an effective source height, H and the wind speed u in this example is assumed to be in the
range [2 m/s to 4 m/s]. Therefore, the relevant source parameters of interest are the source locations (), the release rate (Q) and
the effective height (H). The simulation duration was 60 min.

Fig. 7 shows the synthetic contaminant data generated from our simulation model where the source profiles of Table 3 and
Fig. 6 were utilized. The Figure illustrates emissions from ten sources at time k = 25. From the Figure, sensors that have detected
emissions are marked with red asterisks (*), while those that have not are represented by black dots. Notice from the Figure that
the plumes from the sources spread out and become wider, and as a result, more sensors are triggered and more measurements are
available due to the emissions from the sources. Also, observe the overlapping plumes from different sources.

5.2.2. Multi-source miss distance
In order to evaluate the estimation error of our proposed approach, we use the optimal subpattern assignment (OSPA)
distance [50] between the estimated and true multi-source states as the estimation error. This section briefly describes a concept for
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Fig. 7. Source emissions at time k = 25. True source locations are indicated by blue-coloured diamond shape. Sensors that have been triggered due to contaminant
plume from the sources are shown as red-coloured asterisk while non-triggered sensors are shown as black-coloured dots.

computing error between two sets based on the OSPA formulation. This way, we can jointly capture the differences in individual
elements and cardinality between two finite sets in a way that is intuitively meaningful and mathematically consistent.
The OSPA distance between two arbitrary finite sets A = {a,, ,am} and B = {b], ,bn} is presented as follows:

0 if m=n=0
J;C>(A, B)=q¥A,B) if m<n (35)
dOWM,B) if m>n

where

1
P(A,B) £ ( ! < mﬁl Z d(a;, b)) + cP(n— m)>> ' (36)
e

n =1

d©(a,b) := min{c, || a—b ||} is the distance between single target vectors a and b; I1, is the set of permutations with length m on
the set {1,...,n}; ¢ > 0 is the cut-off parameter and p > 1 is a unit-less real number. We choose parameters ¢ = 100 and p = 1.
The parameter p determines the sensitivity to outliers and the cut-off parameter ¢ determines the relative weighting of the penalties
assigned to localization and cardinality errors. For more details on the OSPA metric, the reader is referred to [50].

5.2.3. Results

Table 4 provides a comparison between the true source parameters and the estimates obtained from both filters for all ten
sources. The parameters estimated are the x and y coordinates (in meters), which represent the location of the sources, the effective
release height H (in meters), and the release rate Q (in grams per second, g s~!). For each source, the true values are compared to
the estimates from the STE-MS-PHD filter and its CPHD filter counterpart. The STE-MS-PHD filter provides a close approximation
of the true source parameters. However, there are discrepancies between the estimated and true values, which is expected due to
limitations in the modelling and data. The STE-MS-CPHD filter also provides estimates of the source parameters. The performance
of the STE-MS-CPHD filter is quite similar to that of the PHD filter, with minor variations in the estimated values. Additionally,
from the table, we see that the estimation accuracy for the STE-MS-CPHD filter is slightly higher when compared to that of the
STE-MS-PHD filter. Since both filters work in a similar manner to obtain the state estimate, the higher accuracy seen with the
STE-MS-CPHD filter could be due to the better cardinality estimate offered by the CPHD filter.

We further evaluated our method’s performance using the OSPA metric and the OSPA sub-index. On the one hand, the OSPA
metric jointly quantifies the estimation errors in terms of position and cardinality while the OSPA sub-index on the other hand
separately quantify the errors in cardinality and position, providing two distinct measures. Fig. 8 shows the OSPA result obtained
when we applied our proposed method, the STE-MS-PHD and its CPHD filter counterpart. As depicted in the Figure, the application
of our proposed filters yielded comparatively low OSPA values. The Figure illustrates periodic spikes for both methods, with the
STE-MS-PHD filter exhibiting spikes of higher magnitude relative to the CPHD filter. These spikes align with instances when the
number of sources changes. The CPHD filter’s spikes are less pronounced, reflecting its capability to jointly estimate the cardinality
distribution and position of the sources. Notably, between time points 27 and 30, where a sharp decline in the number of sources
occurs, the STE-MS-PHD filter exhibits a delayed adjustment in comparison to the CPHD filter.

13



A. Daniyan et al. Journal of the Franklin Institute 361 (2024) 107198

Table 4
Estimate of source parameters.
Source Parameter Truth Estimates
STE-MS-PHD STE-MS-CPHD

x (m) -1716 -1690 -1740

1 y (m) 2032 2100 1999
H (m) 0.98 1.01 0.92
Q (gs™) 1579 1430 1510
x (m) -1216 -1241 -1226

9 y (m) 2358 2337 2321
H (m) 0.60 0.72 0.69
Q(gs™h 674 731 707
x (m) 972 1003 994

3 y (m) 1686 1632 1675
H (m) 0.83 0.91 0.78
Q (gs™) 1372 1297 1347
x (m) 2231 2186 2253

4 y (m) 933 923 912
H (m) 0.9 1.01 0.83
Q (gs™) 1393 1270 1313
x (m) —342 -307 —-324

5 y (m) 857 832 861
H (m) 1.32 1.10 1.01
Q (gs™) 1061 994 1001
x (m) 1103 1092 1117

6 y (m) 412 401 422
H (m) 1.48 1.22 1.27
Q (gs™) 927 877 903
x (m) 161 153 159

7 y (m) —248 -221 —232
H (m) 0.57 0.81 0.63
Q (gs™) 1970 1913 1991
x (m) -1509 —1483 —1531

8 y (m) -536 -519 -527
H (m) 0.76 0.87 0.81
Q (gs™) 1475 1417 1448
x (m) —-2451 -2390 -2411

9 y (m) 2215 2195 2225
H (m) 1.13 1.10 1.10
Q (gs™ 587 472 503
x (m) 861 900 893

10 y (m) -2376 -2311 —2348
H (m) 1.11 1.01 0.99
Q (gs™) 1590 1447 1498

Figs. 9 and 10 present the OSPA sub-index metrics for cardinality and localization errors, respectively. Fig. 9 demonstrates the
temporal evolution of cardinality errors, with the dashed red line representing the STE-MS-PHD method’s cardinality error and the
solid blue line representing the true cardinality. Fig. 10 depicts the localization errors over time, with the same colour scheme.
Both figures underscore the individual estimation errors, with the STE-MS-PHD method’s error trends indicating its performance in
estimating the number of sources and their positions over the duration of the observation period.

Figs. 11 and 12 depict the cardinality estimate performance of the two filtering methods over time. In both figures, the blue solid
line represents the actual number of active sources (ground truth), the dashed red line indicates the estimated number of sources
by the filters, and the shaded grey area shows the plus or minus one standard deviation of the source number estimate obtained
from the filters.

In Fig. 11, the STE-MS-PHD filter closely follows the ground truth with some deviations, particularly noticeable where the source
cardinality changes. The filter’s uncertainty is depicted by the STD region. The STE-MS-PHD filter shows a delay in adapting to the
changes in source numbers around the 30-minute mark where there was an abrupt cardinality decrease.

Fig. 12, also displays the tracking of active source cardinality, with a similar pattern of the STE-MS-PHD filter closely following
the actual number of sources and the CPHD filter’s uncertainty is depicted by the STD region. As expected, the CPHD filter’s STD
region suggests that its cardinality estimates have a lesser degree of uncertainty in its estimate of number of sources.

For both filters, the cardinality estimate tends to be more uncertain during periods of change in the number of sources. Both
filters generally maintain a close approximation to the true cardinality but displays some lag in response to changes, which is
particularly evident in Fig. 11. The CPHD filter, while generally encompassing the true cardinality within its STD bounds, illustrates
lesser variability and uncertainty in its estimation process.
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Fig. 8. Estimator performance evaluation in terms of OSPA distance time averaged over 100 MC trials.
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Fig. 9. OSPA distance sub index: Cardinality component time averaged over 100 MC trials.

6. Conclusions

We have developed and demonstrated a novel approach for multi-source term estimation that effectively copes with time-varying
and initially unknown and varying number of sources, utilizing noisy sensor data within a random finite sets framework. Our method,
termed the STE-MS-PHD filter, incorporates the PHD filter implemented through a particle filter, addresses the non-linearity between
observed data and source parameters. Simulation studies have confirmed the accuracy of our method in estimating both the number
of sources and their parameters, aligning closely with the ground truth, and its capability to detect the advent and disappearance of
sources dynamically. Future work will aim at applying this method to experimental data, further affirming its practical applicability
and refining its real-world performance.
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Fig. 11. True number of sources, STE-MS-PHD filter estimates and +1 standard deviation of the filter estimate time averaged over 100 MC trials.
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Fig. 12. True number of sources, STE-MS-CPHD filter estimates and +1 standard deviation of the filter estimate time averaged over 100 MC trials.
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